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Effective Kerr Nonlinearity and Two-Color Solitons in Photonic Band-Gap Fibers
Filled with a Raman Active Gas
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We predict a strong effective Kerr nonlinearity in hollow-core photonic crystal fibers filled with a
Raman active gas which exceeds the intrinsic Kerr nonlinearity by 2 orders of magnitude. Two-color
bright-bright and dark-bright solitons supported by this nonlinearity are found and the feasibility of
their experimental observation is demonstrated.
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The guiding of light using photonic crystals fibers
(PCFs) is becoming increasingly important in science
and technology [1,2]. Among the many opportunities
offered by PCFs, one of the most promising, and having
implications across many disciplines, is the control and
enhancement of nonlinear optical processes [1,3,4]. For
example, gas filled hollow-core PCFs can provide an
enhancement of the efficiency of nonlinear frequency
conversion by many orders of magnitude [3,4]. In particu-
lar, the threshold for stimulated Raman scattering in
hydrogen-filled PCFs has been already lowered by 6
orders of magnitude [3] and the efficiency of four-wave
mixing has been increased by more than two orders [4]
compared to conventional methods. Another promising
and overlapping research direction concerns solitonic
regimes of light propagation in PCFs [5,6]. Solitary
waves, or simply solitons, are self-sustained localized
wave packets which are attracting much interest not
only in optics but also in many other diverse areas [7].
The potential to control the nonlinear and dispersive
properties of PCFs provides fascinating opportunities to
challenge new frontiers in this field also [5,6].

The problem of controlling nonlinearities has been
tackled well before the first PCF emerged from the fiber
drawing tower. A well known example of an artificial
nonlinearity is the effective or cascaded Kerr nonlinear-
ity induced by the second harmonic in materials with

quadratic ��2� nonlinearity [8,9]. Another example of a
similar nonlinearity occurs in Raman active materials
which are driven by two fields with the frequency differ-
ence detuned from the frequency of the Raman transition
[10,11]. The strength of the effective nonlinearities can be
orders of magnitude larger than the intrinsic Kerr non-
linearity. An important feature of the effective nonline-
arities is that they are based on nonlinear interaction of
two or more frequency components. Therefore if one
wants to gain the advantages of solitonic regimes of
propagation, then the problem of the existence and stabil-
ity of inherently coupled multifrequency solitons should

be addressed. Such solitons due to ��2� nonlinearities have
been comprehensively analyzed recently [9]. Here we
suggest the use of a hollow-core PCF filled with a

Raman active gas pumped by two-color pulses for creat-
ing an effective nonlinearity which exceeds the intrinsic
Kerr nonlinearity of such fibers by 2 orders of magnitude.
We propose to use this system for the observation of
various two-color temporal solitons at peak powers of
order 10 kW, which is well below the megawatt peak
powers needed to observe solitons due to intrinsic non-
linearities [5].

The use of short pulses for inducing effective nonline-
arity is preferred over the use of a continuous wave [11],
due to the power limitations of the latter. The danger here,
however, is that pulses propagating at different group
velocities will simply walk through one another, quickly
destroying the induced nonlinearity. However, as we
show below, photonic band-gap fibers offer unique oppor-
tunities to match the group velocities of the fundamental
fiber modes and even adjust the fiber dispersion to achieve
the matching for the required frequencies. It is also
important that the group velocity matching in these fibers
can take place when the group velocity dispersions
(GVDs) of the interacting fields have the same sign.
This creates an ideal environment for the observation of
temporal bright-bright solitons [12].

We consider the PCF shown in Figs. 1(b) and 1(c) with
the distance between the centers of the air holes, i.e.,
pitch, equal to � and the strut thickness 0:03�. This

FIG. 1. (a) Ratio of the speed of light in vacuum to the group
velocity of the fundamental PCF mode versus k�.
Fundamental mode of the PCF for (b) k� � 14:828 and
(c) k� � 16:337.
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structure is very similar to the PCFs used in experiments
[2,5]. Dispersion of the PCF modes can be characterized
by the dependence of �� on � � k�, where ��!� is the
propagation constant, k is vacuum wave number, ! �
c�=� is the angular frequency, and c � 3� 108 m=s.
The group velocity is given by 1=�1 [see Fig. 1(a)], where
�1 � @!� � c�1d����=d�. An important feature of the
PCF under consideration and of the ones used in [2,5] is
the presence of one or more high loss spectral windows
where the dynamics is dominated by the surface modes
localized around the walls of the fiber core; see [2] and
Fig. 1(a). As a result of this, the photonic band gap has
several branches of the fundamental modes and each
branch has a point where the GVD, �2 � @!�1, is zero.
Clearly, the dispersion characteristic in Fig. 1(a) offers
several opportunities to match the group velocities at the
two frequencies. Moreover, if the group velocities at �1
and �2 are matched, then the corresponding frequency
difference is given by � � c��1 � �2�=� and a fiber with
the pitch required to achieve the group velocity matching
for a given � can be fabricated.

We consider the above PCF filled with a Raman active
gas and pumped by two pulses with a frequency differ-
ence � � �!1 �!2�> 0 detuned from the frequency !r

of the Raman resonance, i.e., !r � � � 0.
Dimensionless equations describing this process are

i@zE1 � iv@tE1 � d1@
2
tE1 � �E2Q; (1)

i@zE2 � �iv@tE2 � d2@
2
tE2 � �E1Q

�; (2)

0 � i@tQ� ��� i��Q� �E1E
�
2: (3)

Equations (1)–(3) describe the simplest situation, when
the Raman transition is not saturated and energy transfer
to the higher-order Stokes and anti-Stokes components
either does not happen or can be disregarded [11,13]. Q is
the Raman coherence and � is the dimensionless coupling
constant, the choice of which is determined by the choice
of the normalization of the slowly varying amplitudes
E1;2 andQ. Dimensionless delay t is measured in the units
of the characteristic pulse duration �, and the propagation
distance z is in the units of the GVD length lgvd��2=

j��2��!2�j. Then d2� sgn	��2��!2�
 and d1���2��!1�=
j��2��!2�j is the ratio of the GVDs of the fields. � is the
normalized detuning of the frequency difference of the
driving fields from the Raman resonance frequency !r,
i.e., ����!r���. ���=T2, where 1=T2 is the width of
the Raman resonance. The parameter v characterizes the
difference of the group velocities of the driving fields and
it is expressed as half of the ratio of the GVD length and

of the walk-off length lgvm � �=	��1��!2� � ��1��!1�
:
v � lgvd=�2lgvm�.

Throughout this work, we consider the situation of a
large Raman detuning: j�j � 1 and j�j � �. Then by
neglecting � we derive an approximate solution for the
coherence

Q � ��

�

�

1� i

�
@t �O�j�j�2�

�

E1E
�
2: (4)

By substituting (4) into Eqs. (1) and (2), one can derive
nonlinearly coupled Schrödinger equations. An impor-
tant property of these equations is that they do not have
nonlinear self-phase modulation terms [14]. For � > 0 the
effective nonlinearity is focusing and for � < 0 it is
defocusing. If one compares Eqs. (1)–(3) with the system
used to study temporal Raman solitons in gas cells [13],
then the difference is that v � d1;2 � � � 0 in the latter,

which makes the physical origin and properties of the
solitons described in [13] completely different from our
case.

It is convenient here to adopt the standard normaliza-
tion used in the fiber optics, when physical fields are
normalized to the square root of the so-called nonlinear

fiber parameter � [14]. This is achieved by choosing � �
j�j1=2. Let us now derive an expression for �eff , which is
the nonlinear parameter due to the effective Kerr non-
linearity. One can verify that j�j=��2 � �2� � C�eff ,
where C is some proportionality coefficient. Using the
definition of the steady-state Raman gain at the line
center, gss (see [13]), we find that �=��2 � �2� �
Cgss=A=�1� T2

2 j!r � �j2�, where A is the area of the
fiber mode. In the limit of a large detuning from the
Raman resonance the last two expressions give

�eff ’
gss
A

1

T2j!r � �j : (5)

We now turn our attention to the soliton solutions of
Eqs. (1), (2), and (4). By analogy with other two compo-
nent systems [14] we expect that these solitons can be
parametrized by three independent parameters associ-
ated with invariances with respect to the two phase
rotations, E1;2 ! E1;2e

i 1;2 and translations of t. We ne-

glect terms of O�j�j�2� in Eq. (4) and seek solitons of the
form E1;2 � f1;2�$�e�iq1;2z, where $ � �� Vz and V is a
parameter [9]. We have solved the system of ordinary
differential equations for the functions f1;2 numerically

and have identified the existence of three distinct soliton
families: bright-bright, bright-dark, and dark-dark soli-
ton pairs. Below we analyze only the bright-bright and
bright-dark solitons.

Bright-bright solitons are likely to be the easiest to
excite and observe in future experiments. They can exist
either when the GVDs at both frequencies are anomalous
(d1;2 < 0) and the effective nonlinearity is focusing (� >
0) or when the GVDs are normal (d1;2 > 0) and the

nonlinearity is defocusing (� < 0). The decay rates of
the tails of the bright-bright solitons are given by '1;2 �
����������������������������������������������

4q1;2jd1;2j � �v� V�2
q

=j2d1;2j and the solitons exist pro-

viding Im'1;2 � 0. Linking parameters q1;2 and V by the
condition that the tails of both components decay with
the same rate, i.e., '1 � '2, and taking Q � �sE1E

�
2=�,
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where s � sgn���, we have found the explicit form of the
bright-bright solitons:

E1;2 � a1;2 exp

�

i$
V � v

2d1;2
� iq1;2z

�

sech
$

w
: (6)

Here w � ���������������2sd2
p

=a1, a2 � a1
�������������

d1=d2
p

, and

a21 �
2jd2j
jd1j

�

sq1 �
�V � v�2
4jd1j

�

: (7)

For (6) to be a good approximate solution to the exact
system (1)–(3), we require that j@tE�

1E2j � j�j. This
condition ensures that the second term in the expansion
(4) is much less than the first and that it is satisfied for the
soliton (6) if

jd2�V � v� � d1�V � v�j � 2j�d1d2j: (8)

Also it is clear at the intuitive level that if the walk-off
length lgvm becomes equal to or smaller than lgvd, then it

can greatly complicate the practical observation of the
two-color solitons, because the two pulses will tend to
separate spatially quicker than GVD can be compensated
by nonlinearity. As is clear from Fig. 1(a), the matching
of group velocities for two fields having GVDs of the
same sign is possible only between the two branches of
the fundamental mode.

From the Raman active gases, we have chosen SF6 as
our working example. SF6 has !r ’ 2+� 23 THz, which
easily fits into the photonic band gap for typical values of
�. The gain coefficient for SF6 is gss ’ 14� 10�14 m=W.
Recent experiments with SF6, where the symmetric vi-
brational Raman mode has been excited in hollow wave-
guides [15], have shown values of T2 of order several
picoseconds. Choosing � � 1 ps, T2 � 1 ps, and detuning
from the resonance!r �� � ,=T2, where, is a number,
we find that � � , and � � 1. For example, taking � �
2+� 24:6 THz gives , ’ �10 and we have j�j � 1,
j�j � �. Negative values of � imply defocusing nonline-
arity and require normal GVDs for the bright solitons to
exist. Choosing, for example, '1 � 1:2712 -m, we
achieve group velocity matching with the second pulse
at '2 � 1:1538 -m for � � 3 -m. These �='1;2 values

correspond to the modes shown in Figs. 1(b) and 1(c).
Corresponding values of �2 are 1:2 ps2=m for '1 and
0:4 ps2=m for '2. Despite the fact that we are detuned
by ten linewidths from the resonance, we have �eff ’
10�4 W�1 m�1, which is 2 orders of magnitude larger
than the value of � due to intrinsic Kerr nonlinearities:
�intr ’ 10�6 W�1 m�1 [5]. Thus our neglecting the intrin-
sic Kerr nonlinearity, which otherwise would give self-
phase modulation terms in Eqs. (1) and (2), is well justi-
fied for the conditions discussed in this work. Also it
follows that the observation of solitons due to effective
nonlinearity requires peak powers of order 10 kW only,
and not of order 1 MW as in [5].

One of the prime conditions for observation of solitons
is their robustness against the growth of small perturba-
tions. We have studied the stability of bright-bright sol-
itons using the linearization of Eqs. (1), (2), and (4) and
their direct numerical simulation and have not found any
instabilities, though the range of parameters is too wide to
completely eliminate their existence. The existence and
stability of these solitons within the full model (1)–(3) is
a more delicate problem, though. Assuming � � 0 and
solving Eqs. (1)–(3) numerically with the initial condi-
tions (6), we have found that, if the group velocities are
exactly matched, then these approximate solitons quickly
adjust to the full model and propagate without distur-
bance for many lgvd; see Figs. 2(a)–2(c). Small values of

the parameter v, ensuring that the condition (8) is well
satisfied, also do not alter the stability of the solitons.
However, introducing a moderate mismatch of the group
velocities, which starts to endanger condition (8), leads to
a strong outburst of material excitation and destruction of
the soliton; see Figs. 2(d)–2(f). Solving Eqs. (1)–(3) with
� � 1, we have observed the same stable and unstable
scenarios of the soliton evolution, which have been ac-
companied by the small energy flow from the pump E1 to
the Stokes wave E2. However, the effect of this flow does
not change the solitons significantly even for long propa-
gation distances of tens of meters.

Dark-bright solitons exist when the GVDs at the two
frequencies have opposite signs. For the sake of concrete-
ness we assume the GVD to be normal for E1, i.e., d1 > 0,
and anomalous for E2, i.e., d2 < 0. Then we have found
that the three-parameter family of dark-bright solitons

E1 � A1 exp

�

i$
V � v

2d1
� iq1z

�

sech
$

~w
; (9)

E2 � A2 expfi!2$� iq2zg
�

cos.tanh
$

~w
� i sin.

�

; (10)

A2
1 �

a21cos
2.

1� sin2.
; A2

2 �
jd1j
jd2j

a21
�1� sin2.� (11)

exists providing that the effective nonlinearity is focus-
sing, i.e., � > 0, s � 1. Here q2 � �v� V�!2 � d2!

2
2,

~w � �������������2d2
p

=A1, and !2 � � ~wA2
1 � v� V�=�2d2�. In

Eq. (10), . is an angle characterizing the depth of the
notch in the dark component. The solution (9)–(11) is
parametrized by q1, V, and ., which are not linked by
any condition.

These types of solitons are called inverted dark-bright
solitons [16], because their dark component, which is
naturally expected at normal GVD, happens to be at
anomalous GVD, while the bright component occurs at
normal GVD. Conventional, i.e., not inverted, dark-bright
solitons have attracted significant attention. The inverted
dark-bright solitons have so far generated much less
interest [16]. This is because the background of the dark
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part of the inverted solitons, supported by intrinsic Kerr
nonlinearity, is modulationally unstable due to the com-
bined action of the focusing self-phase modulation and
anomalous GVD [16]. In our case, however, the self-phase
modulation is absent or negligible compared to the cross-
phase modulation, which ensures the stability of the
background of the dark component. Stability properties
of the inverted dark-bright solitons in our model are
similar to the properties discussed above for the bright-
bright solitons. Namely, when condition (8) holds firmly,
we have observed undisturbed propagation for hundreds
of lgvd. This is valid for the full model (1)–(3) as well as

when Q is replaced by (4). When v is increased, the full
model starts to demonstrate distortions of the dark-bright
solitons [see Figs. 2(g)–2(i)] induced by the spatial sepa-
ration of the centers of the two fields. Note that matching
of the group velocities for the dark-bright solitons can be
achieved using either two frequencies on a single branch
of the fundamental mode or between the two branches;
see Fig. 1(a).

In summary, we have predicted strong effective Kerr
nonlinearity induced by off-resonant Raman transitions
in gas filled hollow-core PCFs, which can exceed the
intrinsic Kerr nonlinearity by 2 orders of magnitude. We
have also demonstrated the feasibility of experimental
observation of bright-bright and dark-bright temporal
solitons supported by the effective nonlinearity.

We acknowledge discussions with J. C. Knight and
P. St. J. Russell.
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FIG. 2. Numerical modeling
of Eqs. (1)–(3) with solitonic
initial conditions (6) and (9)–
(11). (a)–(c) Bright-bright soli-
ton: � �

������

10
p

, d1 � 1, d2 � 3,
� � �10, s � �1, q1 � 10,
v � V � 0. (d)–(f) The same
as (a)–(c) but for v � 3. (g)–
(i) Inverted dark-bright soliton:
� �

������

10
p

, d1 � 1, d2 � �3,
� � 10, s � 1, v � 3, q1 � 10,
. � V � 0.
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