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Abstract 

Damage modelling is essential in the preliminary design of structures. Moreover, the 

identification of damage using numerical methods can make maintenance more efficient 

and economical. Also, applying damage detection procedures at an early stage can 

prevent catastrophic structure failures. For this project, vibration parameters (natural 

frequencies and mode shapes) are used to identify the location and severity of damage in 

classical thin plates. 

A delaminated composite plate is introduced in a comparative study, for which natural 

frequencies are obtained using an exact strip model to verify the proposed detection 

method. Next, the direct problem of calculating the relative change in natural frequencies 

of an isotropic simple supported plate due to a predefined single arbitrary crack with 

random direction, location, depth and length is mainly addressed, giving a comprehensive 

understanding of the relationship between the location and severity of the crack and the 

free vibration natural frequencies and mode shapes. This study is highly pertinent, and a 

hybrid model is proposed which couples exact strip analysis for the undamaged part and 

finite element analysis for the damaged part. In the finite element part, a crack is modelled 

as a rotational spring stiffness giving additional degrees of freedom to the stiffness matrix. 

The finite element and exact strip dynamic stiffness matrices are assembled into a global 

dynamic stiffness matrix, coupled using Lagrangian Multipliers to equate the 

displacements at the boundaries of the two parts. Applying an efficient bandwidth method 

for Gaussian elimination, the resulting transcendental eigenvalue problem is solved by a 

simplified form of the Wittrick-Williams algorithm for the first six natural frequencies. 

For the inverse problem, chosen natural frequencies are calculated accurately for both 

undamaged and damaged cases. The changes in natural frequencies are normalised to 

isolate the effect of damage location and severity individually. The same normalisation 

procedure is applied to measured natural frequencies. Point estimates of the damage 

location are obtained for noise free measurements, while an interval estimate is given by 

noisy measurements. A relevant severity range is then estimated. Mode shapes are 

monitored by an automatic sign method for correctly tracking the propagation of damage. 
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ὑὛ the rotational stiffness of the beam 
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Chapter 1--- Introduction  

1.1 Motivation and Background 

 Aerospace Industry  

The UK aerospace industry is the third largest worldwide after the US and France and 

possesses key strengths in core components such as wings. The industry provides 230,000 

jobs, and has an annual turnover of around £24 billion, of which over 70% is exported 

(Bourne et al. 2013). Opportunities are increasing at a tremendous rate. Air traffic doubled 

between 1992 and 2007 and is expected to double again by 2025 (CNBC 2007). As a 

result, 27,000 new large aircraft and 40,000 new civil helicopters will be required by 2030, 

worth almost $4.165 trillion (Bourne et al. 2013). Similar growth has been experienced 

and predicted in the rest of the world. With this increasing number of aircraft, the 

establishment of efficient, effective damage detection techniques becomes increasingly 

important to ensure their safe operation. 

Many aircraft structures can be idealised to an assembly of plates and beams, as shown 

in Figure 1-1. These are of general practical significance not only to aerospace 

engineering but also to many other application areas including the automotive, marine 

and civil sectors (Huang and Leissa 2009; Birman 2011). Beams, frames, plates and shells 

are therefore essential elements for structural analysis and design.  

 

Figure 1-1 The simplified structural layout of a MiG-27 (Marcos 2013). 
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 Plate Structures 

In continuum mechanics, plate theories are mathematical descriptions of the mechanics 

of flat plates which are deduced as extensions of beam theories. Typically, plates can be 

grouped into three types (Ismail 2013): thin plates with small deflections, thin plates with 

large deflections, and thick plates. Different theories are generally accepted and utilised 

in engineering problems depending on the thickness of plates. Since the late 19th century, 

widely used theories are the Kirchhoff-Love plate theory (Classical plate theory (CPT)) 

and the Mindlin-Reissner plate theory (first-order shear deformation theory (FSDT)) 

(Carrera et al. 2017). For a thin plate with a typical thickness to width ratio less than 0.1, 

plates are defined as plane structural elements with a small thickness compared to their 

planar dimension (Timoshenko and Woinowsky-Krieger 1959). A comprehensive 

background to these theories has been presented by Timoshenko and Woinowsky-Krieger 

(1959) in which methods can take advantage of this disparity in length scale to reduce the 

three-dimensional mechanics problem to a two-dimensional plane problem (Love 1888). 

This study is focused on such thin-plate structures, developing advanced modelling 

techniques with high computational efficiency and accuracy to model their behaviour and 

in particular determine their vibration characteristics, so that these can be used to develop 

damage detection techniques. 

The Kirchhoff-Love theory assumes that the mid-surface plane can be used to represent 

a three-dimensional plate in the two-dimensional form (Love 1888) while the following 

kinematic assumptions are made (Reddy 1999): 

1. Straight lines normal to the mid-surface remain straight after deformation; 

2. Straight lines normal to the mid-surface remain normal to the mid-surface after 

deformation; 

3. The thickness of the plate does not change during deformation. 

The Mindlin-Reissner theory of plates is an extended version of the Kirchhoff-Love 

theory for thick plates(Carrera et al. 2017). It assumes the normal to the mid-surface 

remains straight while not necessarily perpendicular to the mid-surface, and a linear 

displacement variation through the thickness during deformation. Moreover, the in-plane 

shear strains include and incorporate first-order shear effects. 
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 Types of Defect 

Both metal and composite plates and stiffened panels are used in aerospace and other 

applications (Zehnder and Viz 2005). Nowadays, engineers can design bespoke, 

enhanced composite materials with stiffer and lighter characteristics than any other 

structural materials (Vinson and Chou 1975). As well as these advantages, however, the 

use of composites introduces further possibilities for damage caused by impact and stress 

concentrations introduced during manufacture and operation, which can lead to sharp 

reductions in strength and stability (Israr 2008). 

In metallic structures, previous research has shown that the strength of structural metals 

can be increased to very high levels by modifying the microstructure (Roylance 2001). 

However, this causes the material to become increasingly brittle resulting in the 

possibility that cracks can propagate catastrophically without warning. 

In composites, during the manufacturing process, different types of defects introduced 

include (Figure 1-2): voids, foreign inclusions, fibre debonding, fibre misalignment, ply 

misalignment, wavy fibres, cracks and holes in the matrix materials, fibre breakage and 

delamination. During operation, mechanisms such as static overload, overheating, 

lightning strike, impact and fatigue load can lead to a variety of defects (Smith 2009) such 

as delaminations, bond failures, cracks, ingress of moisture, fracture or buckling of fibres 

and failure of the interface between the fibres and the matrix. 

Delamination, caused in composites for example by tool drop or bird strike (Pipes 1970; 

OôBrien 1991; Bolotin 2001), is one of the most critical forms of damage in composite 

laminated structures due to its effect on the compressive strength (Noor et al. 1983; Gong 

et al. 2016). Delamination is also known as interface cracking which happens between 

the layers of lamination, and its presence can lead to significant reductions in the stiffness 

and strength of a plate. 

Figure 1-3 shows three primary delamination modes (Ding 2000). Mode 1 is opening 

damage; Mode 2 is in-plane shear damage and Mode 3 is out of plane shear damage. 

During loading, a sudden structural failure could potentially be initiated by a rapidly 

growing delamination (Lee and Park 2007), which could also generate a significant 

reduction in the corresponding vibration characteristics or load-carrying ability. 
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Figure 1-2 Different types of defect in plate-type structures (Shams and Elhajjar 

2013). 

 

Figure 1-3 Basic delamination forms (Ding 2000). 

A crack is a natural phenomenon that occurs in both composite and isotropic plate, a type 

of discontinuity caused by tensile stress. The two examples shown in Figure 1-4 (a) and 

(b) could make a significant difference to the vibration parameters of a plate compared 



Chapter 1---Introduction 

5 

with its intact behaviour (Doebling et al. 1998; Huang et al. 2011). This type of failure 

occurs for many reasons, including uncertainties in loading or the environment, defects 

in the material, inadequacies in the design, and deficiencies in construction or 

maintenance (Roylance 2001; Hooton 2016). Fatigue cracks for example, are particularly 

common in aircraft (Rovik 1998) resulting from cyclic loading during take-offs and 

landings, cabin pressurisation and vibration. The characteristics of a fatigue crack will  

vary in different aircraft structures and for different materials. For example the floor of 

the galley area of a Boeing 777 is made from a relatively new aluminium lithium alloy 

(Rovik 1998), introduced to reduce corrosion. Although relatively insensitive to corrosion, 

this new material was found to develop cracks when drilled. 

 

(a) 

 

(b) 

Figure 1-4 Crack representation in reality. 

(a) Crack in aircraft fuselage (Schwaner 2012); (b) Stop drilled and crack 

with a patch behind (Schwaner 2012). 
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 Effects of Damage 

Structural performance is degraded by the presence of damage such as delaminations and 

cracks, which are often difficult to detect visually, depending on the level of damage 

particularly in built-up structures such as wing and fuselage panels (Escobar et al. 2005; 

Fang et al. 2005; Ge and Lui 2005; Caddemi and Greco 2006; Wang and Ong 2008; 

Chatzi et al. 2011).  

It is well known that depending on the form, severity and nature of the damage, the 

dynamic behaviour of a damaged plate can be significantly different from that of the intact 

plate. The presence of delaminations or cracks causes changes in the physical properties 

of the structure which introduces flexibility, and thus reduces the stiffness and strength 

properties of the structure. This can be dangerous and result in disastrous structural 

failures particularly for composites where BVID (barely visible impact damage) is a big 

problem (Banerjee and Guo 2009; Huang et al. 2011; Labib et al. 2015; Moazzez et al. 

2018). In 1983, the National Bureau of Standards (now the National Institute for Science 

and Technology) and Battelle Memorial Institute (Reed 1983) predicted the cost of 

general failure caused by fracture to be $119 billion per year and increasing year on year. 

As well as the cost, failures threatens human life (Chang 1998). In 26th June 1997, a 

Eurocopter AS 332L1 Super Puma was operating over the Norwegian Sea. An accident 

was caused by a fatigue crack in the spline, which eventually caused the power 

transmission shaft to fail. The helicopter finally crashed into the sea (HSL 2001). Another 

accident happened in 1988, when an Aloha Airlines Boeing 737-200 decompressed due 

to the separation of a 5m section of the upper cabin fuselage (Werfelman 2011). Despite 

this, a failure resulting in a 1.5m gap in the fuselage of the same type of aircraft occurred 

in 2011 (Berger and Wilson 2011). Delaminations have also caused catastrophes in the 

aerospace industry, for example the American Airlines Flight 587 on the 12th November 

2001. In this case an incident was caused by the separation of the vertical stabiliser 

following excessive rudder input (National Transportation Safety Board 2001). 

These failures draw the attention of both the public and the regulatory bodies to the 

importance of testing, monitoring, and evaluation to ensure the safety of aircraft structures. 

The need to address these concerns and to develop advanced damage detection methods 

to locate and characterise this difficult to detect damage before it causes catastrophic 

failure therefore is increasingly important. 
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In order to detect damage or deterioration at an early stage to ensure safety and avoid 

catastrophic failure, it is necessary to understand the effect of that damage has on different 

mechanical properties during its propagation. Vibration characteristics are typical signals 

which reflect the nature of plates, and which are affected by the length, position, depth 

and orientation of damage. An understanding of the influence of damage on the free 

vibration of plates will enable the use of vibration parameters as the base of a damage 

model used to detect damage in a plate which will form the basis of the work in this thesis. 
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1.2 Damage Detection 

The increasing interest in the capability to monitor structures and detect damage at the 

earliest stage is widespread in the civil, mechanical, and aerospace engineering areas 

(Doebling et al. 1998). Related techniques have been improved and applied to deal with 

the problem of damaged structures in the past. The main concern and difficulty is the 

detection of damage, as repairing the structure is relatively simple. Damage detection 

techniques also form the basis of structural health monitoring, in which the condition of 

a machine or structures is assessed continuously, and which is of increasing interest in a 

number of sectors.  

A regular assessment of structures and machinery is usually necessary while in service, 

hence a scheduled and repeatable method is required. In 1868 the first Non-destructive 

testing (NDT) was recorded, the magnetic characteristics of a compass being used to find 

cracks in gun barrels (TSPNDT 2014). NDT is comprehensively utilised in many 

engineering areas and can detect defects in structural elements while satisfying the óNon-

destructiveô requirement.  

Damage detection includes the determination of damage (locations and severities), which 

when combined with the estimation of the remaining serviceability of the structure is 

known as Structural Health Monitoring (SHM) (Rytter 1993; Wang and Ong 2008). A 

reliable SHM system should guarantee the practical assessment of the evaluated structure, 

in terms of time, economic considerations and accuracy. Then, maintenance can be 

performed without any loss of life or service (Wang and Ong 2008).  

In this thesis, a hybrid model is therefore proposed which couples the analysis of the exact 

strip software VICONOPT (Williams et al. 1990) for the undamaged part and finite 

element analysis for the damaged part. The hybrid model, denoted as VFM (VICONOPT 

and Finite element Method) was previously developed for modelling delamination 

damage (Suliman 2018) will be extended to cover cracks based on a novel crack 

modelling technique. This will form the first stage in solving the inverse damage detection 

problem, detecting a single crack or delamination with and without experimental noise. 

 Non-destructive Testing 

As mentioned above, Non-destructive Testing (NDT) is an essential part of damage 

detection. NDT is the process of inspecting, testing, or evaluating materials, components 

or assemblies for discontinuities, or differences in characteristics, without destroying the 
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serviceability of the part or system (ASNT 2011). Destructive tests which are generally 

used to determine the physical characteristics of materials are only performed on a small 

number of samples (ASNT 2011). NDT which retains materials, components or 

assemblies in service, can be used to detect discontinuities and differences in material 

parameters and is widely used in manufacturing, fabrication and in-service inspections. 

 Different types of NDT 

There are a variety of types of NDT which can be employed to identify the presence of 

damage such as cracks. Typically, NDT technologies are grouped into local and global 

techniques. Local NDT includes experimental methods like Visual Testing (VT), 

Ultrasonic Testing (UT), Acoustic Emission Testing, Magnetic Particle Testing (MT), 

Electromagnetic Testing (ET), Thermal/Infrared Testing (IR), and Neutron Radiographic 

Testing (NR) (Doebling et al. 1998; ASNT 2011).  

 

Figure 1-5 Magnetic Fields (ASNT 2011). 

 

Figure 1-6 Two frequent sound waves (ASNT 2011). 
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MT  is one of the oldest NDT methods in the world. It was first recorded in 1868, and 

used in an industrial application in 1929 by Alfred Victor de Forest and Foster Baird 

Doane (TSPNDT 2014). A permanent magnet or an electromagnet was used to generate 

magnetic fields that could locate the discontinuities on the surface or near-the surface of 

ferromagnetic materials through the application of magnetic particles which coalesce 

around the crack as shown in Figure 1-5 (ASNT 2011).  

UT is another traditional NDT technique. The first óexcitingô ultrasound method was 

found by James Prescott Joule in 1847, and the first óindustrialô application was in 1929 

(Sokolov) (TSPNDT 2014). UT uses a similar idea to naval SONAR and echosound. An 

ultra-high frequency sound wave is introduced into the part being inspected, and if this 

wave hits something with different acoustic impedance (density and acoustic velocity), 

such as a crack, some of the sound is reflected back to the sending receptor and visually 

presented (ASNT 2011). Sound frequencies generally applied in UT are between 1.0 and 

10.0 MHz, and the two most common sound waves used are compression (longitudinal) 

waves and shear (transverse) waves as shown in Figure 1-6 (ASNT 2011).  

 Global NDT 

Local NDT however, needs a preliminary prediction of the damage locations before 

performing the test and cannot be used on inaccessible members of a structure (Rytter 

1993; Teughels et al. 2002; Caddemi and Greco 2006; Wang and Ong 2008; Chatzi et al. 

2011; Danai et al. 2012; Ismail 2013). Local testing is based on such a preliminary 

estimation, and if this is not available or cannot be acquired, an inspection of the whole 

structure needs to be performed which is time consuming and expensive. Global NDT 

can overcome this limitation with no prior knowledge regarding location needed. For 

example vibration-based NDT methods, which are based on numerical analysis and 

experimental data, are used in complex structures  by determining changes in vibration 

characteristics such as the natural frequencies and mode shapes of the structure (Cawley 

and Adams 1979; Hearn and Testa 1991; Nandwana 1997; Doebling et al. 1998; Ip and 

Tse 2002; Kim et al. 2003). 

Whilst plate or beam-like structures are used extensively in structures in civil, aerospace, 

and mechanical engineering. There are only a few pieces of literature regarding NDT for 

plate-like structures while there are many for beams. The most common global NDT 

methodologies for plates are the Damage Index based Method (DIM) and Vibration-based 

Damage Identification (VDI). DIM comprises the Frequency Response Function Method 



Chapter 1---Introduction 

11 

(FRFs), Wavelet Analysis (WA), Artificial Neural Networks (ANNs), Fast Fourier 

Transform (FFT) Analysis, Autocorrelation Function (AF), and Cepstrum Analysis (CA) 

(Zubaydi et al. 2000; ZANG and IMREGUN 2001; Yan and Yam 2002; MAIA et al. 

2003; Taghvaei et al. 2006; Trendafilova 2006a; Cusido et al. 2008; Trendafilova 2009) 

etc. VDI methodologies include the Strain Energy Method (SEM), Natural Frequency 

based Method (NFM), Modal Damping based Method (MDM), Mode Shape based 

Method (MSM), and Modal Curvature based Method (MCM) (Adam et al. 1978; Cawley 

and Adams 1979; Pandey et al. 1991; Cornwell et al. 1999; Kawiecki 2001; Colakoglu 

2003) etc. The next section will introduce the methodology and history of the most 

representative global NDT techniques.  

For the Damage Index Method, Wavelet Analysis which has been derived from the branch 

of applied mathematics since the 1980s is the most common technique used. It can be 

applied in variate signals especially for a nonstationary signal. WA uses Gaussian 

Wavelets to automatically decouple the structural system, and then uses an impulse 

response function to recognise the modal parameters. WA can detect small cracks in 

composite plates by the energy variation of structural vibration responses (Yan and Yam 

2002). The relationships between Lamb Waves and damage in plates was examined using 

the amplitude changes of wavelet coefficients (Paget et al. 2003), while a general 

numerical approach for the development of wave and damage detection in cracked plates 

was presented by Krawczuk et al. (2004). A spectral plate element was considered as a 

tool to investigate wave propagation and showed it split into two signals when the wave 

ran through the crack location, which indicated the damaged part (Krawczuk et al. 2004). 

Chang and Chen (2004) proposed an approach based on spatial wavelets for damage 

detection of a rectangular plate. The distributions of the wavelet parameters could be used 

to recognise the damage position in a rectangular plate by identifying the peak position 

where the response is most sensitive to damage severity. However, similar indications of 

damage were found at the clamped edges, and therefore, it was inaccurate when the crack 

occurred at these edges. Rucka and Wilde (2006) used a two dimensional (2D) continuous 

wavelet transform to analyse a steel plate with four clamped supports. The spatial change 

of the deformed response was used to detect the location of the damage based on the 

fundamental mode shape. Artificial Neural Networks is another DIM technique. The 

neural networks mathematical model was presented by Mcculloch and Pitts (1943) and 

developed for structural damage detection later in the 1980s. ANN is an algorithmic 

mathematical model which processes distributed information analogous to the 

characteristics of an animalôs neural networks. It simulates the function of the brainôs 
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nervous system, which can deal with a signal moving through the model and connections 

between individual neurons. This system possesses intelligent information processing 

functions like learning, association, memory and pattern recognition. Back Propagation 

(BP) is an efficient training ANN method which is based on a gradient optimisation 

algorithm to represent the chain rule (Goodfellow et al. 2016). Stephens and VanLuchene 

(1994) used several quantitative indexes with a BP network on post-earthquake structures 

for damage detection, validating the ANN method compared to a traditional NDT method. 

Tsou and Shen (1994) identified the reduction of stiffness of single and multiple spring 

systems using ANN according to the change of eigenvalues, using residual stress as an 

input vector quantity to analyse in the ANN system. The significant advantages of ANNs 

are: Large-scale parallel processing and distributed information storage, adaptability and 

self-organization, favourable learning, association and fault tolerance. 

 Vibration Characteristics 

VDI offers significant advantages to aircraft structures, including increased safety, 

extension of structural life, reduced inspections, minimisation of weight and hence 

operating costs and the detection of cracks, corrosion and fatigue damage in inaccessible 

areas (Trendafilova 2009). Generally, there are two measurements used for VDI. The first 

is the static deflections which reflect the magnitude of the strain energy of the structure. 

The more prominent the deflection the more energy work input into the system(Caddemi 

and Morassi 2007)(Caddemi and Morassi 2007)(Caddemi and Morassi 2007)(Caddemi 

and Morassi 2007), since deflection depends on the external load (Caddemi and Morassi 

2007). The second is based on modal parameters, mainly the natural frequencies, mode 

shapes and modal damping, which reflect the nature of the structure (mass, damping and 

stiffness). VDI is attractive because it is a form of global NDT, with no prior information 

needed. Moreover, inaccessible or problematically located structures are still detectable 

under VDI. A thorough mathematical and physical understanding of the effects of damage 

on the properties and behaviours of the structure, is however critical. Comprehensive 

reviews of vibration-based methodologies have been performed in Doebling et al. 1998; 

Wang and Chan 2009 and Fan and Qiao 2011. 

For Vibration-based Damage Identification, the Strain Energy Method is one of the most 

common NDT techniques. It is based on the change of strain energy and only mode shapes 

are required from the undamaged stage and damaged stage. An advanced algorithm was 

presented to effectively locate damage with relatively few modes and a low value of 
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stiffness reduction of around 10% (Cornwell et al. 1999). The Differential Quadrature 

Method (DQM) was then introduced to calculate the strain energy based on the mode 

shapes obtained using modal analysis. A damage index was subsequently acquired which 

could recognise the surface crack location by the peak value shown in the damage index 

(Hu et al. 2006). Because of irregularities in the mode shapes, some peak values occurred 

at some intact segments (Hu et al. 2006). A modal strain energy damage index (MSE-DI) 

algorithm was applied for identification and localisation of delamination of a composite 

stiffener of a type commonly used in aircraft components (Loendersloot et al. 2010). An 

advanced data-based damage detection which has aroused interest among researchers 

more recently is the time domain methodology. This method uses a measured dynamic 

response related to time series analysis for damage identification in vibrating structures 

(Ismail 2013). The time series includes a sequence of data points, measured typically at 

successive times, and spaced at time intervals (Ismail 2013). Trendafilova (2006b) 

considered pure time series analysis for damage detection in a reinforced concrete plate 

based on the state space methodology and the extraction of damage sensitive parameters 

from the state space representation. Latterly, two reliable methods have been presented 

for a thin vibrating plate using significant amplitude vibrations and nonlinear time series 

analysis. One method used the statistical distribution of state-space points on the attractor 

of a vibrating structure, and another method applied the Poincare map of the state space 

projected dynamic response (Trendafilova and Manoach 2008). A method was developed 

for damage identification in plates based on space-time series analysis. The plate was 

divided into several sub-regions and a space-time autoregressive moving average process 

(STARMA) was used to recognise the dynamic response of sub-region (Hu et al. 2011). 

NDT based on time series and space-time series shows an ability to identify and localise 

damage using these studies. But a unique feature of this methodology is that noise 

sensitivity affects the results and can even lead to failure of the detection algorithm. 

 Natural Frequency 

The presence of a crack or loosening of a connection in a structural element will change 

its physical properties, e.g. by reduction its stiffness which can be recognised by modal 

properties. Discontinuities in the static deflections and mode shapes, as well as the 

degradations of natural frequencies have been observed by Teughels et al. (2002); 

Escobar et al. (2005); Fang et al. (2005); Ge and Lui (2005); Caddemi and Greco (2006); 

Caddemi and Morassi (2007); Wang and Ong (2008); Chatzi et al. (2011); Danai et al. 

(2012). Modal characteristics are widely used in VHM (Vibration Health Monitoring), 
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especially for lower natural frequencies, which are easy to detect experimentally 

(Doebling et al. 1998; Verboven et al. 2002; Trendafilova 2009). Natural frequency is 

chosen as the main parameter of the damage identification method because it can be 

measured from a few accessible points on the structure and is less contaminated by 

experimental noise. Minimal testing is required if attention is constrained to natural 

frequencies rather than static deflections and mode shapes for inaccessible structural 

elements (Hassiotis and Jeong 1995; Salawu 1997). 

Natural frequencies are the first applied parameters in VDI because they are easily 

acquired, and with high accuracy. Cawley and Adams (1979) first presented an NDT 

based on the change of natural frequencies. A square aluminium plate was tested and 

validated the method. It showed the possibility that without the measurement of the intact 

plate, a damaged plate can be used as a reference to monitor the propagation of damage 

for future tests. Salawu (1997) reviewed previous studies on the relationship between 

changes in the natural frequencies and damage in the structure. Natural frequency is a 

highly sensitive indicator for the integrity of the structure, and the test is inexpensive. 

However, other parameters like temperature, humidity, additional mass, and boundary 

conditions could cause a failure of the damage detection. Furthermore, the magnitude of 

the variation of natural frequencies is quite small. Trendafilova (2006a) used an aircraft 

wing scaled model to study the localisation of damage and distributed damage. The wing 

was divided into five parts, and the first ten natural frequencies were chosen to analyse 

the damaged structure. The change of natural frequencies was small when the length of 

the crack was less than half of the width of the wing, or the distributed damage was less 

than 30% in any of the individual parts. Matching results were also found for cracks at 

specific locations of the isotropic plate (Trendafilova 2006a). Trendafilova (2009) then 

discussed the sensitivity of the first few natural frequencies to certain types of damage in 

circular plates and found the limitation of the sensitivity of lower natural frequencies to 

damaged plates. Methods for crack identification such as the Bayesian approach will be 

introduced in detail in Chapter 2.2. 

 Importance and Improvement  

Because of the importance of the safety and integrity of plates containing cracks and other 

types of damage, the static, dynamic, buckling and post-buckling behaviours of cracked 

plates is of primary concern in engineering. Local NDT methods need an expected 

damage location and access to the part of the structure to be inspected, in order to be 
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efficient. Hence, a quantitative global NDT method based on natural frequencies is 

particularly helpful when applied to complicated, large, plate-type structures.  

In this thesis, a computationally efficient damage model, able to determine changes in 

natural frequencies, which couples the exact strip method with an advanced FE model 

using Lagrangian multipliers, is proposed. The hybrid damage model (VFM) is able to 

simulate the effect of part through-the-length cracks (PTLC) and part through-the-depth 

cracks (PTDC) which start and finish at any location and have any orientation, along with 

other damaged plate models. The models are first used to determine the natural 

frequencies and related mode shapes prior to and following the introduction of damage at 

a defined set of positions. The resulting data with regard to normalised natural frequency 

changes can then be applied to solve the inverse problem based on the measurement of 

these natural frequency changes. The VFM model can simulate a crack at any location 

with arbitrary depth, length and orientation. The Wittrick-Williams algorithm and 

bandwidth method are used to acquire an outstanding computational efficiency and 

accuracy. An automatic mode shape sign method is introduced to group the mode shapes 

and natural frequencies correctly. 
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1.3 Thesis Aims and Objectives 

Many researchers have studied damage detection in structures based on vibration 

parameters from analytical, numerical and experimental aspects. For damage 

identification in plate-like structures, the literature reveals that a useful approach is to 

study the relative changes in natural frequencies when an arbitrary crack with random 

location, direction, depth and length occurs in the plate. This requires a comprehensive 

understanding of the relationship between the location and severity of the crack with these 

natural frequencies and mode shapes. Consequently, this research aims to narrow this 

research gap and present a computationally efficient method to achieve this by using a 

hybrid model which couples an exact strip method of the undamaged regions with a 

rectangular FE model of the longitudinal strips containing the damage region (Luo et al. 

2019).  

In this thesis, a composite plate is used as a comparative study of the relationship between 

related change natural frequency and delamination location, and this case is only chosen 

at the preliminary research stage to understand the use of the VFM model. For the main 

direct problem and related inverse problem, an isotropic square simply supported plate is 

easy to simulate and can be compared with previous studies for validation purpose. The 

isotropic square plate is then chosen as the research object to analyse. After validation, 

this study could be extended in the future to discuss the influence of aspect ratio or 

boundary conditions on the natural frequencies of a cracked plate or to model multiple 

cracks. Displacements and rotations at the boundaries are coupled using Lagrangian 

Multipliers, and natural frequencies are found using the Wittrick-Williams algorithm. 

Mode shapes are obtained by an automatic sign method as an assistant factor to analyse 

the degradation in stiffness. The results obtained from the hybrid model will be used to 

provide data as a datum for the solution of the inverse problem of damage detection in 

the second stage of this project. This study then addresses the damage detection procedure 

with/without a noise factor in plate-like structure. Therefore, the main objectives in this 

thesis are as follows. 

1. Review the literature concerning damage modelling and relevant solutions of 

inverse problem. 

2. Study the features of the exact strip method with the corresponding software 

VICONOPT, extract the equations and matrices to be prepared for the upcoming 

hybrid model. 
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3. Investigate data processing methods to improve the computational efficiency and 

avoid potential mistakes when recording results. 

4. Propose a FE model containing a crack with arbitrary location, length, orientation 

and depth based on an isotropic square simply supported thin plate. The FE model 

will then be coupled with an ESM model to generate the hybrid model. 

5. Verify the proposed FE model through a comparison with previous studies and 

ABAQUS models. The predefined damage cases chosen for study include all 

through-the-length delaminations, all through-the-length cracks, partial through-

the-length cracks and arbitrary direction cracks.  

6. Using the obtained results, carry out a preliminary study of the inverse problem of 

damage detection with/without an introduced noise factor. 

7. Identify if any improvements or possible extended studies could be made in the 

damage modelling or inverse problem. 

  



PhD Thesis, Yulin Luo, 2019 

18 

1.4 Thesis Overview 

This thesis will be presented in eight chapters, including the introduction chapter. The 

first three chapters cover the motivation, background and literature review. The remaining 

chapters show innovative work.  

Chapter 2 reviews the literature relating to the direct and inverse problems. Delamination 

in a composite plate will be firstly studied as a comparative analysis and briefly discussed 

in the literature review; Cracks in an isotropic plate will be mainly discussed and the 

direct problem is a simulated mathematical damage model which has been studied by 

various researchers in the past decades. The review of the cracked structure will begin 

with a damage model for beam-like structures and then proceed to plate-like structures. 

The inverse problem is then introduced, and various methods to solve the inverse problem 

are shown.  

Chapter 3 presents the history and development of the software VICONOPT. The crucial 

part of VICONOPT is the exact strip method (ESM) and a comparison between the exact 

strip method, finite element method, and finite strip method will be tabled to show the 

differences. For the ESM, an accurate and fast methodology, the Wittrick-Williams 

algorithm (W-W), is described to solve the eigenvalue problem (Wittrick and Williams 

1971). Then, Lagrange Multipliers are described and will be applied in a coupled model, 

which will constrain the deflections at the boundary.  

Chapter 4 is about data analysis and processing. Several methods are devised for 

obtaining accurate and fast computational results for natural frequencies of plate-type 

structures. In the study, only the first six natural frequencies will be adopted for solving 

the inverse problem. It has been shown by Yang et al. (1985) and Labib et al. (2015) that 

this number of natural frequencies is sufficient for damage identification. A modified W-

W algorithm is applied for the specific case which ignores the fixed-end condition. During 

processing of the W-W algorithm, Gauss elimination is needed to transform the global 

stiffness matrix into an upper triangular matrix to obtain the sign count. A massive 

iterative calculation exists in Gauss elimination because the global stiffness matrix can 

have a large order (always exceeding 1000*1000 elements in this work), but most of the 

elements are zero and make no contribution to the computation. Hence a bandwidth 

method is introduced in this part to reduce the computations. A visible improvement in 

computational efficiency occurs after the advanced bandwidth method is applied. In the 

last stage of the direct problem, the computed natural frequencies are displayed in an 
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ascending sort order related to their mode shape. Sometimes the natural frequency does 

not match with the corresponding model. The reason is that with the propagation of a 

crack in the plate, the natural characteristics of the structure are affected, especially the 

mode shape, changing the sequence of results. In some cases, it is hard for the researcher 

to group the mode shapes visually. An automatic mode shape sign method is therefore 

introduced to categorise the vibration parameters automatically. 

Chapter 5 shows several methods for solving the direct problem using different software. 

Firstly, pure ESM is used to simulate a single all through-the-length damage in a prismatic 

plate. Two types of damage (delamination and crack) models are discussed in 

VICONOPT, and different damage simulation ideas are presented here in order to find 

the best way to establish an appropriate damaged plate-type model using ESM. Without 

solving a finite element or boundary value problem, ESM can obtain a faster and more 

accurate calculation. An advanced pure FE model is introduced for modelling a 

rectangular plate containing cracks of arbitrary length, depth, location and orientation. A 

rotational spring model allows the discontinuity in rotation and the W-W algorithm are 

applied to the FE model which is programmed in MATLAB. No omission of results is 

guaranteed while other root calculation algorithms may miss some natural frequencies. 

Such generality and comprehensiveness in terms of the form of the crack are mostly 

absent from the literature, where results are commonly restricted to cracks located at the 

centre or edge of the plate, running parallel to the edges of the plate, over the full length 

or width, or through the full thickness (Stahl and Keer 1972; Liew et al. 1994; Huang and 

Leissa 2009 and Bose and Mohanty 2013). Therefore, an alternative FE model using the 

commercial software ABAQUS is prepared for comparison of cracked isotropic plates. 

Finally, a hybrid model (VFM) is presented, where ESM is used for the uncracked parts 

of the structure, and coupled with FEM for the cracked regions with a suitable constraint 

matrix using Lagrangian multipliers to allow continuity of deflection (vertical 

displacement and bending rotation) on boundaries. VFM is a general technique that can 

solve either prismatic or non-prismatic structures with computational efficiency and 

accurate results (natural frequency and mode shape). 

Chapter 6 presents comparative studies for delaminations in a composite all simply 

supported (SSSS) square plate firstly. Then, cracks occurring in a square SSSS isotropic 

plate with different damage conditions are shown. Numerical results are presented for 

each case. For the delamination case studies, the differences between the various ways to 

establish all through-the-length delaminations in a composite plate models obtained from 
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chapter 5 are presented, and the relationship between the change in natural frequency 

(CNF) and the width of the delamination is introduced. Then, a crack occurring in a square 

isotropic SSSS plate is studied. Several specific cases are modelled using a pure FE model 

and compared with those published in the literature. Once validated, the theoretical 

cracked FE model is used to couple with the ESM model for further comparison. Besides, 

the ABAQUS model will be used as a reference for each case in the verification study. 

Chapter 7 presents the methodology for solving the inverse problem. A single all through-

the-length delamination in a simply supported (SSSS) square composite plate is analysed 

to examine a one-dimensional damage detection procedure and then a simply supported 

square isotropic plate (SSSS) with a single crack is studied for further validation. The 

relationship between the crack location/severity and the changes in the variation 

parameters is discussed first. Preliminary data is then prepared to analyse the effect of 

severity and location. Based on the obtained relationship, damage detection for a single 

damage with noise-free and contaminated measurements will be discussed for different 

damage scenarios according to the model from Chapter 5. The one-dimensional damage 

detection problem will form a preliminary study for the two-dimensional problem and the 

multiple damage detection problem, relevant theories and procedures will be briefly 

discussed in the future work of Chapter 8. 

Chapter 8 is the concluding chapter, which describes the outcomes of this research in 

terms of modelling, coding, analysing and processing. This study shows the feasibility 

and potential for the application of a plate-like structure damage modelling and detection 

technique. If applied in the aircraft industry this could save lives and reduce costs and 

emissions. Some suggestions and improvements for future work are presented and 

inspired by several conference presentations related to this thesis.  

  



Chapter 1---Introduction 

21 

1.5 Publication List 

Two journal papers have been prepared, the first is based on the proposed efficient hybrid 

method for modelling a crack with arbitrary length, orientation, depth and location 

described in Chapters 4, 5 and 6 of the thesis. 

1. Luo, Y., Kennedy, D., & Featherston, C., 2019. An efficient hybrid method of flat 

damaged plates modelling with cracks in arbitrary orientation, length, depth and 

location. In preparation. For submission to Composite Structures. 

The second is based on the damage detection procedure for two-dimensional problems 

(transverse direction and longitudinal direction) such as plate-type structures. The related 

damage location and severity recovery problems are analysed preliminaril y based on the 

one-dimensional problem in Chapter 7 and further discussion in Chapter 8. 

2. Luo, Y., Kennedy, D., Huang, Z., & Featherston, C., 2019. Two-dimensional 

crack localisation and severity recovery in plate-type structures using frequency-

based method. In preparation. For submission to Journal of Sound and Vibration.  

Moreover, five conference papers have been presented which have arisen from Chapters 

4, 5 and 6. 

1. Luo, Y., Kennedy, D., & Featherston, C., 2019. Natural frequency Degradations 

in Cracked Plates. Corvara in Badia, 12th International Symposium on Vibrations 

of Continuous Systems. 

2. Luo, Y., Kennedy, D., Featherston, C & Labib, A., 2018. Modelling and vibration 

based detection of cracks in plate structures. Barcelona, 13th International 

Conference on Computational Structures Technology. 

3. Luo, Y., Kennedy, D & Featherston, C., 2018. An Efficient Hybrid Method for 

Determining the Vibration Response of Flat Plates. Cambridge, International 

Conference on Modern Practice in Stress and Vibration Analysis. 

4. Kennedy, D., Featherston, C., Suliman, B & Luo, Y., 2017. Exact Strip Modelling 

and Vibration Based Identification of Damage in Plate Assemblies. Snowdonia, 

11th International Symposium on Vibrations of Continuous Systems. 

5. Luo, Y., Kennedy, D., Featherston, C. A. & Cheng, X., 2016. Modelling and 

Detection of Delamination in Composite Laminated Structures Based on the 

Dynamic Characteristics. Seoul, 12th World Congress on Computational 

Mechanics.   
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Chapter 2--- Literature Review 

2.1 Introduction 

Structural failures can be caused by many factors, such as unexpected loading or 

environmental conditions leading to defects in materials or damage to the structure, 

insufficiency in design, and inadequacies in construction or maintenance. Damaged 

structures can have significantly reduced structural properties leading to sudden failure 

with potentially catastrophic consequences including in the worst cases, loss of life. This 

is particularly true for thin walled structures, where potential instability is a significant 

factor. For this reason, being able to detect damage in terms of localisation and assessment 

of severity at the very early stages of propagation can enhance the performance and safety 

of these structures.  

A range of techniques is available for the detection of damage. One such technique 

involves the study of the effect of this damage on the structureôs vibration response. By 

studying changes in either natural frequencies or mode shapes it is possible to infer the 

location and severity of damage by comparison with the behaviour of an undamaged 

structure. This is achieved in two stages, the direct problem and the inverse problem. In 

the direct problem the effect of damage of a range of severities in different locations is 

determined. Using this information, the inverse problem is solved to locate and 

characterise the damage based on changes in vibration behaviour.  

In this work, we study the effects of both delaminations and cracks on the natural 

frequencies of a series of flat plates. Moreover, in this thesis, delaminations are regarded 

as gaps existing at the interface between different layers in an anisotropic plate, while 

cracks are simulated as virtual lines in an isotropic plate. The delamination is studied as 

a comparative research for which a brief literature review is included in this chapter, to 

be followed by a more detailed review on crack cases. A novel cracked plate model 

coupling versatility, accuracy and efficiency is developed and used to predict the effect 

of damage on the platesô natural frequencies. These natural frequencies can then be used 

to solve the inverse problem, enabling a quantitative relation between the crack length, 

crack depth, crack orientation and crack location with the vibration characteristics to be 

derived.                
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2.2 Modelling the Effects of Damage 

 Delamination 

Delamination, caused for example by tool drop or bird strike, is one of the most important 

forms of damage in composite laminated structures due to its effect on residual 

compressive strength and the difficulties in detection due to the lack of visibility from the 

surface of the structure (BVID). A range of techniques have been used to determine the 

effect of such damage on the performance of composite structures.  

Cappello and Tumino (2006) discussed the effect of delamination location, severity and 

stacking sequence of layers on the buckling and post-buckling behaviour of plates by 

ANSYS. Enhanced assumed strain (EAS) was used to investigate the buckling behaviour 

of composites, with the relationship between the location and dimensions of damage and 

vibration parameter for through-the-width delamination studied (Lee and Park 2007).  

Karihaloo and Stang (2008) developed guidelines for assessing the threat posed by 

interlaminar matrix delamination, making a significant simplification to assess the 

analysis procedure for determining the pre-buckling and post-buckling behaviour of a 

composite plate. In terms of delamination growth, there are variety of techniques 

available to explore this effect including the virtual crack closure technique (Liu et al. 

2011) and layerwise theory (Nikrad et al. 2016). The buckling and post-buckling 

behaviour of plates containing multiple delaminations was studied using first-order shear 

deformation theory by Yazdani et al. (2016). 

Most of the previous research has used finite element analysis to model delaminations in 

plates. Use of the FE method allows a wider range of loading and boundary conditions 

for complicated damage cases to be explored. However, this often comes at a high 

computational cost particularly when repeated analysis is needed for example for iterative 

solutions of non-linear problems and optimum design. In the preliminary design stage, 

when engineers need to consider many alternative configurations and loading cases, a fast 

and reliable analysis is required. The software VICONOPT employs a quicker alternative 

delamination modelling method for investigating the change of buckling and vibration 

behaviour of plates based on the exact strip method, examining the effects of damage in 

terms of an equivalent prismatic model. For example, Damghani et al. (2011) presented 

a smearing method (SM) to enable an embedded delamination to be modelled as an 

equivalent through-the-length delamination at the same location as shown in Figure 2-1 

for the critical buckling behaviour. His paper emphasises the simplicity of modelling and 
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competitive computational times of the exact strip method versus FE. Damghani et al. 

(2014) also explored the effect of a single rectangular delamination on the global buckling 

behaviour of a composite plate. To achieve a solution for this non-prismatic problem, the 

strip containing the delaminating was exchanged for three strips with the same length and 

at the same location, with two strips representing the top and bottom parts of delamination, 

and the third one representing the undamaged part. This configuration enabled the SM to 

be used to determine the global buckling behaviour of the delaminated composite plate, 

however due to the way in which the delamination was modelled, local behaviour was 

limited in some circumstances. 

To avoid these limitations whilst continuing to benefit from the efficiency and accuracy 

of the exact strip method, Suliman (2018) combined the use of the exact strip method to 

simulate the intact part of a damaged plate with an appropriate FE method based on the 

FE theory of Przemieniecki (1985) to simulate delaminated part (Suliman 2018). This 

hybrid model was used to study the effects of damage in both isotropic and composite 

structures allowing complex structures to be handled by coupling the ability of FE (Figure 

2-2).  

 

Figure 2-1 Embedded rectangular delamination model in VICONOPT (Damghani 

et al. 2014). 
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Figure 2-2 Hybrid delamination plate model reproduced from Suliman (2018). 

This thesis will refer to the work of Suliman, using one stacking sequence of a laminated 

plate as an example for a preliminary study of the hybrid model (VFM), while the change 

of natural frequency is sensitive to different layup of laminated structure and more detail 

of the influence by different stacking sequences are shown in (Suliman 2018). Therefore, 

this thesis extends the damage types handled to incorporate the effects of cracks. (a more 

applicable and updated calculation method will then be shown in Chapter 4 of 

methodology part and Chapter 5 of hybrid cracked plate modelling part).  

 Cracks 

Previous work has modelled cracks in two different ways: as a reduction in stiffness along 

the crack path; or by a series of springs (Liang et al. 1991; Cerri and Vestroni 2000; 

Vestroni and Capecchi 2000; Friswell 2007). In the first case, the reduction in stiffness 

can be represented by a decrease in either cross-sectional area or Youngôs modulus of the 

material (Labib et al. 2014). Alternatively, spring models simulate the behaviour 

surrounding a crack by introducing a compliance corresponding to the crack depth. 

Different relationships have been found experimentally using a strain energy density 

function based on the fracture mechanics method (Rizos et al. 1990; Ostachowicz and 

Krawczuk 1991; Dimarogonas 1996; Chondros et al. 1998; Caddemi and Caliò 2009).  
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Relevant reviewed literature about cracked simulation models will be introduced in the 

following sections by beam-like structures and plate-like structures, respectively. The 

crack model used in this thesis adopts the second approach, with rotational springs added 

to give additional freedoms to finite elements in the area of damage to represent the cracks 

and cracks are supposed to be always open. This is in an analogous manner to that 

previously applied to beam structures (Caddemi and Caliò 2008; Labib et al. 2014), and 

the cracked problem could be then presented as a linear one. In the cracked elements, the 

construction of a nodal stiffness matrix which incorporates stiffness due to the crack and 

the ways in which the rotational spring is formulated are an essential part of the present 

study. The modified W-W algorithm is finally used to calculate the natural frequencies 

and mode shapes of the cracked plate structure. 

 Beam Structures 

Beam-like structures are the fundamental element of many complex structures, and the 

mechanical theory of other types of structure can often be deduced or is analogous to 

beam-type structures. The presence of cracks will damage the continuity and reliability 

of the physical and geometrical properties of the beam and has been widely studied in the 

literature. 

Changes in natural frequencies have been formulated to simulate single cracks in simply 

supported and cantilever beams by Liang et al. (1992). Morassi (1993) demonstrated that, 

for any boundary conditions, changes in natural frequencies are functions of the square 

of the mode shape curvature of an intact beam coupled with crack severity. A 

comprehensive review of the methods used to solve vibration problems in damaged 

structures, which particularly illustrates the differences between the behaviours of a notch 

and a crack is given by (Dimarogonas 1996). 

2.2.3.1 Stiffness Reduction  

Christides and Barr (1984) applied the Rayleigh-Ritz method to solve the boundary value 

problem for the natural frequencies of damaged Bernoulli-Euler beams with open cracks. 

In this work the stiffness reduction simulates the presence of a crack according to an 

exponential variation law which is not limited to a local influence. Shen and Pierre (1990) 

extended this theory by presenting a Galerkin solution. Papadopoulos and Dimarogonas 

(1987) described a full matrix in terms of an arbitrary loading for cracked beam calculated 

frequencies using a fracture mechanics method. Sinha et al. (2002) presented an 

alternative approach based on measured vibration data in which stiffness reduction was 

governed by the local effect through a triangular variation. 
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2.2.3.2 Spring Models 

Okamura et al. (1969) introduced coupling terms to the flexibility parameters used to 

evaluate the effects of cracks in beam based on measured vibration data. Christides and 

Barr (1984) presented a one-dimensional cracked beam theory using experimental results 

for simply supported beams with single-edge or double-edge open cracks. Gounaris and 

Dimarogonas (1988) considered rotational, shear, axial and torsional springs, and coupled 

them together for their crack model. Chondros et al. (1998) used displacement fields to 

simulate the additional flexibility at a crack location based on a fracture mechanics 

method, and simulated the crack by a continuous flexibility, which is a summary and 

extension of the proposed cracked beam theory by Christides and Barr (1984). Banerjee 

and Guo (2009) simplified the spring crack model, with only rotational, shear and axial 

springs being considered. A further simplified model used to express the effect of a crack 

on flexural stiffness only involved an equivalent rotational spring connecting two 

adjacent parts of the beam (Gounaris and Dimarogonas 1988; Rizos et al. 1990; 

Ostachowicz and Krawczuk 1991; Caddemi and Caliò 2008; Freund and Herrmann 2010). 

This crack model displayed slope singularity at the cross-section where the cracks existed 

using fracture mechanics theory. 

2.2.3.3 Multiple Cracks Problem with Advanced Approaches 

For calculation of the natural frequencies of beams containing singularities, many 

previous studies have developed complex solutions relying on the integration of the 

governing equations between the singularities and the location of the continuity 

conditions where cracks occur. With increasing numbers of cracks, these solutions 

become more difficult incurring significant computational cost. Substantial effort has 

therefore been put into developing methods which provide accurate results with high 

computational efficiency and can therefore be incorporated into standard engineering 

practice. Diracôs delta distribution functions for example can be used to simplify the 

solution of problems involving multiple cracks (Shifrin and Ruotolo 1999). Yavari et al. 

(2000) applied the distribution theory of Schwarz to a beam bending problem, with an 

auxiliary beam method proposed to solve the governing differential equations of an 

equivalent boundary-value problem in the space of classical functions. A further 

simplified solution is proposed using transfer matrix methods (Khiem and Lien 2001; Lin 

et al. 2002) and Caddemi and Caliò (2009) utilised Heaviside and Diracôs delta functions 

to solve beam vibration problem with multiple open cracks, with reduced dynamic 

stiffness matrices used for cracked frames.  
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 Plate Structures  

2.2.4.1 Numerical Analysis 

The vibration responses of rectangular plates with cracks or singularities under different 

loading and boundary conditions has been the subject of significant investigation and 

many methods have been presented to solve this problem. As for the plate, the length, 

position, depth and orientation of a crack will impact on vibrational characteristics and 

material properties. Irwin (1962) found cracks in plate elements could lead to local 

changes in plate stiffness, with the first investigation of the vibration behaviour of a 

cracked plate in which the Greenôs function approach is used to obtain the homogeneous 

Fredholm integral equation presented by Lynn and Kumbasar (1967). This was the first 

study of its kind to satisfy mixed boundary conditions along a virtual line simulating a 

crack and used changes in natural frequencies to analyse the vibration of thin simply 

supported rectangular plates in relation to different crack lengths and associated moment 

distributions along intact parts. Leissa (1969) presented a review of about 500 

publications and 1500 papers written before 1966 regarding the free vibration of plates. 

Few publications exist dealing with the cracked rectangular plates explored in this thesis, 

with most of these considering cracks parallel to the plate edges based on extensive 

literature and existing methods for solving the problem of an intact plate. 

Some previous research has been restricted to cracks running only along the axis of 

symmetry. Solecki (1980) used a finite Fourier transformation coupled with a generalised 

Green-Gauss theory to analyse the vibration characteristics of an isotropic simply 

supported rectangular plate with internal rigid supports. Good agreement with other 

studies was seen for cracks parallel to one edge of the plate as well as diagonal cracks. 

Hirano and Okazaki (1980) used a Fourier expansion and the weighted residual methods 

to form the mixed boundary conditions along the fictitious line of a crack. Subsequently, 

Solecki (1983) studied the vibration response of a simply supported rectangular plate 

within an arbitrarily located parallel crack using a finite Fourier transformation of 

discontinuous functions by representing the singularity at the crack tips.  
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Despite some success, insufficiently accurate results were obtained when the crack 

extended to the edges (the length of the crack is equal to the width of the plate). A finite 

Fourier transform to the differential equation was applied in these studies (Hirano and 

Okazaki 1980; Solecki 1980; Solecki 1983), and a system of integral equations 

represented the unknown singularity around the crack. The unknown quantities were 

expanded into a Fourier series, but this method was limited to the localisation of the crack 

or the boundary conditions of the plate. 

Qian et al. (1991) established a finite element model to investigate the vibration response 

of a cracked plate. In this model the stiffness matrix of the plate is obtained by the addition 

of the strain energy of the crack which is related to the stress intensity factor. The stiffness 

matrix is then used to explore the behaviour of a finite plate with a through crack under 

bending, twisting and shearing. Good agreement and a higher level of efficiency are found 

compared with the model from Solecki (1983), since mesh subdivision next to the crack 

tip is unnecessary. Krawczuk (1993) presented a closed form solution formulating the 

stiffness matrix required to simulate a static through crack in a rectangular plate. Changes 

in natural frequencies were formulated as a function of the length and location of the 

crack, the boundary conditions, and the mode shape. A similar method was used to solve 

for an internal static crack based on transverse forced vibration, and a relationship 

between increasing vibration amplitudes and the parameters of the crack was proposed 

(Krawczuk and Ostachowicz 1994). An investigation of the effect of the plastic zone 

around a crack on the flexibility of the structure compared with pure elastic behaviour, 

demonstrated a rather small influence in contrast to elastic and elasto-plastic crack models 

(Krawczuk et al. 2001). Fujimoto et al. (2003) used a hybrid of the finite element method 

and the body force method to discuss the vibration response of a centrally cracked plate 

under uniaxial tension. Saito et al. (2009) used a finite element model to analyse the linear 

and nonlinear vibration response of a cantilever plate within a transverse crack. Bachene 

et al. (2009) proposed an extended finite element method to describe the vibration 

response of a cracked plate under different boundary conditions. Considering both shear 

deformation and rotational inertia based on Mindlin plate theory, their results showed that 

the extended finite element method was an efficient method for dynamic analysis of plates 

containing singularities.  
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2.2.4.2 Analytical Analysis 

Solutions for cracked plates have been developed using a range of different analytical 

methods. Keer and Sve (1970) presented dual series equation solution methods to explore 

the stress singularity at the crack tips. Despite producing accurate results, the technique 

incurred significant computation cost compared with Lynn and Kumbasar (1967) while 

the limitation that crack could only run along the axis of symmetry. Stahl and Keer (1972) 

firstly used homogeneous Fredholm integral equations of the second kind to obtain the 

natural frequencies of a plate with different crack locations. 

Lee (1992) used the Rayleigh-Ritz method with a simple sub-section technique to find 

the natural frequency of annular plates with internal cracks. This method could be applied 

for different boundary conditions but was restricted to the first natural frequency. Lee and 

Lim (1992) subsequently used the Rayleigh-Ritz principle with a domain decomposition 

technique to obtain natural frequencies based on the simplified Reissner theory. Liew et 

al. (1994) applied the domain decomposition method with the Rayleigh-Ritz method to 

find the upper bound of natural frequencies for cracked plates. The solutions obtained 

however lacked an important parameter of the Rayleigh-Ritz method because the 

displacement and slope continuities did not match at points along the interconnecting 

boundaries or the virtual springs assembled along the crack segment were not stiff enough. 

As a result, the singularity of the crack tip stress was not properly generated. Khadem and 

Rezaee (2000) presented modified comparison functions based on the Rayleigh-Ritz 

method to analyse the behaviour of cracked plates under external loading with different 

boundary conditions. Whilst the effect of the crack on the vibration response was 

expected to change depending on the depth and location of the crack, unacceptable levels 

of error were present in the results due to nonlinearity being ignored. Chen and Bicanic 

(2000) applied incomplete modal information to detect damage in a cantilever plate. Lee 

et al. (2003) then extended the equations of motion for a thin uniform plate with line 

crack-like local damage. The locations and severities of damage parameters could be 

functionalised by a damage distribution, and a small damaged region could be expressed 

as the effective orthotropic elastic stiffness which was derived in terms of the damage 

severity (orientation and size). This study showed that line crack-like damage may change 

the material behaviour which could be applied to detect the orientation of this type of 

damage. 
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A solution based on the Galerkin method was used in analysing beam-like structures by 

Shen and Pierre (1990). Wu and Shih (2005) extended this to use Von Kármán plate 

theory to analyse the dynamic instability and nonlinear response of simply supported 

cracked plates subject to a periodic in-plane load. The incremental harmonic balance 

method was then used to solve the cracked model and found that both stability behaviour 

and vibration response were affected by crack location, aspect ratio, amplitude of 

vibration and loading conditions. Xiao et al. (2008) used the Galerkin method and the 

harmonic balance method to solve nonlinear vibration equations based on Reissner plate 

theory and the Hamilton variational principle. Israr et al. (2009) applied Galerkinôs 

solution to reformulate the governing equation for a cracked plate into time dependent 

modal coordinates based on Bergerôs method (Berger 1954). Huang et al. (2011) proposed 

new sets of admissible functions to represent the stress singularity along the crack tip and 

the discontinuities of transverse displacement and bending rotations. The admissible 

functions were developed from Rayleigh-Ritz method based on Mindlin plate theory. 

2.2.4.3 Experimental Analysis 

Literature relating to the study of cracked plate behaviour is mainly based on centrally 

located cracks or edge cracks located parallel or perpendicular to one side of the plate. 

Only a few studies have dealt with the effects of arbitrary cracks at different angles of 

inclination to the side of the plate. Maruyama and Ichinomiya (1989) carried out 

experimental real-time measurement of the vibration of a series of plates based on time-

averaged holographic interferometry. The influence of the length, location, and 

orientation of all through-the-thickness crack on the natural frequencies and mode shapes 

of a series of panels was investigated. Wu and Law (2004a; 2004b; 2004c) presented a 

new effective stiffness model based on the theory proposed by Lee (1992) for an 

anisotropic thick cracked plate. Huang and Leissa (2009) used a set of corner functions 

to simulate the stress singularities and extract the natural frequencies of the plate using 

the Rayleigh-Ritz method. This method was extended to thick rectangular plates with 

arbitrary cracks based on Mindlin theory (Huang et al. 2011). A relationship was found 

between the crack orientation and the change in natural frequencies with different 

boundary conditions having different effects on the vibration response. However, this is 

one of only a few research studies which describe the effect of change of crack angle on 

vibration response, most of which studied through-the-depth cracks with no results on 

part through-the-depth cracks (Huang and Leissa 2009; Ismail and Cartmell 2012). Bose 

and Mohanty (2013) incorporated stress theory and strain gradient theory to study the 
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effect of microstructure on vibration response by a modified LSM, but the change in 

natural frequencies obtained from this study is significantly different from that of 

previous literature (Stahl and Keer 1972; Liew et al. 1994). 

2.2.4.4 Line Spring Model 

The Line Spring Model (LSM) mentioned earlier is a commonly used approximate 

analytical solution first proposed by Rice and Levy (1972). Continuous line springs 

represent partial through-the-thickness cracks with compliance coefficients matching the 

edge-cracked strip in plane strain. LSM reduces the complexity of the cracked structure 

problem and is especially valid for classical thin plates (assuming Kirchhoffôs plate 

bending theory). Suitable compliance coefficients are determined under different loading 

conditions and different crack locations and used to reduce the three-dimensional crack 

problem to a similar two-dimensional problem. Stress intensity factors are determined by 

the force and moments around the cracked segment and the solution is formulated as an 

Airy stress function. Although providing a good approximation of the effect of a part 

through-the-thickness crack, this technique incurs significant computational cost, and 

newer methods based on the LSM have been developed to overcome the problem. Delale 

and Erdogan (1981) reformulated the LSM based on Reissner plate bending theory 

including transverse shear effects. The expression for the stress intensity factor of the 

plane strain problem of a cracked strip was updated with a valid crack depth to plate 

thickness ratio of up to 0.8. King (1983) then proposed a simplified LSM where the crack 

is represented by a virtual ligament spring enforced at the centre of the crack. Reasonable 

predictions of fracture characteristics like J-integral and crack opening displacement are 

included in the paper. Yang (1988) demonstrated an effective approximate solution 

applying the LSM to a complicated three-dimensional crack problem in plates and shells 

with an acceptable level of accuracy.  Miyazaki (1989) described a transient analysis of 

the dynamic stress intensity factor through the coupling of finite element method with a 

static LSM.  

Compared with full three-dimensional cracked plate models, the LSM is versatile and can 

be applied in conjunction with various boundary conditions and loading cases (mixed 

mode, elastic-plastic fracture problems, crack contact problems and arbitrary residual 

stress loading cases) (Cordes and Joseph 1994). Joseph and Erdogan (1991) pointed out 

that LSM could be applied to find the stress intensity factors along the cracked segment 

of different forced vibration systems under mixed mode conditions. Israr (2008) and Israr 

et al. (2009) presented a model for a horizontal part-through centrally located crack based 
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on the Duffing equation. The relationship between the nominal tensile and bending 

stresses at the crack location and far sides of the plate was obtained. Joshi et al. (2014) 

derived new crack terms to analyse the frequencies of an internally cracked plate by LSM, 

and Gupta et al. (2015) developed an analytical model for vibration analysis of isotropic 

and functionally graded cracked plates based on a modified coupled stress theory.  

A simplified LSM has also been proposed in which the impact of a crack on the flexural 

stiffness of a structure is simulated by an equivalent rotational spring. This idea was first 

used in the beam-like structures mentioned above (Gounaris and Dimarogonas 1988; 

Rizos et al. 1990; Ostachowicz and Krawczuk 1991; Caddemi and Caliò 2008; Freund 

and Herrmann 2010; Labib et al. 2014). An analogous simplified form of this LSM will 

be studied in this thesis for the direct problem. There are few sources in the literature 

describing solutions to the free vibration problem for plates and shells containing cracks 

based on the LSM, especially for arbitrary cracks of random length, depth, location and 

inclination angle. Hence, an efficient and accurate consideration of the modelling of free 

vibration of cracked plates is useful and will be presented in Chapter 5.  

 Further Remarks 

When damage occurs in the structure, it will cause a significant effect on the performance 

of the structural properties and mechanics. Hence, damage detection needs to be applied 

and studied for locating and assessing its severity. Different types of damage with 

different locations and severity will have different influences on both buckling and 

vibration behaviours. The work in this thesis aims to study the effect of damage based on 

the natural frequency of the structure for both delaminated and cracked structures.  

In practical engineering scenarios, structures are subject to a range of loading conditions 

including asymmetric out-of-plane loading, resulting in a combination of in-plane tension 

and out-of-plane shear leading to the cracking failures of plate structures (Potyondy et al. 

1995; Harris et al. 1998). In this thesis, out-of-plane effects present the main concern, and 

out-of-plane degree of freedoms are used in developing a cracked plate model. 

Dynamic stiffness analysis (the exact strip dynamic stiffness method) provides an 

efficient, accurate alternative to the finite element method utilising a transcendental 

stiffness matrix based on exact solutions to the governing differential equations. The 

exact strip method (ESM) will be elaborated in detail in chapter 3 accompanied by a 

discussion of the ESM based software VICONOPT. The exact strip method needs the 
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parameters of the plates and loading conditions to be invariant along the longitudinal 

direction, in terms of describing the vibration modes by sinusoidal terms in the 

longitudinal direction (Anderson. et al. 1983). 

Delaminated plates (with all through-the-length delamination) will be shown first using 

ESM modelling and then a related inverse problem will be solved as a preparation for 

cracked plates. Because the assumption of longitudinal invariance is not valid for arbitrary 

cracks, the efficiency and accuracy of the LSM model and ESM also need to be 

considered. In this thesis, a simplified LSM based on an equivalent rotational spring 

model has been incorporated with a singularity integral formulation of an isotropic simply 

supported plate based on the classical thin plate theory. It has been added to a finite 

element model of the cracked segment and coupled with an exact strip model of the intact 

segment by Lagrangian multipliers at boundaries to solve arbitrary crack problems. A 

hybrid cracked model is shown in Figure 4-1, while results are tabulated and validated by 

previous published results and the commercial FE software ABAQUS with related mode 

shapes. It is then used to determine the natural frequencies of a simply supported 

rectangular plate with a crack of arbitrary location, length, depth and inclination angle. 

Such generality is largely absent from the literature, where results are commonly 

restricted to cracks located at the centre or at an edge of the plate, running parallel to the 

edges of the plate, over the full length or width, or through the full thickness (Stahl and 

Keer 1972; Liew et al. 1994; Bose and Mohanty 2013; Labib et al. 2015). An advanced 

and efficient cracked plate model will be the essential part of the study and one-

dimensional cracked plate detection will be shown in Chapter 7. 
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2.3 Inverse Problem 

As discussed in chapter 1.2, there are a wide range of techniques which can be used to 

detect damage in plates including DIM, VDI, FRFs, WA, ANNs, FFT, AF and CA. In 

this section, methods relating to the use of changes in vibration characteristics especially 

natural frequencies to detect damage in beams and plates based on models such as those 

reviewed in section 2.1 will be examined. Establishing a cracked beam/plate model and 

obtaining natural frequencies from it, the inverse problem is then applied to localise the 

crack and estimate its severity based on changes in natural frequencies or mode shapes. 

 Beam-like Structures 

2.3.1.1 Spring Model 

Cracks in beam structures have been successfully modelled as a set of rotational, axial 

and shear springs. Rizos et al. (1990) proposed a crack identification technique for one-

dimensional structures based on measuring the amplitude of vibration at two different 

positions with one of its natural frequencies. A rotational spring was used to simulate the 

crack and the Newton-Raphson method was applied to solve the iterative boundary value 

problem based on measured vibration modes to obtain the location and magnitude of the 

crack. The technique was validated experimentally on a cantilever beam with a harmonic 

exciter. The method is restricted to small cracks, where the crack depth to beam thickness 

ratio is smaller than 0.1. It also suffers from a lack of sensitivity compared with ultrasonic 

or radiography methods and cannot recognise symmetrically localised cracks in a simply 

supported beam. Liang et al. (1991) developed this method based on two or three natural 

frequencies without the need for a mode shape, enabling a noniterative procedure to be 

used to locate the crack based on Euler-Bernoulli beam theory. They went on (Liang et 

al. 1992) to determine the frequency sensitivity using bending theory and presented the 

relationship between the first-order change in the eigen-frequencies and the crack 

parameters (location and severity). Morassi (1993) considered the simplicity of Liangôs 

model, and proposed a general perturbation approach instead of the symbolic 

manipulators used.  

Nikolakopoulos et al. (1997) used 3D contour plots to illustrate the relationship between 

changes in natural frequencies and the presence of a crack. Cerri and Vestroni (2000) 

presented two different damage identification techniques based on frequency 

measurement utilising Saint-Venant's principle and optimality criteria. The first method 
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used the characteristic equation error (the change in natural frequencies between the 

undamaged and intact status of beam); the second method was based on the comparison 

between the analytical and experimental frequency values. An experimental validation 

was then performed on cracked reinforced concrete beams (Cerri and Vestroni 2003). 

Caddemi and Morassi (2007) provided an exact closed-form expression to solve the 

inverse problem to determine the location and magnitude of the crack. The crack was 

formulated as a function of deflection measurements for different boundary conditions 

and could be extended to multiple cracks. The effects of errors caused by the presence of 

noise during measurement was discussed. Greco and Pau (2012) adopted the dynamic 

stiffness matrix with the rotational spring crack model. They used the least sum of squares 

of the differences between the theoretical and virtual experimental changes in natural 

frequencies as the optimality criteria. The W-W algorithm (Wittrick and Williams 1971) 

was used to calculate the theoretical natural frequencies in a cracked frame, while the 

effect of noise was considered by Monte Carlo simulations. Diaferio and Sepe (2016) 

developed this theory and modified the optimality criteria in multi-bay and multi-storey 

plane frames in vibration-based crack detection. The noise effect was simulated by 

calculating the average mean error and standard deviation in crack parameters (location 

and severity). Sharma et al. (2015) described a method of crack identification for a single 

crack with different boundary conditions. An unconventional frequency-based damage 

detection method was applied to multi-spam beam structures based on the change in 

natural frequencies. Several studies have discussed the difference between vibration-

based identification based on spring models and finite element models, with some authors 

combining the two (Vestroni and Capecchi 2000; Chinchalkar 2001). A small number of 

studies have used rotational spring models for multiple crack detection in beams, however, 

the total number of cracks need to be known a priori (Lee 2009; Maghsoodi et al. 2013). 

Caddemi and Caliò (2014) proposed explicit expressions to identify an arbitrary number 

of cracks and Labib et al. (2015) used natural frequency degradations to detect cracks in 

beam-like structures. 

2.3.1.2 Finite Element Method  

Many crack identification methods use the finite element method, discretising the 

structure into a set of elements represented by stiffness and mass matrices and modelling 

cracks as reductions in stiffness at the cracked element. Yang et al. (1985) experimented 

with a cracked cantilever beam validating his analytical results by using the first six 

natural frequencies. Kam and Lee (1992) examined vibration response based on this type 
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of model. Static deflection analyses were performed for both intact and damaged cases 

and a strain energy equilibrium was proposed to determine the severity of the crack. The 

first ten natural frequencies and mode shapes were obtained from experiments (Rizos et 

al. 1990) for various sizes and locations of crack, and then these natural frequencies were 

calculated to identify crack severity. Good agreement was shown with the potential for 

extension to multiple cracks. Hassiotis and Jeong (1995) applied a number of quadratic 

optimality criteria to detect single and multiple damages in beam-like structures. Lee and 

Chung (2000) presented a crack detection technique using the lowest four natural 

frequencies which were first calculated based on finite element analysis. They then 

applied Armonôs rank-ordering method with the obtained frequencies to calculate the 

approximate crack location. By applying the result of the crack position range, they were 

able to adopt an appropriate FEM model and the crack size was determined by FEM. 

Finally, the actual crack location was identified by Gudmundsonôs equation using the 

determined crack size and the aforementioned natural frequencies.  

2.3.1.3 Other Detection Methods 

Besides the aforementioned methods, several different damage detection methods have 

also been used to solve the inverse problem (Salawu 1997; Doebling et al. 1998; Carden 

and Fanning 2004; Friswell 2007). For example: changes in curvature (Pandey et al. 1991), 

the finite element model updating method (Teughels et al. 2002) and wavelet analysis of 

mode shape differences (Solís et al. 2013). Stubbs et al. (1992) presented a method based 

on examining the curvature of the measured mode shapes to find the decrease in modal 

strain energy between two structural degrees of freedom. Ratcliffe (2000) utilised 

frequency response functions for damage detection covering a wide range of frequencies 

with numerous measurement points needed.  

Several advanced numerical techniques have also been applied to solve the inverse 

problem. Examples include genetic algorithms (Friswell et al. 1998); neural networks 

(Fang et al. 2005) and the bees algorithm (Kang et al. 2009). For more complicated 

structures like frames, generally, each frame member is regarded as one finite element or 

two elements to avoid the symmetry effect (Hassiotis and Jeong 1995; Escobar et al. 2005; 

Ge and Lui 2005). Morassi and Rovere (1997) discretised the frame members into 

numerous elements to detect a single crack in a five-storey frame. 






















































































































































































































































































































































































































































