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Abstract

We complete the computation of spectral measures for SU(3) nimrep graphs
arising in subfactor theory, namely the SU(3) ADE graphs associated with SU(3)
modular invariants and the McKay graphs of finite subgroups of SU(3). For the
SU(2) graphs the spectral measures distill onto very special subsets of the semi-
circle/circle, whilst for the SU(3) graphs the spectral measures distill onto very
special subsets of the discoid/torus. The theory of nimreps allows us to compute
these measures precisely. We have previously determined spectral measures for
some nimrep graphs arising in subfactor theory, particularly those associated with
all SU(2) modular invariants, all subgroups of SU(2), the torus T2, SU(3), and
some SU(3) graphs.

1 Introduction

The Verlinde algebra of SU(n) at level k is represented by a non-degenerately braided
system of endomorphisms y Xy on a type III; factor N with fusion rules Ay = @, N, v
[34]. The fusion matrices Ny = [N7)],, are a family of commuting normal matrices, and
themselves give a representation of the fusion rules of the positive energy representations
of the loop group of SU(n) at level k, N\N, = > Ni{ N,, the regular representation.
This family {N,} of fusion matrices can be simultaneously diagonalised:

SO',)\

Ny =S 22g g 1
A 5, 5 (1)

where 1 is the trivial representation, and the eigenvalues S, /5,1 and eigenvectors S, =
(S, are described by the symmetric modular S matrix.



Braided subfactors N C M (the dual canonical endomorphism is in X(yXy), i.e.
decomposes as a finite linear combination of endomorphisms in yXx) yield modular in-
variants through the procedure of a-induction which allows two extensions of A on N to
endomorphisms a;j of M, such that the matrix Z, , = (af, ;) is a modular invariant
[8, 6, 16]. The action of the N-N sectors yXy on the M-N sectors p Xy produces a
nimrep (non-negative matrix integer representation of the fusion rules)

G\G,=> NiG,

v

whose spectrum reproduces exactly the diagonal part of the modular invariant, i.e.
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with the spectrum of Gy = {S5,,,/S,1 with multiplicity Z,, .} [9]. The labels p of the
non-zero diagonal elements are called the exponents of Z, counting multiplicity.

Every SU(2) and SU(3) modular invariant can be realised by a-induction for a suitable
braided subfactor [32, 33, 35, 4, 5, 8, 9], [32, 33, 35, 4, 5, 8, 7, 7, 18, 19] respectively. For
SU(2), the classification of Cappelli, Itzykson and Zuber [11] of SU(2) modular invariants
is understood in the following way. Suppose N C M is a braided subfactor which realises
the modular invariant Zg. Evaluating the nimrep G at the fundamental representation
p, we obtain for the inclusion N C M a matrix G,, which is the adjacency matrix for
the ADE graph G which labels the modular invariant. Since these ADFE graphs can
be matched to the affine Dynkin diagrams — the McKay graphs of the finite subgroups
of SU(2) — di Francesco and Zuber [13] were guided to find candidates for classifying
graphs for SU(3) modular invariants by first considering the McKay graphs of the finite
subgroups of SU(3) to produce a candidate list of ADE graphs whose spectra described
the diagonal part of the modular invariant. The classification of SU(3) modular invariants
was shown to be complete by Gannon [24], and the complete list is given in [19]. Ocneanu
claimed [32, 33| that all SU(3) modular invariants were realised by subfactors and this
was shown in [19]. The figures for the list of the ADE graphs are given in [2], or in [18, 19].
However this list of nimreps has not been shown to be complete.

In general, different inclusions which yield different nimreps may still realise the same
modular invariant, as is the case in SU(3) with the inclusions for the graphs 51(12) and
52(12), which both realise the modular invariant Zga2 [7, Section 8]. Thus any modular
invariant may have more than one nimrep associated to it (although this is not the case
in SU(2)). However, in SU(3) there is uniqueness in the reverse direction, that is, each
nimrep has an unique modular invariant associated to it, due to the coincidence that at
any level k each SU(3) modular invariant has a different trace. Unlike the situation for
SU(2), there is a mismatch between the list of nimreps associated to each SU(3) modular
invariant and the McKay graphs of the finite subgroups of SU(3) which are also the
nimreps of the representation theory of the group. The latter also have a diagonalisation
as in (1), with diagonalising matrix S = {S;;} usually non-symmetric, where i labels
conjugacy classes and j the irreducible characters (see [17, Section 8.7] and [21, Section
4]). Both of these kinds of nimreps will play a role in this paper.

In [21] we determined spectral measures for some nimrep graphs arising in subfactor
theory, particularly those associated with all SU(2) modular invariants and all subgroups
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of SU(2). Our methods gave an alternative approach to deriving the results of Banica and
Bisch [1] for ADE graphs and subgroups of SU(2), and explained the connection between
their results for affine ADFE graphs and the Kostant polynomials. We also determined
spectral measures for the torus T2 and SU(3), and some SU(3) graphs, namely A, DG
and AM™*_ for integers n > 4, k > 2. We now complete the computation of the spectral
measures for the SU(3) ADE graphs in this present work, as well as all finite subgroups
of SU(3). We note that the proof of [21, equation (71)] will now appear in [22].

Suppose A is a unital C*-algebra with state p. If b € A is a normal operator then
there exists a compactly supported probability measure py, on the spectrum o(b) C C of
b, uniquely determined by its moments

o(B"™) = / L), (3)

for non-negative integers m, n.

We computed in [21] such spectral measures and generating series when b is the normal
operator A = GG, acting on the Hilbert space of square summable functions on the graph,
for the nimreps G described above, i.e. G, is the adjacency matrix of the ADE and
affine ADFE graphs in SU(2) and certain graphs in SU(3). We computed the spectral
measure for the vacuum, i.e. the distinguished vertex of the graph which has lowest
Perron-Frobenius weight. However the spectral measures for the other vertices of the
graph could also be computed by the same methods.

In particular, for SU(2), we can understand the spectral measures for the torus 7" and
SU(2) as follows. If wy and wy are the self adjoint operators arising from the McKay
graph of the fusion rules of the representation theory of 7" and SU(2), then the spectral
measures in the vacuum state can be describe in terms of semicircular law, on the interval
[—2, 2] which is the spectrum of either as the image of the map 2 € T — 2z + 27! [21,
Sections 2 & 3.1]:

dim ((2°35)7) = / \/_7332

1 2
dim((@kMz)SU(2)> = pw¥) = ﬂ/ /4 — 22 d .
-2

The fusion matrix for SO(3) is just 1 + A, where A is the fusion matrix for SU(2), and
thus is equal to the inﬁnite SU (3) ADE graph A(*. Thus the spectral measure u in
the vacuum state (over —1,3]) for SO(3) has semicircle distribution with mean 1 and
variance 1, i.e. du(z \/ (x — 1)2dx [21, Section 7.3].

The spectral Welght for SU ( ) arises from the Jacobian of a change of variable between
the interval [—2,2] and the circle. Then for T? and SU(3), the 3-cusp discoid ® in the
complex plane is the image of the two-torus under the map (wy,ws) — wy +wy * 4 w; tws,
which is the spectrum of the corresponding normal operators vz and vy on the Hilbert
spaces of the fusion graphs of T? and SU(3) respectively. The corresponding spectral
measures are then described by a corresponding Jacobian or discriminant as [21, Theorems

3 & 5

1
—2/ |z|* dz
™ /s V27 — 1827 + 423 + 47° — 2272

dim ((@40)"7) = (e =
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1
dim ((@’“Mg)SU(B)) = o(low]®) = ﬁ/|z\2k\/27—18z§+4z3+4§3—22§2 dz,
™ Jo

where dz := d Rez d Imz denotes the Lebesgue measure on C.

For the SU(2) and SU(3) graphs, the spectral measures distill onto very special sub-
sets of the semicircle/circle (SU(2)) and discoid/torus (SU(3)), and the theory of nimreps
allows us to compute these measures precisely. In the present work we complete the com-
putation of the spectral measures for the SU(3) ADE graphs in Section 2, and compute
the spectral measures for the finite subgroups of SU(3) in Section 3.

2 Spectral Measures of the SU(3) ADE Graphs

Let Ag denote the adjacency matrix of a finite graph G for which Ag is normal, let
2U(G) denote the set of vertices of G, and let e, = (J4,4)acw(g) denote the basis vector in
(?(G) corresponding to the vertex v of G. The inner product (AF(A§)"e,,e,) defines a
spectral measure p of (G,v) which has m,n™ moment [ z™z"du(z) = (AF(Ag)"eu, €y).
In this work we will compute the spectral measure in the vacuum state, i.e. when v is the
distinguished vertex * of G which has lowest Perron-Frobenius weight. However the same
method will work for any vertex v of G.

Let 37 be the eigenvalues of G, with corresponding eigenvectors 27/, j = 1,...,s,
where s is the number of vertices of G. Then as for SU(2) [21, Section 3], AF(Ag)" =
UANZ(AG)"U*, where Ag is the diagonal matrix Ag = diag(8', 8% ...,5%) a

(x', 22, ... 2°), so that

/szndu(z) = (UAZ(AG)"U er,er) = (AG(AG)"U e, U er)
= D (BB Iy, (4)

J=1

where y; = le is the first entry of the eigenvector a7.

Now suppose G is a finite ADE graph with distinguished vertex x which is the vertex
with lowest Perron-Frobenius weight. Every eigenvalue S of G is a ratio of the S-matrix
given by B = S,,/Soy, for a Dynkin label A, with corresponding eigenvector (¢)),em(g)-
Suppose G is the nimrep given by a braided subfactor which realises the modular invariant
Z. Then the spectrum of the adjacency matrix Ag of G is o(Ag) = {BW| A € Exp},
where Exp is the set of exponents of Z counting multiplicity. The moments of G over T?
are given by (4) or [21, Equation (48)]:

/ rdp(z) = Y (BY)"(BO)" g2 (5)

AeExp

The spectrum o(Ag) of the adjacency matrix Ag of any SU(3) ADE graph G is contained
in the spectrum o(A) =D = {w; +w, " + wy 'wsy| wi,wy € T} of the adjacency matrix A
of A, The (3-cusp) discoid D is the surface given by the union of the deltoid and its
interior, illustrated in Figure 1.



3 ei27r/3
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Figure 1: The (3-cusp) discoid ©, the union of the deltoid and its interior.

Thus the support of the probability measure p of G is contained in the discoid ©.
There is a map @ : T? — D from the torus onto ® given by

D (wy,wr) = wy + Wz_l + wflw2, (6)

where wy,wy € T.
The Weyl group of SU(3) is the permutation group S3. Consider the group S3 as a
subgroup of GL(2,7Z), generated by the matrices Ty, T3, of orders 2, 3 respectively, given

by

n-(% ) n-(10) @
The action of S5 on T? is given by T'(wy,ws) = (wi"wy™?, wi*ws?), for T = (a;;) € Ss.
For (wy,wy) = (21 %) we will define the action of S3 on (6y,6,) € [0,1] x [0, 1] by
T(Ql, 02) = (a1101 + algeg, CL2191 + a,2292) for T = (aij) € Sg (IlOtiCQ that T(62m'917 62ﬂi92) =
(e2m 2™%) where (0,,05) = T(6y,65)).

The quotient T?/S3 is topologically homeomorphic to the discoid ® [21, Section 6.1].
The deltoid, which is the boundary of the discoid ®, is given by the lines #; = 1 — 65,
0, = 20, and 20, = 0,. The diagonal §; = 6, in T? is mapped to the real interval
[—1,3] € ©. A fundamental domain C of T? under the action of the group Sj is illustrated
in Figure 2, where the axes are labelled by the parameters 6y, 6, in (e, e272) ¢ T2,
The boundaries of C' map to the deltoid. The torus T? contains six copies of C'.

Any probability measure € on T? produces a probability measure = ®*c on ©. There
is a bijection between Ss-invariant probability measures on T? and probability measures
on ®. We will compute Ss-invariant spectral measures of the SU(3) graphs on T?. For
convenience we will use the notation

Rppn(wr, w2) = (wy + w;l + wf1w2)m(w1—1 + wo + wlwgl)”, (8)

so that [ Rpn(wi,wa)de(wr,wa) = [ 272 du(z) = (AF(A§)"er,e1). It was shown in
[21, Section 7.1] that the eigenvalues SN € D, A € Exp, of an SU(3) ADE graph G are
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Figure 2: A fundamental domain C' of T?/Ss.

given by
6()\) — ®(€2m'91’ 627”‘92), (9)
where 0; = (A +2X2 4+ 3)/3n and 6y = (2A; + A2 + 3)/3n.
Under the change of variable z = ™01 4 ¢=2m02 1 27i(02-01) e have

x = Re(z) = cos(2m6;) + cos(2mby) + cos(2m(0y — 6y)),
Im(z) = sin(276,) — sin(276y) + sin(27 (02 — 601)).

Then

/ (w1 +wy '+ wilwe)™(wi ! + we + wiwy ) dwy dwy
T2

_ 6/(:c+z'y)m(:c+iy)"\J|1dx dy, (10)
D

where the Jacobian J = det(d(x,y)/0(6,02)) is the determinant of the Jacobian matrix.
The Jacobian J = J(61,0,) is given by [21, Equation (39)]

J(01,0y) = 4n*(sin(27 (0, + 05)) — sin(27 (260, — 05)) — sin(27w (260, — 61))).  (11)

The Jacobian is real and vanishes on the deltoid, the boundary of the discoid ®. For the
values of 0y, 65 such that (2™ e*™92) are in the interior of the fundamental domain C
illustrated in Figure 2, the value of J is always negative. In fact, restricting to any one
of the fundamental domains shown in Figure 2, the sign of J is constant. It is negative
over three of the fundamental domains, and positive over the remaining three. When
evaluating .J at a point in z € D, we pull back z to T?. However, there are six possibilities
for (wy,ws) € T? such that ®(w;,ws) = 2, one in each of the fundamental domains of T?
in Figure 2. Thus over ®, J is only determined up to a sign. To obtain a positive measure
over ® we take the absolute value |J| of the Jacobian in the integral (10).

Since J? is invariant under the action of Ss it can be written in terms of z, Z, namely
J(2,2)? = 4% (27 — 1827 + 42% + 47% — 227Z?) for 2z € D [21, Section 6.1]. Since J is real,
J? >0, so we can write

|J(2,7)| = 27%/27 — 1827 + 423 + 47° — 2272, (12)
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Figure 3: The points (0y,6,) such that (>, e?72) ¢ D,

In [21, Theorem 4] it was shown that the spectral measure (on T?) for the graph AM™
is the measure J2d™ (up to a factor of 167*), where d™ is the uniform measure on

D, = {(e’™n/3 e*mie2/3) € T2 g1, g, = 0,1,...,3n — 1;q1 + g2 =0 mod 3}.  (13)

The points (61,60:) € [0,1]? for which (e2™%1 e2™¥2) € Dg are illustrated in Figure 3.
Notice that the points in the interior of the fundamental domain C' (those enclosed by
the dashed line) correspond to the vertices of the graph A©).

The Jacobian J (12) will appear in Section 3 as the discriminant in solutions for the
inverse image ®1(2) € T? of z € ©®. This discriminant also appears in the work of
Gepner [25, Equation (2.64)] as the measure required to make the polynomials S,,(z, %)
orthogonal, where the polynomials S, (x,y) are defined by S 0)(z,y) = 1, and xS, (z,y) =
> Au(v, 1)Su(,y) and yS,(z,y) = >, Al(v, u)Su(x,y) for vertices v of A™_ The

Jacobian may be written in terms of (wy,ws) € T? as [21, Equation (40)]:
iJ (w1, we) /27 = wiws — wi twy T — wiwy 4 witws — wilws + wiw; . (14)

Remark: Let 1 denote the trivial representation, p the fundamental representation of
SU(3) and p its conjugate representation. Kuperberg [28, Conjecture 3.4] conjectured
that certain Ap-(k, n)-tangles in the sense of [20, Section 2.3] which do not contain elliptic
faces in the sense of [29, Section 4] are a basis for Hom(1, p"p*), and observed that it is
sufficient to show that the number of such As-(k,n)-tangles is given by the coefficient of

the term w; 'w? in the polynomial:

(w1 Fwy 4wl wg) P (w4 wy +wiws )™M (W w2 —wiws + Wiyt —wiwy 2w tws t —ww,).
(15)
In the special case of k = n, this follows from [21, Theorem 5]. Denote by p(k,n) the
polynomial in (15). The coefficient ¢ of the term w; 'w? in p(k, k) is given by the integral
S D(F, k)wiwy ? dw;y dwy. Averaging over the orbit of wiw, 2 under the action of the Weyl
group Ss of SU(3) gives iJ/2r? as in (14), thus ¢ = [, (w1 +w; " + wi 'we)*(wi ' + ws +
wiw;y ¥ J? dw; dw, /247%. This is the dimension of the path algebra (®" M;)SU®) [21,
Corollary 1], which has basis given by the As-(k, k)-tangles which do not contain elliptic
faces [20, Lemma 2.12].



Figure 4: Supp(d(™)) Figure 5: Supp(d™h)

It was shown in [21, Sections 7.4 & 7.5] that the spectral measure for the graphs £®
and 51(12) cannot be written as a linear combination of measures of the form d® Jj2d®,
szp/g X d,/2 and d,2 % dpje for p € N, where d,, is the uniform measure on the 2pth
roots of unity. However, if we introduce two new measures d((®) d™*)  we can write
the spectral measures for £®), 51(12) and the other SU(3) ADE nimrep graphs as linear
combinations of these measures.

Definition 2.1 Let w = €2™/3, 7 = e?™/" We define the following measures on T?:

(1) d,, X d,,, where dy, is the uniform measure on the k'™ roots of unity, for k € N.
(2) d™ | the uniform measure on D,, for n € N.

(8) ™) the uniform measure on the Ss-orbit of the points (1,7), (@7, w), (w,@w7), for
neQ, n>2.

(4) AR the uniform measure on the Ss-orbit of the points (1>, 1), (1,7 e*™*),

(w?’ w eQﬂ'ik‘)} (CL) eQﬂ'ik‘) w?)7 (5?6727(‘@%’ W 67271'1']6)’ (w 67271'1'16’ 5?6727(‘@%)’ fo,r, n) k: c Q}
n>20<k<1/n.

Let Supp(dp) denote the set of points (61,6,) € [0,1]% such that (> emi2) ig
in the support of the measure du. The sets Supp(d{™)), Supp(d™*)) are illustrated
in Figures 4, 5 respectively. The white circles in Figure 5 denote the points given by
the measure d(). The cardinality |Supp(d, x d,)| of Supp(d, x d,) is mn, whilst
|Supp(d™)| = |D,| = 3n? was shown in [21, Section 7.1]. Forn > 2 and 0 < k < 1/n,
|Supp(d{™))| = 18, whilst |Supp(d™*)| = 36. The cardinalities of the other sets are
|Supp(d™0)| = | Supp(d™/™)| = 18 for n > 2, and |Supp(d(@))| = 9.
It is easy to check that the following relations hold:
3J2d® = J%2d; x ds,
4(@) L 240

2474
qm0 d((”))7

16
5 17

18

(
(
(
(19

)
)
)
)

aeve — g — Lyge _gqoy
3



2.1 Graphs D™+

Let A denote the automorphism of order 3 on the exponents y of A™ given by A(juy, po) =
(n—3— 1 — o, p11). This induces the orbifold invariant Zpm), which is treated in [21], and
hence its conjugate orbifold invariant Zpm). = Zpm C, where C' = [0 )\,X] is the conjugate
modular invariant. The conjugate orbifold invariant is given by

1

Zpes = 3 Z X+ X+ Xa20) (X5 + X + Xo0)s k=2,
uEP(sk)
p1—po=0mod3
Lpmyx = Z Xuxm7 n > 5, n % 0mod3.
,ueP_f_")

The exponents of Zpwm). are
Exp = {A"A, M) A =0,1,...,[(n—3)/2]; k=0,1,2}.

It was shown in [19] that this modular invariant is realised by a braided subfactor
with nimrep D™* [18, Figure 12]. Then as in (9), with 0, = (A} + 2X\y + 3)/24, 0, =
(2A1 + A2 + 3)/24, we have for each \; =0,1,..., [(n —3)/2]:

)\ € Exp (01, 65) € [0, 1]? 2|2
(A1, A1) (At At

(n—2X\ =3, A1) | (3,2 -2ty | dgip? <L(’\$+1)>

1
3
(Al,TL — 2)\1 — 3) (% — /\1+17 %)

From (5),

/ Ry n (w1, wa)de(wr, w2) Z Z B (BN g2, (20)
T2

gESB A€Exp

where g(\) is uniquely given by the pair (A}, A}) such that if §; = (\{4+2X;+3)/3n and 0, =
(2N] + A5 +3)/3n, then (0],05) = g(01,05). Foreach j =\ +1=1,2,...,[(n—1)/2], the
Ss-orbit of (™1 e2™%2) € T2 under Ss for (61,605) = (j/n,j/n),(1/3,2/3 —j/n),(2/3 —
j/n,1/3) give the measure d("7)). Then we obtain the following result:

Theorem 2.2 The spectral measure of D™*, n > 5, (over T?) is

[(n—1)/2]
12 .
dg(wl,wz) = — E SiHQ(QWj/n) d((n/J))(wlaLUQ)a (21)
n
j=1

where A1) 4s defined in Definition 2.1.
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Figure 6: The points (6, 6,) given by g()), where g € S3, A € Exp, for £®)

2.2 Graph £®): SU(3); c SU(6),
The modular invariant realised by the inclusion SU(3)s C SU(6); [35, 4, 19] is

Zesr = |X(0,0) + X(2,2)|2 + X002 + )((:3,2)|2 + IX2,0) + )((2,3)|2 + X1 + )(((),5)|2
+|x@,0) + X(o,3)|2 + |x@,2) + X(5,0)|2

with exponents
Exp = {(0,0), (2,0), (0,2), (3,0),(2,1),(1,2),(0,3),(2,2), (5,0), (3,2),(2,3), (0,5)}.

The inclusion SU(3)y C (Eg); produces the nimrep £® [35, 4, 19]. Then as in (9),
with ) = (A + 2 2 + 3)/24, 05 = (2A\1 + A2 + 3) /24, for XA = (A1, \2) € Exp, we have:

\ € Exp (61,0,) € [0,1]? |2 [?
(0,0), (5,0), (0,5) | (3:8): (.31 (53.5) | 5
(2,2), (2,1), (L2) | (39), G3): (.3) | 5P
(3,0), (2,3), (0,2) | (3.3): Giv13)> Gioon) | 1
0,3), (3,2), (2,0) | (3.3): (5:31)> Grod) | 1
Again, from (5),
/ Ry (w1, wo)de(wr, w2) Z Z BEODY™ (Bl ) g2, (22)
T2 gGSg)\EExp

The pairs (6’1,02) given by g(A) for A € Exp, g € 3, are illustrated in Figure 6.
The measure d(®) is the uniform measure on the Ss-orbit of (271, ¢2™i%) ¢ T? under
Sz for (6y,0,) = (1/8,1/8),(1/3,13/24), (13/24,1/3), and similarly d(®/3) is the measure
for the Ss-orbit for (6,60:) = (3/8,3/8),(1/3,7/24),(7/24,1/3). The remaining points
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(61,0,) that appear in (22) give the measure d?#/>1/12) Then the spectral measure for

E® ig
1. 2-v2 g 2 + f 36
de = = [ 18 2— Y2 3(®) q((8/3)) 4(24/5,1/12)

76 ( i 24 1 T 1o 12 ’

and we have obtained the following result:

Theorem 2.3 The spectral measure of E® (over T?) is

2—4/2 2
de — 8\/_d(8 +\/_ (8/3)+ d(24/5.1/12) (23)

where d™) ™) qre as in Definition 2.1.

2.3 Graph 51(12): SU(3)e C (Eg)
The modular invariant realised by the inclusion SU(3)e C (Eg); [35, 5, 19] is

Zean = ZeanC = |x00) + X(0.9) T X©9.0) + X449 + X(4,1) + X(1,9)]°
+2[X@2) + X5 + X6 (24)

and its exponents are
Exp = {(0,0),(4,1),(1,4), (4,4),(9,0),(0,9), and twice (2,2), (5,2),(2,5)}.

The inclusion SU(3)g C (Eg); produces the nimrep 51(12) [35, 5, 19]. Then as in (9),
with ) = (A + 2 2 + 3)/24, 05 = (2A\1 + A2 + 3) /24, for XA = (A1, \2) € Exp, we have:

A € Exp (6,,605) € [0,1]? [
(0,0), (9,0), (0,9) ) | S
(4,4), (4,1), (1,4)

(2,2), (5,2), (2,5)

We illustrate the pairs (61,02) given by g(A) for A € Exp, g € S3, in Figure 7. We
obtain the following spectral measure for & (12)

de = 1(18Md((m))+ 2+\/_ q12/5) 4 18 2 d(4)>
9

1

3712

1 1) 24+/3
13 36

—
W=
—

ol
~—
O

6 36
2—-V3

— 7(1((12) 4+ —

2 + \/_ 4((12/5))
d( ) 2
12 T3 (25)

Now for the pairs (6;,6;) given by the measure d™), we have J(6y,60)?* = 647*, so that
the spectral measure for 51(12) is
23 qaz)y L 2T Vve 2 + \/_ q((12/5)) 72 q(@)

de = — * 96m4

and using (17) we obtain the following result:

11
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Figure 7: The points (0y,02) € {g(\)| A € Exp,g € S3} for 51(12).

Theorem 2.4 The spectral measure of 81(12) (over T?) is

de = 223 g 4 20 VB sy L
12

2 d(4) 2
12 3674 J ’ (26)

where d™ | d(™) are as in Definition 2.1.

2.4 Graph &' SU(3)y C (Eg)1 x Z3

The modular invariant realised by the inclusion SU(3)e C (Eg); X Zs is again the modular
invariant Zg¢a2 given in (24). However the nimrep obtained from the inclusion SU(3)y C
(Eg)1 % Zs is the graph 52(12) [7, 19]. Hence the graphs 52(12) and 51(12) are isospectral. Then
as in (9), with 61 = (A + 23+ 3)/24, 05 = (2A1 + Ao+ 3)/24, for A = (A1, X2) € Exp, we

have:

A € Exp (61,05) € [0,1]2 |22
(0,0), (9,0), (0,9) | (5, %5), (55:3): (3. &) | 252
(4.4, &1, (1L4) | (&5), G5 (G5 | 528
(2,2),(5,2), (2,5) | (3.1): (53:5) G.w3) | 3

We see that the spectral measure for 82(12) is identical to that for 51(12), except that the
weights (2 4+ /3)/12 and (2 — v/3)/12 are interchanged, giving;

Theorem 2.5 The spectral measure of 82(12) (over T?) is

de = 2 V3 o L 22 V3 jaysy L 4o (27)

12 12 3674
where d™ | d(™) are as in Definition 2.1.
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2.5 Graph 55(12)

The Moore-Seiberg invariant

Zoaz = X0 + X009 + X(9,0)|2 + X2 + X5 + X(5,2)|2 + 2|X(3,3)|2

g]VIS'
+|x0,3) + X(6,0) + X(3,6)|2 + X0 + X(0,6) + X(G,B)‘Q + IX(4,0) + X(41) + )((1,4)\2
+(X1) + X7+ XE0)X (8 T X33 (X 1) + X7+ X?7,1))' (28)

has exponents

Exp = {(0,0),(3,0),(0,3),(2,2),(4,1),(1,4),(6,0),(0,6), (5,2), (2,5),
(4,4),(9,0),(6,3),(3,6),(0,9) and twice (3,3)}.

It is realised by a braided subfactor which produces the nimrep Séu) [19, Section 5.4].
Then as in (9), with (91 = ()\1—|—2)\2+3)/24, (92 = (2)\1+)\2+3)/24, for A = ()\1, )\2) € EXp,
we have:

A € Exp (61, 05) € 10,1]2 |22
(0,0), (9,0), (0,9) | (35:15): (55:5): (5:15) | 5
(4,4), (4.1), (1,4) | (5 w) 1) G3) | %
(2.2), (5,2), (2,5) | ($.1): (5:5) Gws) | 5
(3,0), (6,3), (0,6) | (5:1)> (%:3): ($5:3) | O
(0,3), (3,6), (6,0) | (§:5): 5:33)s (- 55)

(3,3) (5:3) 3

Then we obtain the following spectral measure for 55(12):

de = (B g 1B qaemy L BB qa)
6\ 9 9 9

_ 1 (@) 4 q(a2/9) 4 q()
3 ?

and using (17) we obtain the following result:

Theorem 2.6 The spectral measure of Eém) (over T?) is

de — % (d«u» FCE

—J? d<4>) , (29)

where d™, d\™) gre as in Definition 2.1.
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2.6 Graph Sim

It has not yet been shown that the graph 51512) is a nimrep obtained from an inclusion

which realises the conjugate Moore-Seiberg modular invariant Z.a2). = Z.a2C, given by
MS MS

Zg](\}?* = |X(0,0) T X(0.9 T )((9,0)|2 + Ixe22) + X@s5) + X(5,2)|2 + 2|X(3,3)|2
+(X(03) + X6,0 + X3.6) (X(3.0) T X(0.6) T X(6,3))
+(X.0) + X0.6 + X63) Xos) T X0 T X)) + [X@w + xan + xanl

+(xan + X T XE)X 33 T XE3) (X T X T X)) (30)

However, it is known that 8212) is a nimrep [13], and it can be checked by hand that the

eigenvalues of 8&12) are given by S, ,/S,.1, where p runs over the exponents of Z, 2.
MS

Exp = {(0,0), (2,2), (4,1),(1,4), (5,2),(2,5), (4,4),(9,0),(0,9), and twice (3,3)}.

With (91 = ()\1 —+ 2)\2 —+ 3)/24, (92 = (2)\1 —+ )\2 —+ 3)/24, for A = ()\1, )\2) c EXp, we have:

A € Exp (61,65) € [0,1)? (oAl
(0,0, (9,0, (0,9) | (% 15), (i3:3): (3:13) | 5
(4.4), (4.1, (1LY | (%%) 6:1) (13) | 5%
(2,2), (5,2), 2,5) | (1) (55:3): G3) | 5

(3,3) (3:3) 3

The pairs (01, 02) given by g(A) for A € Exp \ {(3,3)}, g € S, have all appeared in the
computations of the spectral measures for the graphs 51(12), 52(12), hence the measures
which give these points are known. For the remaining points ¢((3,3)), g € S3, we have
J(g(e2™/3,e2mi/3))2 = 10874, whilst J (™1 €272)2 = ( for the other points that are given
by the measure d®, since they map to the boundary of the discoid ®. Then we obtain
the following spectral measure for Eim:

1 /18 18 18 27 1
de = = (= ql2) 4 == q(12/5) 4 “Z q(4) 4 =~ J2 q®
° T 6 (36 T35 M T2 Tog

_ L q L ogazsy Ly o L pge

12 12 3 4874 ’

and using (17) we obtain the following result:

Theorem 2.7 The spectral measure of 8&12) (over T?) is

de = L q2n L L oqazsy o 1 g 1

2 1(3
12 12 72m4 487T4J d )’ (31)

where d™, d™) are as in Definition 2.1.
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2.7 Graph £%Y: SU(3)y C (E7)
The modular invariant realised by the inclusion SU(3)s; C (E7); [35, 5, 19] is

Zeeny = X0 + X@a) + X6,6) T X(10,10) + X(21,0) + X(0,21) + X(13.4) + X(4,13)
+X(10,1) T X(@1,10) T X(9,6) + X(G,Q)‘Q
+[X(15,6) + X(6,15) + X(15,0) T X(0,15) T X(10,7) + X(7,10) + X(10.4)
+X(4,10) T X(7,4) T X(4,7) T X(6,0) T X(0,6) 2. (32)

with exponents

Exp = {(0,0),(6,0),(0,6),(10,1),(7,4),(4,7),(1,10),(6,6), (10,4), (4, 10),
(15,0), (9,6), (6,9), (0, 15), (13,4), (10,7), (7, 10), (4, 13), (10, 10),
(21,0), (15,6), (6,15), (0,21)}.

The inclusion SU(3)y; C (E7); produces the nimrep €2 [35, 5, 19]. Then as in (9),
with (91 = ()\1 -+ 2)\2 —+ 3)/24, 92 = (2)\1 —+ )\2 —+ 3)/24, for A = ()\1, )\2) c EXp, we have:

A € Exp (61,0,) € [0,1]? |2
0.0 210, 0.2) | o). (3:3) (5:3) | =40
(4.9, (134, 019 | (G ). (Ghd). (3 |
6.6, 9.6 6.9 | (Grd) (3. (.2) | =252
(10,10), (10,1), (1,10) | (3,8, (30.3). (. 50) | A0
(6.0, (15,6), (0.15) | (31.5), (%) (1.31) | 27
(0,6), (6,15), (15,0) | (5 21): (35 31)> (3> 3)
(7.4), (10,7), (4.10) | (3.1): (&:8). (G 8) | 22
(4,7), (7,10), (10,4) | (G:31): (3:5%): (5 20)

Then we obtain:

Theorem 2.8 The spectral measure of £?Y (over T?) is

6 —2v3—6 4@ 6+2v3 -6 q(4/5) 4 6+2v3+ 6 q((24/7))

d
) 18 48 18
6—2v3 6 2—+2 2 2
n \:;—F NG d4(@4/10) T\/_ 46:1/12) 4 +T\/_ q@1/24) (33)

where d(™)  d™¥) qre as in Definition 2.1.

3 Spectral measures for finite subgroups of SU(3)
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ADE graph | Type | Subgroup I' C SU(3) IT|
(ADE) - B: finite subgroups of SU(2) C SU(3) -
A I A Dy X Lo (n — 2)?
- - A:Zpyy X Ly, (M #n#3) mn
D™ (n=0mod3)| I |C:ABMN—-3)%) = (ZysxZy3)xZs| 3(n—3)>
D™ (n#Z0mod3)| II - -
- - C: A(3n?) = (Zy, x L) X Zs, 3n?
(n # 0 mod 3)
- - D: A(61%) = (Zy, X Z) X Ss 612
Am)* I - _
D (n >7) 11 A: Zjnyry2) X L3 3[(n+1)/2]
E®) I E =%(36 x 3) = A(3.3%) x Z4 108
EB® 11 - -
e I F =3(72 x 3) 216
e 11 G = (216 x 3) 648
(512 - B xZs: BDy x Zs 24
g™ (11) L = (360 x 3) = T Ag 1080
el 11 K =~ TPSL(2,7) 504
£24) I - -
- - H = %(60) = 4; 60
- - I = x(168) = PSL(2,7) 168
- - T TA; 180

Table 1: Relationship between ADE graphs and subgroups I' of SU(3).

The classification of finite subgroups of SU(3) is due to [31, 23, 10, 36]. Clearly any
finite subgroup of SU(2) is a finite subgroup of SU(3), since we can embed SU(2) in
SU(3) by sending g — g® 1 € SU(3), for any g C SU(2). These subgroups of SU(3) are
called type B. There are three other infinite series of finite groups, called types A, C, D.
The groups of type A are the diagonal abelian groups, which correspond to an embedding
of the two torus T? in SU(3) given by

w1 0 0
(plr2)(wi,w2) = 0 wy' 0 ,
0 0 wl_lwg

for (wi,ws) € T?. The groups of type C are the groups A(3n?), and those of type D
are the groups A(6n?). These ternary trihedral groups are considered in [10, 30, 14]
and generalize the binary dihedral subgroups of SU(2). There are also eight exceptional
groups E-L. The complete list of finite subgroups of SU(3) is given in Table 1. Here Type
denotes the type of the inclusion found in [19] which yielded the ADE graph as a nimrep.
Suppose we have a braided subfactor given by the inclusion ¢ : N < M of type III factors,
with braiding operator (A, p) intertwining Ay and pA, for N-N sectors A\, u € yXy, and
with dual canonical endomorphism # = 7¢. The inclusion N C M is called type I if
and only if one of the following equivalent conditions hold, where v is an isometry which
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Figure 8: Z,_o X Z,_o for n = 6; vertices which have the same symbol are identified.

intertwines the identity and the canonical endomorphism v = «z [6, Proposition 3.2]:

1. Z,\70 = <9, )\) for all \ € NXN-
2. Zpn=(0,)) for all A € yAn.
3. Chiral locality holds: (0, 0)v* = v2.

Otherwise the inclusion is called type II. (In the context of nets of subfactors N(I) C
M(I), for I a subinterval of the circle, type I means locality of the extended net M([)).
We emphasise that the type of the modular invariant is not well defined, as illustrated
by the case of Z¢u2 in Section 1. The ADE graph 5;12) is a nimrep which is isospectral
to the graphs 51(12) and 82(12) [13], however Ocneanu ruled it out as a candidate for the
modular invariant Zga2) by asserting that it did not support a valid cell system [33]. This
graph was ruled out as a natural candidate in Section 5.2 of [15]. Caution should be taken
regarding the type for the graph 8&12). Although we have not yet shown that 8&12) is the
nimrep obtained from an inclusion, it was shown in [19] that such an inclusion would be
of type II.

The fundamental representation p of SU(3) corresponds to the vertex (1,0) of the
graph A(®). The McKay graph Gr is the the fusion graph of p acting on the irreducible
representations of I'. For most of the graphs Gr there is a corresponding SU(3) ADE
graph/quiver G, which is obtained from Gr by now removing more than one vertex, and
all the edges that start or end at those vertices, as well as possibly some other edges,
as was noted in [13] (to obtain the graph 55(12) from the McKay graph for the subgroup
K = TPSL(2,7) an extra edge must also be added). However, unlike with SU(2), for
SU(3) there is a certain mismatch between the subgroups I', with their associated McKay
graphs Gr, and the ADE graphs. The correspondence is as in Table 1, where we use the
same notation as Yau and Yu [36] for the subgroups E-I. The notation |x] denotes the
integer part of x. The subgroup T'A; (respectively T'Ag, TPSL(2,7)) is the ternary As;
group (respectively ternary Ag group, ternary PSL(2,7) group), which is the extension
of As (respectively Ag, PSL(2,7)) by a cyclic group of order 3. The McKay graphs are
illustrated in Figures 8-18.

We will now consider the spectral measure for the McKay graph Gr associated to a
finite subgroup I' C SU(3). Any eigenvalue of I' can be written in the form x,(g) =
Tr(p(g)), where g is any element of the conjugacy class I'; [21].
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Figure 9: Z, x Z3 for p = 3. Figure 10: E = > (36 x 3)

Every element g € T is conjugate to an element d in the torus, i.e. p(h~gh) = p(d) =
diag(ty, ta, t1ts) for some (ty,t) € T?. Now Tr(p(g)) = Tr(p(d)) = t; + t2 + t1t, thus its
eigenvalues are all of the form et + 2 4 e=#1+02) for 0 < 6,,6, < 2, and hence the
spectrum is contained in the discoid ©. For T? or the group SU(3) itself the spectrum
is the whole of ® [21, Section 6.2]. So if I is SU(3) or one of its finite subgroups, the
spectrum o(A) of A is contained in ®, illustrated in Figure 1. Thus the support of ua
is contained in the discoid ®. Let I' be a finite subgroup of SU(3) and I'; its conjugacy

classes, 7 = 1,...,s. Since the S-matrix simultaneously diagonalizes the representations
of T [27] then as in [21, Section 4] for the subgroups of SU(2), the elements y; in (4) are
then given by v; = So; = /|I'jIx0(L;)/v/IT] = /I /\/|F Then the m,n'™ moment

Sm.n 18 given by

Y I,
= [ (e mep T (34)

Let ® : T? — ® be the map defined in (6). We wish to compute ‘inverse’ maps ®~! :
D — T2 such that ® o d~! = id. For z € D, we can write 2 = w; + wy ' + W] 'wy
and Z = w; ' 4 wy + wiw, ', Multiplying the first equation through by w;, we obtain
2wy = wi + wle_I + wy. Then we need to find solutions w; to the cubic equation

W — 2w+ zZw —1=0. (35)

Similarly, we need to find solutions wy to the cubic equation wi — Zw? + 2wy — 1 = 0.

We see that the three solutions for ws are given by the complex conjugate of the three
solutions for w;. Solving (35) we obtain solutions w®), k = 0,1,2, given by [3, Chapter
V, §6]:

wh) = (2 4 27V3¢, P + 2% (22 — 32)P~1) /3,

where ¢, = e2™*/3 21/3 takes a real value, and P is the cube root P = (27 — 92Z + 22° +
3v3V2T — 182Z + 423 4 42° — 222%)'/3 such that P € {re?’| 0 < 0 < 27/3}. For the
roots of a cubic equation, it does not matter whether the square root in P is taken to be
positive or negative. We will take it to have positive value. We notice that the Jacobian
J appears in the expression for P as the discriminant of the cubic equation (35).
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Figure 11: F = ) (72 x 3) Figure 12: G = > (216 x 3)

We can define maps @;} : D — T? by
1 (2) = (@",w0), k1€ {0,1,2}, (36)

for z € ©. Now CD(CI),;}C(Z)) # z, for k = 0,1,2, however, for the other six cases (k,[ €
{0,1,2} such that k # [) we do indeed have & o q;/;ll = id. These six ®,;(z) are the
Ss-orbit of ®g(z) under the action of the group Ss. The spectral measure of I' (over T?)
can then be taken as the average over these CD,;}(Z)

/ R (w01, w2)de (w1, w5)
’]I‘Q

S Z Z ||TJ||(w(ku) + W) 4 kD EDY™ (kD) 4 ¢ 4y ED TN (37)

7=1 k,le{0,1,2}:
k#l

where w®9) j = 1,... s, are given by CD,;}(XP(FJ»)) = (w®9) wa)), for k,I € {0,1,2},
)

3.1 Groups A: Z, X Z,

We will now compute the spectral measure for the graph Gr corresponding to the subgroup
I' =7Z, xZ, When p =g =mn—2, the SU(3) McKay graph of Z,_y x Z,_,, Figure
8, is the “affine” version of the graph A™ [2, Figure 11]. The group contains |I'| = pq
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91

Figure 13: 2/)71 ® 0193 Figure 14: L = (360 x 3)

3 5
3
Figure 15: H = ) (60) Figure 16: I = ) (168)
clements, each of which is a separate conjugacy class I'y;, where & € {0,1,2,...,p},
1€{0,1,2,...,q}. Now x,(Ty;) = &f + @, + 0, "0 € D, where @, = e2™/P| &y = e2mi/4.
Let
Qk, 1) = @+ + ™M@ F + T 4 o hHm (38)
Then by (37),
p—1 g—1 1
/ Rmn(wlaWQ)dg Wl,CL}Q _Q
T2 =0 =0 P4

and we easily obtain:

Theorem 3.1 For I' = 7, x Z,, the spectral measure of Gr (over T?) is given by the
product measure
de(wy, we) = dpwy dywe,
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N—_ s —/

Figure 17: J Figure 18: K

th

where d,, is the uniform measure on the m""* roots of unity.

3.2 Groups C: A(3n?) = (Z, x Z,) x 73

The ternary trihedral group A(3n?) is the semi-direct product of Z,, x Z,, with Zs, where
the action of Z3 on Z,, X Z,, is given by left multiplication by the matrix T3 defined in (7),
see [30]. This group has order |I'| = 3n?. It has a presentation generated by the following
matrices in SU(3):

1 0
Si=1|0 0 |,5%=
0 w?

& oo

01
and T = 0 0
1 0

o = O

0
w
0

o & o
o o €

In this presentation, the action of Zz on Z,, x Z, = (S;,5,) is given by left multiplica-
tion by the matrix T. Here (g1, go, ..., gs) denotes the group generated by the elements

91,925 - -5 Gs-
We will consider the cases where n = 0 mod 3, n Z 0 mod 3 separately.

n =0 mod 3

First we consider the case where n = 0 mod 3. The SU(3) McKay graph of the group
A(3n?) (not drawn here) is the “affine” version of the graph D™ [2, Figure 11]. The
values of the character of the fundamental representation evaluated over the conjugacy
classes of A(3n?) are given in Table 2 (see [30]). Here K, is the region illustrated in Figure
19 and defined by (61, 60,) € [0,1]*\ {(0,0), (1/3,2/3),(2/3,1/3)} where nf;,nfy € Z and
such that 2‘91 —02 Z 0, 2‘92 —01 Z 0 for O S 01,‘92 S 1/2, and 2‘91 —02 S 0, 202 —01 S 0
for 1/2 < 0,6, < 1. Note that |K,,| = (n* — 3)/3 The final row in the table denotes the
pair (6y,0s) given by (™01 ¢>™%2) = d=1(x,(T;)).

Let @ = 2™/ and Q(k, 1) be as in (38). Then by (37),

/ le,mg (wla wQ)de(wla ("-}2)
'H‘Q
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I ry | I I's Tt (k1) € Ky [T, 5=1,...,6
T, 1 1 1 3 n?/3
Xp(I;) €D 3| 3w | 3w |4l 4 2milh) 0
(1) € T || (L) | (w,8) | (@) (e, e*m) (w,1)
(91,92> € [07 1]2 (070> <%’§) (%’%) (k7l> (%70)

[ R T e SR Y

6

1 1 1 3 n?/3
= —Q — 0}, 2)+ —Q2, L)+ — Q(k, 1 QL

3n2 (0’0)+3n2 (3’3)+3n2 (3’3)+3n2kleZK (’)+ 3In2 21 (3’0)
—1900 1912 1921 L Qg(%,0
= 32 (0, )+W (§,§)+W <§’§>+ﬁz Z 9(3.0)) (39)

Kl gess
= — > kD ZQ( (5,0,
nknleZn gESS

where the first summation in (39) is over all (k,1) # (0,0),(1/3,2/3), (2/3,1/3) such that
nk,nl € Z,. Now

1
Z g T 4rt /T By ma (1, w2) J2d® (wy, ws),

gESs3

since J(wy,ws) = 0 for (wy,wq) € T? such that ®(wy,ws) is on the deltoid, the boundary
of the discoid @ (c.f. Section 2.6). Then the spectral measure (over T?) for the group
A(3n?), n =0 mod 3, is

d(g) (wl, UJQ),

de(wy,ws) = 3 d,,w; d 6

where d,, is the uniform measure over n'® roots of unity, w = €23, and d™ is the uniform
measure over the points in D,,.
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L Iy Lot (k1) € K, | T, j=1,2
T 1 3 n?
Xp(r ) c @ 3 e??r’ik‘ + e—27ril + e??r’i(l—k‘) 0
D1 (x,(Ty) € T2 | (1,1) (e, &) (w,1)
(61,602) € [0,1]> || (0,0) (k, 1) (5:0)

Table 3: x,(I';) for group A(3n?), n # 0 mod 3.

n # 0 mod 3

Now consider the case where n # 0 mod 3. The values of x,(I';) for A(3n?) are
given in Table 3 (see [30]). The final row in the table denotes the pair (0, 6;) given by
(exmi e2mi02) = =1(y,(I';)). Then by (37),

/ Rm1,m2 (wla w2)d€(w1a ("-}2)
TQ

2
B 3nQQO 0 +3n2 2, QD+ § 0(3.0) = 5 Y kD +3905.0)

n
k lEKn j=1 nk,nl€Zn
= g Q(k, 1) E Qg
nk NUELn 9653

and we obtain the same spectral measure as for the case n = 0 mod 3. Summarizing, we
have:

Theorem 3.2 The spectral measure (over T?) for the ternary trihedral group A(3n?) =
(Z, X ZLp,) ¥ Zs s

de(wy, wy) = 3 d,w; dpws d® (wy, wy), (40)

3674

th

where d,, is the uniform measure over n' roots of unity and d® is the uniform measure

over the points in Ds.
Remark: The spectral measure of the binary dihedral group BD,, C SU(2) is [1, Theorem
4.1], [21, Section 4.2]:

d6( ) dgn 42U + — ((5 —+ 5_1)

where 0, is the Dirac measure at the pomt x. The points i, —i are the two points in T
which map to zero in the interval [—2,2] under the map ® from T to the support of the
spectral measure for (a subgroup of) SU(2). See [21] for more details. Let w = €2™/3 as
before. Since

D Qg(3,0) = Q(0,3) + 20, 2) + Q3,0) + Q3. 3) + Q(3,0) + Q2,2

gES3
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it is easy to see that
0w + 90 + 0w + dww) + 0@ + dwa)
9 )
where now the points (1,w), (1,©), (w, 1), (w,w), (@, 1), (@,w) are the points in T? which

map to zero in the support © of the spectral measure for (a subgroup of) SU(3) under
the map ¢ defined in (6).

ds(wl, wg) = g dnwl dnan +

3.3 Groups D: A(6n?) = (Z, x Z,) x S;

The ternary trihedral group A(6n?) is the semi-direct product of Z,, X Z,, with S3, where
the action of S5 on Z,, x Z, is given by left multiplication by the matrices T5, T3 defined
in (7) which generate S3, see [14]. This group has order |I'| = 6n?. It has a presentation
generated by the generators Sy, Sy and T of A(3n?), and the matrix Q € SU(3) given by

1 0 0
Q=1 0 o0 -1
0 -1 0

In this presentation, the action of S5 on Z, x Z, = (S1, S2) is given by left multiplication
by the matrices T ().
We will consider the cases where n = 0 mod 3, n Z 0 mod 3 separately.

n =0 mod 3

First we consider the case where n = 0 mod 3. The values of x,(T';) for A(6n?) are
given in Table 4 (see [14]), where 6%, 6% are defined by

o Gh+3.k)  ifg<k<y,
(OF )y — (k,ik+1) i<k <? (41)
(3k+ 1,5 — 3k) otherwise.

The set K], is the subset of K,, given by (0, 6,) € K,, such that 6; + 6, < 1, 26; — 6, <0
and 26, — 6; < 0.

The points (61,602) = (k,—k), for all k& # 0,1/3,2/3 such that nk € Z,, lie on the
boundary of the fundamental domain C' in Figure 2 and have weight |I';|/|T'| = 3/6n?,
thus the Ss-orbit of (k, —k) contains the three points (k, —k), (k,2k) and (—2k, —k), each
of which has weight 1/6n2. The points (k,) € K], have weight |I';|/|T'| = 6/6n?, thus the
six points in the Sz-orbit of (k,I) € K! each have weight 1/6n? also. Furthermore, the
Ss-orbit of (1/3,0) contains six points. Then we see from (37) that

/ R ma1,02) e, 02)
T

1 1 2n? /3
= WQ(O O)+6—Q(§,§)+@Q(§,§)+WZQIM ZQ
k,l
6n2 Z (0 1 ’
nk€Zn
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T r, | Iy Ty | Tgry, nk € Z,\ {0, 2,2
T, 1 1 1 3
Xp(T;) €D 3 3w | 3w ekt 2e?mk
(€27, e2m%2) = &7 (x,(Iy)) € T? || (L1) | (w, ) | (@, w) (€2, em2mh)
(61, 62) € [0, 1] 00) | 5.5 | G.5) (k, —k)
T, Coknts (k1) € K)N{(53)} | T 0 =1,2,3 | Tl nk €2,
T 6 2n%/3 3n
x,([;) €D e2mik  p=2mil 4 2mi(l—k) 0 o—2mik
o-1(y,(T;)) € T? (2, e2mil) (w,1) (€2m‘9§’“), e2m‘9§’“))
(01,05) € [0, 1]? (k1) (5:0) (6", 605”)

Table 4: x,(T;) for group A(6n?), n = 0 mod 3. Here w = e2™/3,

Zle+—ZQ +_ZZQ (OF o)),

nk; nlELy g€eSs gE€S3 nkELn,

where in the first equality the first summation is over all k,l such that nk,nl € Z,
and (k,l) # (0,0),(1/3,2/3),(2/3,1/3). In the second equality, the second summa-
tion 3 g Q(g(3,0)) is given by the measure J2d® as in Section 3.2. The points

(62”1‘95’@),@2”95’@)) given by the third summation > o > 1cz. Q(g(@%k),egk))) lie on the
lines 0; + 05 = 1/2, 20; — 65 = 1/2 and 20, — 6, = 1/2, where n points lie equidistantly
along the length of each line such that there is a point at each of (1/4,1/4), (1/4,0) and
(0,1/4). These points are illustrated in Figure 20(a) for n = 9. There are 6n distinct
points when n # 0 mod 6, but only 6n — 9 distinct points when n = 0 mod 6 as the
points (—1, —1), (e™/3,w), (w, e™/3), and their Ss-orbits, have multiplicity two. The third
summation is thus given by a different measure de/, depending on whether n is divisible
by 6 or not. When n =0 mod 6,

[(n+3)/6]
de!, = 18d(™) 4 36 Z d(4n/(n*2j)7j/n)’
j=1
whilst for n» = 0 mod 3, n #Z 0 mod 6,
[(n+3)/6]
de!, = 18d(@) 1 36 Z d@n/(n=25).3/n) 4 183((2).
j=1

Thus, we have:
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(@) A ()

0,

Figure 20: The points (9@, Hék)) for (a) n=29, (b) n = 8.

Theorem 3.3 The spectral measure (over T?) for the ternary trihedral group A(6n?) =
(Zp x Zy) ¥ S3, n =0 mod 3, is

— 3 4 An/(n—27),5/n /
d€ = = a, d, d +‘—;;d +';£ E d. 3053 +-d., (4 )
: i j=1

where d' is given by
q - %d(@)) if n =0 mod 6,
N 0 if n Z 0 mod 6.

n % 0 mod 3

Now consider the case where n # 0 mod 3. The values of x,(I';) for A(6n?) are
given in Table 5 (see [14]). The final row in the table denotes the pair (6y,6:) given by
(€270 2mif2) — d=1(x,(T;)) € T2, where 01, 05" are defined by (41).

Then from (37) we have

[, B a1, 02 1,2)
T

1 1
= WQ(O,O)jL@ZQ(k,Z +@Q Z RN
nkEZn
1 k) (k)
:wZleJr—ZQ ZZQ ,057)),
nk,nl€Zn geSs 965’3 nkE€Zn

where in the first equality the first summation is over all k,l such that nk,nl € Z,
and (k,l) # (0,0). In the second equality, the points (62”9?@, 627”‘9&’“)) given by the third
summation Y cq. >, peo Q(g(&%k), Qék))) again lie on the lines 61 +6, = 1/2, 260, -0, = 1/2
and 20y — 0, = 1/2, where n points lie equidistantly along the length of each line such that
there is a point at each of (1/4,1/4), (1/4,0) and (0,1/4). These points are illustrated in
Figure 20(b) for n = 8. There are 6n — 3 distinct points, the points (—1,—1), (—1,1) and
(1, —1) having multiplicity two. The measure de’ given by the third summation cannot be
written as a linear combination of the measures in Definition 2.1, since all the measures in
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Fj Fl F(nk)a nk € Zn \ {O}
IT] 1 3
XP(F ) c 3 e—4mik + 9p2mik
(627ri91’ 6271'@'62) = P~ (Xp(r )) c TZ (1’1) (627rik’ e—27rik>
(61, 605) €10, 1)? (0,0) (k, —k)
Fj Fnk,nh (ka l) S K’:L F;7 J=12.3 F/(nk;)u nk € Zy,
|Fj| 6 2n? 3n
Xp(r ) c e2mik 4 o—2mil | e2mi(l—k) 0 o—2mik
o <XP(F )) c TQ (627Tik’ eQﬂil) (UJ, 1) ( 27”9( ) 627”-9510)
k
(61,62) € [0,1] (k) (5.0) (61,65

Table 5: x,(T;) for group A(6n?), n # 0 mod 3. Here w = e2™/3,

Definition 2.1 are topologically invariant under a rotation of each triangular fundamental
domain of T?/S3 (see Figure 2) by 27/3, but de’ is not. The measure de’ is given by
n
dgl = Z (5(€2Trij/n7e27ri(1+2j)/Qn) _'_ 6(€2Tri(1+2j)/2n7€27rij/n) _'_ (5(627ri(1+2j)/2n7€2Tri(172j)/2n)) 5
j=1
where ¢, is the Dirac measure at the point z.
Thus, we have:

Theorem 3.4 The spectral measure (over T?) for the ternary trihedral group A(6n?) =
(Zy, X Z) X S3, n # 0 mod 3, is

1 } :
de = 6 dTL dn 7o J2 d(3 12 ) (e2mij/n e2mi(1+25)/2n)
1 n
+—12n JE:l 6(€2Tri(1+2j)/2n7€27rij/n 12n E 1) (e2mi(1+27)/2n g2mi(1-2j)/2n ). (43)

3.4 Group E =X(36 x 3) = A(3.3%) x Zy

The subgroup E has order 108, and its McKay graph, Figure 10, is the “affine” version
of the graph £® [18, Figure 13]. It is the semidirect product of the ternary trihedral
group A(3.3?) with Z,, where the action of Z; on A(3.3%) = (S}, S, T) is given by left
multiplication by the matrix V' € SU(3) given by

1 1
V=—— w  w?

1
1
V=3 1 w? w
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j 1 2 3 4,5 6, 7 8,9
Ty 1 1 1 9 9 9
xp(Lj) €D 3 3w 3w 1 w w
(70, 27%) = 07 (1) | (L) (@.8) @w) | (L) (~wi ~Bi) (-, ~wi)
(61,62) € [0,1]? 00 (3 G50 (&%) (3 13)
J 10 11 12 13, 14
TS 9 9 9 12
xo([;) €D -1 ~w ~w 0

(e2mi01 e2mi02) ¢ T2 | (1,-1) (w,—w) (—w,w) | (1,w)

(61,6:) € 0,112 [ (0,3) (3,8) (%3 | (3,0

Table 6: y,(T';) for group E = £(36 x 3). Here w = e*"/3,

Note that V2 = @, so that E also contains the ternary trihedral group A(6.3?) as a normal
subgroup. This group is a subgroup of SU(3) but not of SU(3)/Z; The values of x,(I';)
for E are given in Table 6 (see [26]). Then, by (37),

/ Rm17m2 (wh w2)d5(w1, CL)Q)
T2
! 1 1 949
= r.SQ(O’O)‘f‘@Q(%7§)+m9(§,%)+— (Q(Oai)‘f‘Q(%,%)—l—Q(%’%))
9

+10g (20, 5) +Q@E, ) + (5. 5) +

1 1
= —0 O 2 Oz 1

2 5 000305 )+ 0t )

g€eS3

+3_16 > (20900.5)) + 2g(3, ) + g (5. 3) + 5= D A9(5.0).

gES3 gES3

The set of the three fixed points (0,0), (1/3,2/3) and (2/3,1/3) is D;, whilst the last
summation above is given by the measure J2d® (wy,ws)/47* as in Section 3.2. We also
have

> (g(0.1/4)) + Q(g(1/12,5/12)) + Q(g(5/12,1/12)))

g€eS3

= 18/ le’mQ(wl,wg)d((4))(w1,w2),
'H‘Q
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and

> (Ag(0.1/2)) + Q(g(2/6,1/6)) + Q(g(1/6,2/6)))

gESs

= 12/ Rm1,m2 (wla C(.)Q)d(Z) (wla CUQ) - 3/ le,mg (W1, wQ)d(l) (W1, wQ)'
T2 T2

Then using (17) we obtain the following:

Theorem 3.5 The spectral measure (over T?) for the group E = 3(36 x 3) is

Lo rpgo L pgo g o - Ly, (44)

de =
ST 10874 3 18

where A™ is the uniform measure over the points in D,,.

3.5 Group F =>(72 x 3)

The subgroup F has order 216, and its McKay graph, Figure 11, is the “affine” version of
the graph 51(12) [18, Figure 14]. It has a presentation with generators S, Ss, T and V of
E, and the matrix W € SU(3) given by

2
1

1 1 w
W=—s| 1 w w
V3w 1w
The order of W is 4. Note that W? = V2S,. In fact, S; = V2W?2 S, = (WV)* and
T = V2W3V2W so that F = (V, W). It contains the group E as a normal subgroup. This
group is a subgroup of SU(3) but not of SU(3)/Zs The values of x,(I';) for F are given
in Table 7 (see [26]).
The spectral measure for the group F = ¥(72 x 3) is obtained in a similar way to that
for the group E = (36 x 3) in Section 3.4, and we obtain:

Theorem 3.6 The spectral measure (over T?) for the group F = (72 x 3) is

2a0 4 L pae e - Lo (45)

de = ——
© 7 3o 2167 6 36

where d™ is the uniform measure over the points in D,,.

3.6 Group G = X(216 x 3)

The subgroup G has order 648, and its McKay graph, Figure 12, is the “affine” version
of the graph 52(12) [18, Figure 14]. It has a presentation with generators Sy, Ss, T and V'
of E, and the matrix U € SU(3) given by

e 0 0
U= 0 & 0 |,
0 0 &°
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j 1 2 3 4,5, 6 7,8,9 10, 11, 12
T, 1 1 1 18 18 18
xp(Lj) €D 3 3w 3w 1 w w
(2701, e202) = o~ L(x, (1)) | (1)) (@) @w) | (1i) (~wi,—@i) (~Ti,~wi)
(61,62) € [0,1]? 00 (53 G5 01 (S (3 12)
j 13 14 15 16
T 9 9 9 24
x,(T;) €D -1 —w —w 0

(e2m e2mi02) c T2 | (1,-1) (w,—w) (—@,w) | (1,w)
(01.02) €[0,1]> | (0,3) (.5 (5.8) | (50

Table 7: x,(I';) for group F = 3(72 x 3). Here w = o273

where ¢ = ¢?™/%. The order of U is 9. Note that U3 = S2. It contains the group F as a
normal subgroup. This group is a subgroup of SU(3) but not of SU(3)/Zs The values of
X,(I';) for G are given in Table 8 (see [12]).

The measures living on the points (2™t ™) € T2 for j = 1,...,9 and j = 22,23, 24
have all been computed when we considered the subgroups E and F of SU(3).

Let us denote be E;i the summation

j 1 j2 ~ ~— ~ — m ~— ~ ~ — n
o = S Z Z(g(w91 + &% 4 Gl (gm0 4 @2 4 G002,

J=Jj1 g€Ss

where for each j, #; and 6, are given in Table 8, & = €*™/1® and the action of g €

Sz on (W + 0% + G%7%) is defined as follows: suppose g(w%, %) = (WP, @), then
g(@% + &% 4 %70 = (P + &9+ L97P).

For j = 10,...,15, the pairs (0;,6,) € [0,1]* are (1/9,2/9), (1/9,5/9), (7/9,2/9),
(2/9,1/9), (2/9,7/9), (5/9,1/9). The Ss-orbits for these pairs contain three points
each. These points all lie on the boundary of the fundamental domain C, and are
obtained by taking the points (6y,6,) such that (™ ¢?2) ¢ Dj and then remov-
ing the points (6y,6,) such that 6, € {0,1/3,2/3}, k = 1,2. Then we obtain 2%} =
27 f'JTQ le,mg (wl, wg)d(3) (wl, wg) -9 f'JTQ le,mg (wl, WQ)dgwl d3Cd2.

For j = 16,...,21, the pairs (60y,02) are (5/18,1/18), (2/18,7/18), (8/18,1/18),
(1/18,5/18), (1/18,8/18), (7/18,2/18). The Ss-orbits for these pairs contain six points
each, which are illustrated in Figure 21(a). At these points, J? = 487%. We can obtain
this distribution by taking the points (6;,6,) such that (2™ e?702) ¢ Dy, illustrated in
Figure 21(b), each with the weight J? evaluated at that point. Since the points indicated
by white circles in Figure 21(b) map to the deltoid, the boundary of the discoid ®©, here
J? = 0. We must then remove the points indicated by black circles in the interior of the
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j 1 2 3 4 5 6 7 8 9
;| 1 1 | 54 54 54 9 9 9
Xo(Lj) €D 3 3w 3w 1 w w -1 —w —w
(61,02) € (0,12 | (0,0) (3.2) (3. |0,1) (55 (5|03 EH (2
J 10 11 12 13 14 15
;| 12 12 12 12 12 12
(L) | VBemi/18 3BT\ [3e25mi/18 | \[Zlimi/I8 | [FRmi/18 /335w 18
(01792) (%7%) (%78) (%7%) (%7%) (87%) (%7%)
7 16 17 18 19 20 21 22 23, 24
’Fj‘ 36 36 36 36 36 36 24 72
(L) | emi/o elimifo  1Twif9 | omif9 G790 13mi/9 0 0
2 7 8 1 5 1 1 5 18 72 1 1
(01,02) | (5,13) (3o1m) (1) | Gor1s) Geo1s) (5o18) | (0,3) | (0,35)

Table 8: x,(I';) for group G = (216 x 3). Here w = o273

triangular regions in Figure 21(b) which are not in {g(6y,62)|g € S3}. Then we have Y2} =
108 fTQ le,mg (wl, LUQ)J2 d(G) (wl, U.J2>/487T4 — 36 fTQ le,mg (wl, LUQ)JQ d6w1 dGUJQ/127T4.
Thus we obtain the following result:

Theorem 3.7 The spectral measure (over T?) for the group G = %(216 x 3), is

1 1 1 7 1 1
de = —J2q© 4+~ j2q@ - J2)1a® £ —q® — —q®
© 4874 * 9674 * 6 * 64874 * 18 108
1 1
— J?dg dg — —=ds d 46
14474 7070 48 (46)

where d,, is the uniform measure over m™ roots of unity and A" is the uniform measure
on the points in D,,.

3.7 Group H = A;

The subgroup H is the alternating As group, which has order 60. Its McKay graph, Figure
15, is not the “affine” version of any of the SU(3) ADE graphs. The values of x,(I';) for
H are given in Table 9.

For j = 1,3, the points (2, e22) € T? give the measure (1/5)da x ds — (7/30)d(0,0),
where §, is the Dirac measure at the point x, whilst for j = 2 we obtain the measure
J2d® /727* as in Section 3.2. Thus we have the following result:
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Figure 21: (a) the points {g(0;,02)|g € S3} for j = 16,...,21; (b) the points (6, 6>)
such that (e2™1 e2m%2) € Dg; (c) the points (61, 60:) such that e*™% is a 6" root of unity,
k=12

Theorem 3.8 The spectral measure (over T?) for the group H = Ay, is

IR 7 1
de = WJ d“ + ng X doy — %(5(0,0) + % ; (5(627”'16/57627”1/5) + 5(e4wik/57e4wil/5)) , (47)
where the summation is over k,l such that (£k,+l) € {(0,1),(1,0),(1,1)}. The measure
dy is the uniform measure over 1 and —1, d® is the uniform measure on the points in

D3 and o, is the Dirac measure at the point x.

3.8 Group I =>(168) = PSL(2,7)

The subgroup H is the projective special linear group PSL(2,7), which has order 60. The
special linear group SL(2,7) consists of all 2 x 2 matrices over 7, the finite field with
7 elements, with unit determinant. The projective special linear group PSL(2,7) is the
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] 1 2 3 4 5

IT| 1 20 15 12 12
x,(T;) € D 3 0 -1 wt o
(2701, e27i02) = &=1(x,(I)) € T2 | (1,1) | (Lw) | (1,=1) | (1,eF)  (1,e7)

(61,0,) € [0,1]? 00) | (55| 0,3) | (0.8 (0,3

Table 9: x,(T';) for group H = A5. Here u* = (1 ++/5)/2.

j 1 2 3 4 5 6

T, 1 21 42 56 24 24

xp(Lj) €D 3 -1 1 0 v v
(70, %) = &7 (1)) | (LD | (L=D) | (1L1) | (Lw) | (€7 eF) (7 ,eF)
(61,0) € [0,1] (00) | (0.3) [(0.9) | GGog) | (5:7) (+:7)

Table 10: x,(I;) for group I = ¥(168) = PSL(2,7). Here v = (—1 + v/74)/2.

quotient group SL(2,7)/{I,—1I}, obtained by identifying I and —1I, where [ is the identity
matrix. It is the automorphism group of the Klein quartic as well as the symmetry group
of the Fano plane. Its McKay graph, Figure 16, is not the “affine” version of any of the
SU(3) ADE graphs. The values of x,(I';) for H are given in Table 10.

For j = 1,2, the points (2™, 2™%2) € T? give the measure (1/6)ds x ds — (1/28)d(0,0),
whilst for j = 3 we obtain the measure J2d, x d4 / 967*. For j = 4 we obtain the measure
J2d® /7274 as in Section 3.2. Thus we have the following result:

Theorem 3.9 The spectral measure (over T?) for the group 1= %(168) = PSL(2,7), is

1 1 1 1
de = —J2d® + — J2dy xdy+ =dy x dy — —6
c 7278 T ggra’ G X dat e xda = og000)
1
‘l‘@ . (5(62771'1@/7762“1/7) + 5(6—2771'1@/776—27”'1/7)) ) (48)

where the summation is over k, I such that (k,1) € {(1,3),(1,5),(2,3),(2,6),(4,5), (4,6)}.
The measure d,, is the uniform measure over m'™ roots of unity, d® is the uniform
measure on the points in D3 and 6, is the Dirac measure at the point x.

3.9 Group J =ZTA;

The subgroup J is the ternary alternating As; group, which has order 180. Its McKay
graph, Figure 17, is not the “affine” version of any of the SU(3) ADE graphs. The values
of x,(I';) for J are given in Table 11. They are obtained from the character table of H
= %(60), Table 9, where each conjugacy class I of the group H gives three conjugacy
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j 1 P 3 4 5 6
|Fj| 1 1 1 15 15 15
Xo(Lj) €D 3 3w 3w -1 —w —w

(@m0, 20) = 0 (M) €T | (1L1) (@8) @) | (L-1) (,-3) (-Fw)
(61,02) € [0,1] 00 (33 G3)| 03 Gg (38

] 7 8 9 10 1 12 |13, 14,15
|Fj| 12 12 12 12 12 12 20
Xp(L'5) put prw pto o [ w pw 0
(62”91,62”92) (1,6%) (w,elgi) (elilgi,w) (1,6%) (w,esli;) (elesi,w) (1,w)
(61,02) 0.3 Gy G532 | 0,8 G G53) (3,0)

Table 11: x,(I;) for group J = T As. Here w = ¢*™/3 and pu* = (1 £ v/5)/2.

classes I'; of the group J, j = 1,2,3, and x,(I'}) = w?TINif x,(TY) = A\, Here w = €27i/3
as usual.

For j = 7,8,9, the points (e2™01,¢?m%) ¢ T? give the measure d(®)) whilst for
j = 10,11,12 they give the measure d(®/?) each with weight 1/5. Thus we obtain
the following result:
Theorem 3.10 The spectral measure (over T?) for the group J = T As, is

1 1 1 1 1

— J24d®) £ Zq®@ — —q® £ ZqG) 4 Zq(6/2)) 49

T2m T3 T ! (49)

where the measures d™ , d{™) are as in Definition 2.1.

de

3.10 Group K =TPSL(2,7)

The subgroup K is the ternary PSL(2,7) group, and has order 504. Its McKay graph,
Figure 18, is the “affine” version of the graph £'” [18, Figure 15]. The values of p e
for K are given in Table 12. They are obtained from the character table of I = ¥(168),
Table 10, in the same way as the values of x,(I';) for J = T A5 are obtained from the
character table of H = 3(60).

The measures which give the points (e2™1 e?™%) ¢ T2 for j = 1,...,9 and j =
16,17, 18 have all been computed for previous subgroups of SU(3). For j = 10,...,15 we
obtain the measure d*/252/4) " Thus we have:

Theorem 3.11 The spectral measure (over T?) for the group K =2 TPSL(2,7), is
_ L pqowy L e Lie - Lo, 2q0ma
—967T4J d +727T4J d +6d 28d +7d : (50)

where the measures d™, d"™F) are as in Definition 2.1.

de
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j 1 2 3 4 5 6

;| 1 1 1 21 21 21
x,(Lj) €D 3 3w 3w 1 w w
(20 e2mi02) = =1(x,(T;)) | (1,1) (w,@) (Ww) | (1,4) (~wi,—wi) (~wi,—wi)
(01,02) € [0,1]? 0.0 3.3 G301 HH (G
] 7 8 9 10 1 12
;| 42 42 42 24 24 24
Xp(T'5) -1 —w —-w v vw vw
(e2mif e2mif2) | (1, 1) (w,—@) (~@,w) (ey,e%) (e%,e%) elggz,e%)
(61,65) 03 Ges G| 3 (31 21) (5% 31)
j 13 14 15 16, 17, 18
;| 24 24 24 56
Xp(T'5) v Dw Tw 0
(e 2mifz) (e% , 62_77”) (e% € Ein (e Ein , et ) (1,w)
(61,65) (.7) (37> 1) (37 31) (3.0

Table 12: x,(I;) for group K = TPSL(2,7). Here w = ™/% and v = (—1 + /Ti)/2.

3.11 Group L = 3(360 x 3) =T A

The subgroup L is the ternary alternating Ag group, which has order 1080. Its McKay
graph, Figure 14, is the “affine” version of the graph 5&12) [19, Figure 7]. The values
of x,(I';) for L are given in Table 13 (see [12]). The values of x,(I';) for the group L
= %(360 x 3) = TAg have all appeared for previous groups, and hence it is easy to
compute the spectral measure:

Theorem 3.12 The spectral measure (over T?) for the group L = %(360 x 3) = T Ag, is

Paw 4L pge e - T qo 4 Lyen 4 éd«m», (51)

de = ——
© 7 96t 1087 6 180 5

where the measures d™, d{™) are as in Definition 2.1.
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j 1 2 3 4 5 6

|Fj| 1 1 1 90 90 90
Xp([) €D 3 3w 3w 1 w o
(€201, e202) = 7 (x,p(Ty)) | (1,1)  (w,@) (@,w) | (L,i) (—wi,—wi) (~wi, —wi)
(61, 02) € [0,1]2 00 .3 (G307 Gz G5
j 7 8 9 10 11 12
|Fj| 45 45 45 72 72 72
Xo(I'5) -1 —w = pt phw pte
(e2mi0y e2mif2) | (1 1) (w,-@) (-Dw)| (Led) (weB) (e ,w)
(61,6) 0,3 G D | 0 GE (%3

J 13 14 15 16, 17
|Fj| 72 72 72 120
xp(Lj) €D wo B w pow 0

(e2mi01 ¢2mi02) ¢ T2 (176?) (w,eT15) (el—s,w) (1,w)

(61,0) € [0,1]2 (0,%)

Table 13: x,(T';) for group L = %(360 x 3) = T Ag. Here w = €2™/3 and p* = (1+£+/5)/2.
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