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Abstract

The first problem we consider is a variation of the Piatetski-Shapiro Prime
Number Theorem. Consider a function g(y), growing faster than linearly.
We ask how often is the integer part of a function g(y) no less than some
distance j from a prime number? Using Huxley’s method of exponential
sums the investigation shows how the rate at which g(y) increases is depen-
dent on the size of j. The faster g(y) increases, the larger the value of j.
The second problem investigates primes of arithmetic progressions, a mod g,
in short intervals of the form (z,z+x?), where z is sufficiently large in terms
of ¢, ¢" < z for some n > 0. Such a result was proved by Fogels, for some
0 < 1. We explicitly determine the relationship between § and 7 to establish
admissible values for both.

Lastly we use our version of Fogels’ theorem and a variation of Vaughan’s
treatment of the ||ap|| problem to investigate the following problem. Given
a real number « in the interval (0, 1) how many Farey fractions of the Farey
sequence of order ) do we have to pass to go from a to a Farey fraction

with prime denominator?
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Part 1

A Variation on The
Piatetski-Shapiro Prime

Number Theorem



Chapter 1

Introduction

Consider a function g(y), growing faster than linearly so that y = o(g(y)).
How often is the integer part of g(n) prime, when n is an integer? This
problem was first suggested by Gel’'fond for Piatetski-Shapiro’s PhD thesis.
Piatecki-Shapiro [20] proved that there were infinitely many prime numbers
of the form [n?], where 1 < a < 12/11. This result has been improved many
times since, most recently by Liu and Rivat [17] who increase the range for
atol<a<15/13.

Using his method of exponential sums, Huxley [12], proved the more general
result suggested by Gel‘fond with certain restrictions to the function g(y).
The restrictions were that the function must not increase too quickly and
that certain combinations of its derivatives are non-zero. The result is as

follows.

Theorem 1.0.1 (Huzley) Let F(x) be a real monotone increasing function,
siz times continuously differentiable on a closed sub-interval I of [1,2] on

which the expressions F'(x), F"(z) and 2F"(z) + zF®)(z) are nonzero. Let



€ be positive, and let M be a large integer, N be a large real number with
Nmax F'(z) < M < N (1.0.1)

with § = 12/11. Then for some constant B depending on I, F(x), and on
€, but not M or N, there are at least BN/ log N integers n such that [g(n)]
is a prime number p with M < p < 2M, where z = g(y) is the function
inverse to
T
- NF(—).
Y M

If in addition the interval I is chosen so that none of the erpressions
FO(z), F®(z)

FO@) FO@) || FO@ FOE || FO@ FoE)
3FO)(g) F'(z) | | 3FO(z) 2F'(z) | | 4F@(z) 3FO)(z)

3F®)(z)? 0 —F"(z)?

FOXz) FW(z) FO(2)

4F@(z) 3FO(z) 2F"(x)
vanishes on the interval I, then the result holds with 6 = 3300/3019 in
(1.0.1).

As we can see this theorem includes Piatetski-Shapiro’s result and a lot
more.

One would like to extend the range for 6 so that g(y) is allowed to increase
more rapidly. This can be done if we allow for primes that are further away
from the values of g(n). To this end we investigate the following problem:

How many prime numbers are there within a distance j of g(n)?



Chapter 2

Preparation

We want to be able to count the number of primes p so that there exists an
integer n for which

gln)—j<p<gn)+j (2.0.1)

where j is a real positive number. We follow Huxley’s method, for which it

is more convenient to work with f(z), the inverse to z = g(y), where
flz) = NF(i) (2.0.2)
= ) .0.
for M <z < 2M and
M
F’ — .0.
0< (z)<N, (2.0.3)
for 1 < x < 2. We also require that
N
|F® ()] < G (2.0.4)

for M <z < 2M and all integers k. We count the prime values of m in an

interval M < m < 2M, for which there exists an integer n with

f(m—j) <n < fm+7). (2.0.5)

9



We require f(z) to be monotone and grow slowly enough so that

fm+j)— f(m—j) <1, (2.0.6)

from which it follows that there is at most one n satisfying (2.0.5). It is this
condition that allows us to extend the range for 8 in Theorem 1.0.1.

Let p(t) = [t] — t + 1/2, then the sum

f(m+3) = f(m—j) + p(=f(m = 7)) — o(=f(m +3)) (2.0.7)

is one if some integer n satisfies (2.0.5), and zero if not.

Let I be a subinterval of 1 < 2 < 2, chosen so that no combination of
derivatives occuring in the proof vanishes on I. We sum m over integers in
M1, the set of points of I multiplied by M, which we suppose has end points
M, and M, respectively. We count powers of primes using von Mangoldt’s
weight function A(m), and the prime number theorem in the following form,

see Davenport [3].

Theorem 2.0.2 (The prime number theorem) For P > 2 we have

S A(m) = P+O<L).

m<P log P

Let ¥’ denote the sum over integers m for which (2.0.5) has a solution. Then

S Am) = Y Am)(f(m )~ f(m - 5)+

meMI meMI

> Am)(p(=f(m = 3)) — p(—f(m + 5))).(2.0.8)

meMI
The Taylor series of f(z) at a is

(z —a)®

f@) = f@) + e - @) (@) +

() + ... (2.0.9)

10



Let z =m+ 7 and a = m — j to give

( J) @) pnim — ) +

= 2jf'(m—j)+ O(f’|f"(m )

flm+j) = fm=j) = 2f'(m—j)+ 5

If in (2.0.9) we let a = z — j, we have

e~ 3) = @) + OGL" @),
which together with (2.0.4) gives
fm+9) - fm—3) = 247 +0(EN), (2010
so that in light of (2.0.4) we have

M
AT (2.0.11)

for j « M. The first term on the right hand side of (2.0.8) is now

> Am))

meMI

2 ¥ A(m) f(m)—i—O(]M]Z

meMI

=2 3 A(m)f’ (m)+0(’ N) (2.0.12)

meMI

by the prime number theorem and (2.0.10). Using Riemann-Stieltjes inte-

gration to estimate the main term in (2.0.12) we have
M2
25 [ F@aote) = 23w~ [ @)

.y f(x)w<x)] -2 [ ') wdz+0(1]g]fw)

= 2j[/@wE - 1@ ] +2j [ s

o)
= 2j /A:b f’(m)dw+0<£]\—/[—)
= 2j(7(My) ~ (M) + O Jg’fw) (2.0.13)

11



We would like now to estimate the second term on the right hand side of
(2.0.8), but in order to do this we require the following exponential sum

estimates.

12



Chapter 3

Exponential Sum Estimates

3.1 Exponential Sum Lemmas

The following Lemmas are taken from Huxley [12].

Lemma 3.1.1 (Vaughan’s identity). Let I, M and MI be as above. Let
h(z) be a real valued function supported on MI and u be an integer with

u+ 1 a power of two, and

uwd < M. (3.1.1)
If
S= 3 A(m)h(m),
meMI
then
S=8—85 -85 —8;,
where

So = 3 u(d) S A(m) Y hdmr)

d<u m
Si = Y A(m) z): k(n)h(mn)

13



S, = ZZA(s)h(rs)

s<u T

Sy = > D As)h(rs)

u<s<u? T

and
k(n) = Y u(d)
d|n
d<u
As) = dz Z u(d)A(m).
= e

Proof. We write Sy = S + S’ where S consists of the terms with dr < u, §'

the terms with dr > u. Then

S = LAY S udh(dmr)

d<u T
T dr<u
= > A(m) 3 h(mn) XI: p(d)
m n<u dln
= > A(m)h(m)

by Mobius inversion. Next we split up the sum S’, so that §' = S; + 57,
where S) consists of the terms with m > u, S] the terms with m < u. We

have

$i = Y u(d) Y Am) Y h(dmr)

d<u m>u r>u/d

= X A(m) > h(nm) 3 3 u(d)

m>u n>u d<u T
dr=n

= Y A(m) > h(nm)k(n)

m>u n>u

and

Si= X Amm) S ud) ¥ hdmr).
m<u <u r>u/d

We can drop the dr > u condition in Sj since h(dmr) = 0 when dmr < u? by

(3.1.1). Now let S’ = S, + S3, where S, consists of the terms with dm < u,

14



S3 the terms with dm > u. Let dm = s, then we have

Sy = D3 h(rs) Y > Alm)u(d)

s<u T d<u m<u
dm=s
= Y > As)h(rs)
s<u T

and

S = LX) Y S Amu(d)

sS>u r d<u m<u

dm=s

= > Y h(rs)A(s).
u<s<u? T

which proves the Lemma.

Lemma 3.1.2 Let g(z) be a real function of bounded variation V on the

closed interval [a, B8], and let f(n) be any sequence, then

B
> £

n=y

B
5 9(m)f(m)| < (V -+ lg()]) max

Lemma 3.1.3 Let f(x) be a real and twice continuously differentiable func-

tion on (a,B). If |f"(z)| < A fora <z < 3, then

B
Z e(f(n)) < B-—a+1)A24 7 (3.1.2)
and
B
S pfm) < (B-a+ DN+ o, (313)

where p(t) is the rounding error function p(t) = [t] —t + 1/2.

Lemma 3.1.4 Lety,,...,ypm and 2y, ..., 2y be two sequences of real numbers,

with associated weights wy, ..., wpr. Let H be a positive integer then

M M H M w. — e Z.
3 wnplom) — p0,)) € = 3 fuml+ 3| 3 Lnl€lhym) — elhzn))
m=1 H m=1 h=1'm=1 2mih

15



1 H M
2 | S lumlellym)

h=1"'m=1

1 H M
+ﬁ Z Z | W |e(hzm)

h=1"'m=1

Lemma 3.1.5 Suppose that the function F(z,y) is siz times differentiable

for 1<z <2, 0<y<1, and for some constants C; > 1, C3 > 0

|0103 F(z,y)| < C1
for2<r<6,0<s<2,r+s<6, and

r > —_
Ialp(xvy)l = Cl

forr=2,3, and

8I_182F($’ y)

>
aF@y |=°

for v = 3. Suppose also that either case 1 or case 2 holds:

Case 1. M < T'? and (3.1.5) and (3.1.6) hold with r = 4;

Case 2. M > T'? and

I3FZ;, — FunFun| > Cs,

IAI 2 C4a
for some positive constants C3 and Cy, where

3Fh, +4FuFun 3FuFn Fj
A= Finn Fiim Fin
F11112 Flug F112

16
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Let S; be the sum
M;(3)

e 3 re(mn).

m=M; ()

where M < M;(3) < M,(i) < 2M, and y1,¥2, ..., yr lie in 0 <y < 1 with

1
Yit1 — Yi 2 7
fori < I. Let € > 0 be arbitrary. Then in both cases, for

T8/57 T M2
+£>> (—+—)logM

1/3—¢
T / > 111/19 I M? T

we have

I
Z|S¢|5 < J16/9 pr5/2789/114 log5T
i=1

+I8/11J3/11M5/2T49/66 IOgS T.
Also in case 1 with M <« T/?

: JM?2\1/2
SIS <« IMTOEY (14 ) log A T
=1
when

1 T%/3 IT\"' 1
B=pmmtae t(Vram) <

and in case 2 for M > T'/?
: JT \1/?
SIS < IMSPTOEY (14 20 )  logh AT

=1
when

1 M? IM?\-1 1
B =ty (V1) <

(3.1.10)

(3.1.11)

(3.1.12)

(3.1.13)

(3.1.14)

(3.1.15)

When the inequalities involving € in (3.1.10), (3.1.13) and (3.1.15) do not

hold, then the upper bounds hold with the power of logT replaced by T*.

The implied constants are constructed from C1,...,Cy, from €, and from the

implied order of magnitude constants in the ranges for M, I and J.

17



Lemma 3.1.6 Let K be any integer, K, and K, be real numbers with 2 <
K < K, < K, < 2K. For any coefficients g(k) we have

K?
Z g(k) = / G(s)————lds+0(max lg(k)| log K)
where C' is the line segment 1/log K —iK to 1/log K +iK, and
2K-1
6= 3 42

Lemma 3.1.7 Let f(z) be a real function defined for M < z < N, and let
w(M),w(M + 1),...,w(N) be any coefficients. Let D < (N — M +1)/2 be

a positive integer. Then

‘mgd ) < (N—M;2D—1)(m§M|w(m)l2

+m3 (1- ) Zid wlq +d)ulg = el (g +d) - g - )

2 b) 2z, q q q :
Lemma 3.1.8

l M, Na(m)

> > gmhtmwe(fimm)| < (T lomP)

m=M) n=N; (m)

M,
x(;; S bl b me(fm,m) - f(m,nz))).
Nl(m)—snllﬂu
Na(m)>n1,n2

Lemma 3.1.9 (Partial summation) Let h(z) be real and continuously dif-

ferentiable on the interval [M, N|. Then we have

< <1+27r/ |W (z) Idx) sup

M<z<N

> ()|

n=x

3.2 Long Type I Exponential Sums

If we write

p(—f(m — j)) — p(=f(m +j)) forme MI,

0 otherwise,

o(m) =

18



then long type I exponential sums have the form

> alg) 3 B(r)a(rg), (3.2.16)

q<z
where ((r) is a monotone weight function which may also depend on q. If
we let h(m) = o(m) in Vaughan’s identity, then we see that Sy and S, are
long type I sums:

S = X u(d) X Afm) o (dmr)

d<u

= Zu(d)za(de loge,

d<u

where z = u, a(q) = p(q) and B(r) =logr;

=3 Xag) Z o(rq),

q<u
where z = u, a(q) = A(¢g) and B(r) = 1. The Sum S; needs to be dissected
further in order to obtain a long type I sum. We introduce the new variable

z so that z + 1 is a power of two, and
W?V2 <z < VM, (3.2.17)
and
uz? > 2M, (3.2.18)

so that w = 2M/2? lies in the range 2 < w < u. We write S; = Sq1+Ss2+S54,
where Sy is the terms with m < 2z, Sy the terms with n < z and S} the

terms with m and n > z. So

Sau = Y, A(m)>_ k(n)o(mn)

Spp = E< k(n) z; A(m)o(mn)
Sy = Z): k(n) z): A(m)o(mn)

19



We rewrite S to obtain

Si=Y u(d) Y A(m) Y o(dmr).

d<u m>z r>z/d

Let S5 be the terms in Sy with d > w, Sg the terms with d < w. Then

Ss = > ud) D A(m) X o(dmr),

w<ld<u m>z r>z/d
Se = > u(d) Y A(m) > o(dmr).
d<w m>z r>z/d

Next we write Sg = S71 + S72, where S7; consists of the terms in Sg with
dm = q < r and S5 the terms in Sg with dm = ¢ > z and = + 1 is a power

of two, which gives

Sno= Y3 Y wldA(m) > olgr),

gz d<w m>z r>z/d
dm=q
Sno= 33 X wdA(m) 3 o(ar).
>z d<w d'n>z r>z/d
'm=q

So for £ > z, S7; is also a long type I sum with

a(g) = > D ud)A(m).

d<w m>z
dm=q

The inner sum in (3.2.16) is

P (q)
> Br)p(—f(rg—3)) — p(—f(rq + j))) (3.2.19)

r=P1(q)
such that Pi(q) < Px(¢) < M/q. By (2.0.4) and Lemmas 3.1.2 and 3.1.3
(the bound (3.1.3)) we have that the sum in (3.2.19) is

P(q)

> (p(=f(rg =) = o(~F(rg + 1))

r=Pi(q)

< maxlgl(Pa) (5) "+ ()

< maxlﬁ(r)l((yqﬂ) + q%)

20
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So in all three cases our long type I sums are

< ()" + ) maxtataste)

M
< (MN:c2 B34 —lo :t)maxa T
(MNz)2 + 2 log &) maxa()B(r)
M
< ( MNz?)V3 4 —z)z,
( ) v N
where | = log M. Contributions from the long type I sums are swallowed
by the error term in (2.0.13) if

jN

((MNa:2)1/3 + lz)z <7

vN

SO we require

'3/2N
z < ﬁ (3.2.20)
and
o MB
I (3.2.21)

which completes the treatment of the long type I sums in our argument.

3.3 Short Type I Exponential Sums

S72 is our only short type I sum. We divide the range ¢ = dm into blocks
of the form 2%¥Q < ¢ < 2¥+1Q — 1, where Q = z + 1. Implicit in this is a

division of the range for r of the form 2P < r < 2¥*1P — 1. This gives
K 2k+1Q_1

Sno= Y > X 2 Amu(d) Y olgr)
k=0 ¢=2tQ d<w ;:;zq r>z/d
2k+lQ__1
< Kmf.x‘ 33 ) Am)u(d) > o(qr)
q=2kQ d<w m>z r>z/d
dm=q
2Qx-1
< K| Y 3 > Am)p@d) > o(er)), (3.3.22)
q=Q« d<w $n>=zq r>z/d

21



where we have assumed that the maximum occurs at k = k, and P,Q. < M.

The sum over d and m in (3.3.22) is

> Y IA(m)u(d)] < Y A(m) =logg,

d<w Mm>z miq
dm=q

where

logg <logQ. < K +1logQ, <1,

which gives

2Qx~1
S72 < l E ma}.gc
3
9=Qx o p, aPyeMI

Py

> alar)|-

r=P3

(3.3.23)

We now apply Lemma (3.1.4) to the inner sum over r, with

o(qr) = p(=flgr — 7)) — p(=flgr + 7)) = p(z:) — p(vs),

and

1 for E<r< P
W, =
0 otherwise.

which gives
H

P,
<<—I_T+Z

h=1

o(qr)

o E

The first term on the right hand side of (3.3.24) contributes

wr(e(hyr) — e(hzr))
2 2mih ‘
H

> wre(hyr)

e(hz)|.

(3.3.24)

P.Qxl
H

to Sr2, which is negligible for

P.Q3  MB

H > N AjN.

(3.3.25)

22



In the second term we have

e(=hf(qr +j)) — e(=hf(qr — j)) flar—3)
= —ht)dt
2mih /f(qr+.7) e(=ht)d
flar
= T b,
flgr—j)
where
flar+d) flar+3)-f(gr—3)
=y e = = [T e+ flar = )
flar—3j) 0

—e(—hf(qr — j)

flgr+35)—f(gr—3)
) [ Y o htydt

By (2.0.4) and (2.0.9) we know that there exists a positive constant c such

that

flar+3) ~ flar— ) < ¥,

which gives
wr(e(=hf(gr +j)) — e(hf(gr —J))) _
‘; 2mih -
cjN/M
—/0 > wre(—h(t+ f(gr — 7))

-
flar+3)—f(gr—j)=t

the condition f(gr+ ) — f(gr — j7) > t holds on a subinterval of [Ps, P4]. So
the second term in (3.3.24) is
H

jN
< M ,Z:I{Ps,ér]lgi)lga,ﬂ]

Ps

> e(=h(f(ar - )|

r=PFPs

We have

Ps

<Pt (57 + ) L it | £ s

heq [P5s Pe]C[Ps Py

Z wyo(qr)

We can drop the 1/H term since

S



as we will be choosing H to be no smaller then (3.3.25) will allow. So we

know our short type I sum is

22Q,‘—1 P ]N Ps ‘
Sa<l? 3 (Z+%7 3 o A385, | 2 e(hflar )|)- 6:3.26)
This first term in the sum over q is
P.Qul2 _ jN
H — 1

and so it is swallowed by the error term in (2.0.13). We wish now to bound
the expression on the right hand side of (3.3.26) for P <« hN where h =
1,2, ..., H which breaks down into two cases. Firstly we suppose that h =
O(1) so that P <« N. This means that the expression on the right hand
side of (3.3.26) is

2QjNP _ I2QjN?
< M <L M

which is absorbed into our error term in (2.0.13) for

Q<K 73 (3.3.27)

NP’
In estimating the remaining terms from the right hand side of (3.3.26) we
may assume that h < H and consequently P < HN. We now take the sum

over h outside and concentrate on the inner sum

2Qe—1, Ps
> | 2 el—hfler - j))l- (3.3.28)
=Qx 't=Ps

By Lemma 3.1.9 we have

Pg

S e-hflar=)| < (L+2m [ |2 hstar - 5) - hrtarhir

r=Ps

)

x’ sup z —hf(qr))

Ps<z<Ps r=x

< (1+27r/
Py

Pe

> e(=hf(qr))|-

r=P

(hqf'(gr — j) — hqf'(qr))

dr>

x (3.3.29)

24



Taylor’s theorem tells us that there exists a real number y € (gr — j,qr)

such that

|haf'(gr — 3) — haf'(gr))| = hajlf"(W)l,

so that the sum in (3.3.28) is

2Qn"1 P6
< ) (L+hailf" W)P)| 3 e(—hf(gr))
9=Qx r=P
hP.Q N ¥t B
« PEZRS| S e(-hfar)
q=Q~ 'r=F
2Qn_1 P6
< B> | Y e(—hf(gr)) (3.3.30)
=Qx =P
by (3.3.25). By (2.0.2) we have
2Qx—1, Ps 2Qx-1, Ps
e(—=hf(gr))| = e[ —wNF(L L , (3.3.31)
qg& 7';5 qgn ";’5 ( (Q"’ Pﬂ))‘

to which we apply Lemma 3.1.5 with Py in place of M, Q. in place of I and
J, T =< HN and F(z,y) = F(z(1+y)), with y in the range 0 <y < 1. The
results are simpler if condition (3.1.10) in Lemma 3.1.5 does not hold. In

order to negate this condition we can suppose

max, (hN)8/57

11/19 <1,
K

which would give

3\ 8/33
Q> max(hN)¥ 3> (HN)¥® < (M—) ,

- (3.3.32)

where we have taken H as large as (3.3.25) will allow. Since @ =< z, the

bounds (3.2.20) and (3.3.32) give

j3/2N <M13)8/33
VMP j ’
BN > M98, (3.3.33)
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We consider case 1 and case 2 of Lemma 3.1.5 which depends on the size of

P, relative to T'.

Case 1. For P2 « T we have

2Qx—1, Ps 5 2\ 1/2
S| S e-hflan)| < QupRTo o ms (14 %ee)
q=Qx 'r=F5 QK,T
& Q PYPT5/6+< g3/ (3.3.34)
where
g L TP 1
YTt pr Tt Q4 QT/P?
Since P? <« T and Q, > T%* we have
1 T 1
B < mgmt RN
1 T
< T8/33 + ?3— (3.3.35)
Case 2. For P2 > T we have
2Qx—~1, Ps 5 1/2
S| T et-ri@)| <« QuEFTIE (14 2
4=0x | 1=Ps QnF;
& QuPIPTH*+E® (3.3.36)
where
g_ L . P 1
ST T Y Qo QuPYT
As in the case for E; we have
1 P?
< T8/33 + TA/3"
So combining the two cases gives
2Qn"1 Py 5
Z;, Y. e(—hf(gr))| < Q.P¥*T/CE%®, (3.3.37)
9=Qx 'r=F
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where

1 T3 P2

E =< Te/% + P + Tajs (3.3.38)
and
M 3
PKL HN =< —]l— (3.3.39)

Using Holder’s inequality on (3.3.37) gives

2Qx—1, Ps 2Qx-1, Ps 5\ 1/5
3 Zd4mm)«:@:2 ZdJMM))
9=Qx 'r=Ps 7=Qx "r=Ps

1/5
< (Qi PS/2TS/6+e Es/s) / ’

and so we have our estimate for our short type I sum

FNHI?
M

S &K (Q2P3/2T5/6+6E3/8)1/5_

We require this estimate to be less than the error term in (2.0.13), which

gives the following condition

QP PS/2T5/6+< B3/8 ( M )5.
mR HB3
We rearrange this inequality to get
T5/6+6E3/8 M5 - PE/2

H5Q3 P/ s — HOUS

which gives us our lower bound on P,

1 T2/3 P2 ) 3/20

1/3+¢€]6 172 3/20 _ r71/3+€)6 772
Pe> TV ISHPES/ < TV P2 (o BT+ i

by (3.3.38). Substitution of the expressions for H and T gives

M \2 7 M1+e 49/165 M \20/13 / pfl+en 1/3
r> (5) (5 6w (5)

JN J J
M \20/7 I+ey 4/21
+(J,—N) (Mj ) . (3.3.40)
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3.4 Type II Exponential Sums

Type II sums have the form
> a(s) Y B(r)o(rs). (3.4.41)
u<s<z r>u

As with the short type I sum, we divide the sums into blocks of the form
2kQ < q < 2¥+!'Q — 1, where Q is a power of two. Thus the range for r
again is as before with 2FP < r < 2¥*1 P — 1 where P is a power of two also.

Let o and S satisfy
2Q-1
Y le(@)l? £ %Q,
=Q

2P-1

> 1B < B°P.

r=P
In S3 we have a(g) = A(q) and B(r) = 1. So in this case we have
2Q-1 2Q-1

2 lel@l? = X130 X wdAm)?
=Q =Q mSuqiSdt;
2Q-1 2
< ¥ (Zam)
9=Q “mjg
< 1?Q,

with a =1 and # = 1. In Sy we have a(q) = A(g) and F(r) = k(r). This

gives
2Q-1 2Q-1
Y la@? = 3 A9
=Q 7=Q
< g,
with a = [, and
2P-1 2P-1 2
S IBOE = Y IY Y wd)
r=P r=P d<u T

dr=n
2P-1

> d(r)? < IBP,
r=P

IA
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with 3 = [3/2. In Sy, we have a(q) = x(g) and B(r) = A(r), so that o = [3/2
and 8 = [l. The sum S5 can be rewritten to read
S uld) Y Am) Y o(dmg).

deSu m>z q>z/d
If we remove the condition dq > z from S5 then we can express it in the
form (3.4.41). In order to do this we use Lemma 3.1.6 on the sum over q.
Let K1 = (2+1/2)/d and K3 = 2Q — 1. Then

T 1 (2Q - 1)° — (2 +1/2)/d)’
= d

> oldmg) = 5= [ G(s) s +0(logQ),

g=(2+1/2)/d §

where
2Q-1
o(dm
G( ) — Z ( , Q)’
=Q q

since @ < z. Here C is the line segment

s = + 1t.

log @

where t € [-Q, Q]. If we take the summation over g outside the integral we

have

(2Q —1)° - (z+1/2)s lidt|
/c' ds < /Q[l/logQ+zt|

1/logQ dt
< /0 log Qdt + —

1/logQ t
< log@Q.

So we have that the block sums for S5 are

2P-1 2Q-1

2. 2. D HdA(m )E

r=P w<d<u m>z
dm=r

< lma.x a(qr

2§1 DS p(d)A(m) 2%:1 a(gr)
ds

r=P w<d<u m>z 7=Q 9
dm=r

4+l max
]
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+0(1 T @ X Awm)

w<d<u m>z

P<dm<2P
2Q-12P-1

< U Y > alg)B(r)e(gr)
q9=Q r=P

where

JA(m)

:B(T): Z Z !i(_d—d_s—_a

w<d<u m>z
dm=r

and a(q) = ¢~*, which gives f = [ and a = 1. Next we apply Lemma 3.1.4
as in the case of our short type I sum. We take z,, and y,, the same as

before and

" — 2Q laz(q)Ezpl (r) forme MI,

0 otherwise.

This gives the following upper bound for the blocks of type II sums

2Q-1 2P-1 1 2Q-12P-1
> ale) 3 Breler) < 7 X X le(9)B(r)]
=Q r=P q=Q r=P
il we(e(hy,) —e(hz,))| , 1 & b
|l T o t g 2| 2 wre(hy)
H
-;?z_j Y we(hzn).  (3.4.42)

The second sum on the right hand side in (3.4.42) is the same as the one

we met with type I sums, except now the weight is different. We have

H
wr(e(hyr) — e(hz;))
h}; Z 2mih <
cjN/M 2Q 12P-1
Z/ ' Y > B(re(=hf(gr —j))‘dt. (3.4.43)
¢=Q r=P
f(gr+j)—f(gqr—j)=t
greMI
The third and fourth terms are
1 2Q~-1 2P-1
< 52| Tle@l T 18@le-hfar+ )|+
h=1' ¢=Q r=AI;1
qre
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1 Ho2ez 2P-1
EZ Y lalg)l > 18(r)le(=hflgr—35))|  (3.4.44)
hete=e q:€=1\};1

We want to show that (3.4.42) is <« jN/I3. The first term on the right hand
side of (3.4.42) is

1 M
L FaPPQ < aﬁﬁ,
which is small enough provided

afMI
jN

H =<

(3.4.45)

It remains to estimate (3.4.43) since the sums in (3.4.44) are of the same form
as (3.4.43). Let J(t) be the subinterval of M I on which f(gr+j)—f(qr—j) >

t. We apply Lemma 3.1.8, so that we may apply the differencing step which
is given by Lemma (3.1.7).

2Q-1 2P-1
S alg) 3 ﬂ(r)e(—hf(qr—j))l <
=Q r=P

greM1I
2P—1 2P-1, 2Q-1 2
(T 18P) (T | X aet-rfar-)| ) @440)
r+P r=P =Q

gqreJ(t)

the first factor on the right hand side is < 3?P and

2Q-1 2 2Q-1 2
S alt)e(=hf(gr - j))l <8 ' ae(-rf@)|, @447
qfe:JC()t) qv?e=JC()t)

to which we apply Lemma 3.1.7 to get

2Q-1 9 2Q-1 D-1
42D —1 d
> ae(-hi)| < DT lata vy (1-5)
q:EJ(t) =
2Q-d-1
> al(g+d)a(g—d)
q=Q+d
qrxdreJ(t)

xe(hf(gr +dr) — hf(qr — dr))). (3.4.48)
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The first term on the right hand side of (3.4.48) is

2D —1
S _Q_i_D.—._a2Q,

which contributes

(12,82 P2Q2 a2ﬂ2 M2
D <7D

to the right hand side of (3.4.46), and

oM NjH < o?B2MI3
vD M vD

to the right hand side of (3.4.43), provided D < @. Hence the contribution

is small enough for

2
D= (%) 2464, (3.4.49)

Now we wish to estimate the second term on the right hand side of (3.4.48).

By Taylor’s Theorem we know that there exists 6 € (0, 1) such that
h(f(gr + dr) — f(qr — dr)) = 2drhf'(qr + 6dr),

from which we obtain the following

86 > (h(f(qr +dr) — f(gr — dr))) = 2dh(2(q + 0d)f"(qr + 6dr)

+r(g+ 0d)2f(3) (gr + dfr)
dhQN _ dh N
M2 T Q P2

X

for 2F"(u) + uF® (u) > 0. If we take the summation over r in (3.4.46) into

the sum in (3.4.48) Lemma 3.1.3 gives

2P-1 hdN 1/2 QP2 1/2
Z;)e(hf(qr+dr)~hf(qr—dr)) < (sz) (th)
1/2
< (D% 450
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by (3.4.49) and (3.4.45). So the right hand side of (3.4.48) becomes

9 rqn(PHNY'" . gaga(DHNY™

which contributes

a2ﬁ2PQ2(%]X)1/2

to the right hand side of (3.4.46), and so we have that the right hand side

of (3.4.43) is

M Q

HNj \/a2ﬁ2M2 DHNP\1/2
M P ( M )
HNjaBM (DHNP\4
)

We require this to be < Nj/I3, which is the case for

- 1/2
« HN]JQZ'E)QP@(DHN)

X

N
434712 5
P > o*pi MDH
M*

—  137313;39
= a gl Noj7

by (3.4.49) and (3.4.45). We also need @ > D so we require
@ (2) (e
Nj .

We are now ready to prove the theorem.
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Chapter 4

Proof of the Theorem

In order to state the Theorem, we say that a function F'(z) is a good function
if it is a real monotone increasing function, six times differentiable on a
closed sub-interval I of [1,2] on which the expressions F'(z), F"(z) and
2F"(x) + zF®)(z),
F(S)(m), F(4)(x)
F®(z) FO(z) F@®(z) FO(r) FO(z) FW(x)
3FO(z) F'(z) | | 3FO(z) 2F"(z) | | 4FD(z) 3FO)(g)

3FG)(z)? 0 —F"(z)?
FO(z) F®W(z) FO(x)
4FW(z) 3FO)(z) 2F"(x)

are nonzero.

Theorem 4.0.1 Let M be a large integer and N be a large real number.

Let © = g(y) be a monotone increasing function, whose inverse function can

be written as



where F(z) is a good function. Let j > 1 be a real number and let

log j a_logM
log N’ " logN’

Then for any € > 0, and
91+6§Ol§02—6,

where 6, and 03 are computed in terms of n by

_22n+18

61 17

21n+17 1477
0, = 16 for 0<n < g5

38441+3300 1477 1758
3019 for 355 <1 < om0
there is a constant B depending on F(z) and € but not M or N, such that

the inequality

gn)—j<p<g(n)+j

has at least

B3N
log N

solutions in integers n and primes p in the interval M 1.

The lower bound condition involving #, looks inappropriate, but it enables
us to keep the parameters within a range where we can apply the same com-
binatoric analytic lemmas, avoiding splitting cases according to the size of
the parameters; we have considered what seems to be the most interesting
range. For this reason the result is weaker as j tends to one than the result
Theorem 1.0.1, where the dominant range is one adjacent to the range that
we consider. Our range enables us to reach higher exponents a. It is of in-

terest to note that for 6, < # Theorem 4.0.1 follows directly from Theorem
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1.0.1, however 6, from Theofem 4.0.1 exceeds 6 = 3300/3019 from Theorem
1.0.1 for n > 211/9057 = 0.0233...

Proof. For our type II sums we have P < M/z, so we need to choose 2

so that
M M6+e
3 > NS;7°
by (3.4.51), this gives
N6j7

For our type I sums we have P < z3/M, which is consistent with (??) and

so by (3.3.40) and (4.0.1) we need

23 M \ 2 7 M1+ey 49/165
ﬁ2>(ﬁﬂ( j) ’

from which it follows that

M 3019+€ 1/3844
) (4.0.2)

j> ( 3300
Our choice of P implies the following size of Q)

M17
Q = N18 7217
J

so condition (3.3.27) implies

) M16+£ 1/21
7 >>( NT7 )

By (3.3.39) and (4.0.1) we have

(4.0.3)

M17+e) 1/22

i< (S

which, together with 4.0.2 and (4.0.3), gives

M3019+€y 1/3844  , A ri6+ey 1/21 ' M1T+ey 1/22
(o) () ) <i< () - w0
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The upper bound on j in (4.0.4) is a stronger condition than that in (2.0.11).

If we now let j =< N" for some 77 > 0 we obtain

N@0+18)/17+e o Ar o min( [\ (384471+3300)/3019—¢ N(21n+17)/16—e)_
7] )

which gives the appropriate values of 8; and 6,.

So far we have proved the following

> 'Am) =2j(f (M) — f(M)) + 0<1 Jgj\zrw)

meMI

by (2.0.13). We also have that

> 'Am)= > 'logp-{—O(Z > logp)
meMI pEMI r>2
pr<2m

where

Z Z logp < Z [lolg2M

P r>2 p<VIM ogp

pr<2m

] logp

< log2M > 1
p<V2M
VoM

< lOng

< VM.

So we have
N
"logp = 2j(/(Ma) - F(M) + (12747 ):
peZMI log M
The left hand side of (4.0.5) is
<log(2M) 3 1
peEMI

Hence

M) - 1) +0( i),

log2M

pEMI
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and
2j
log2M

(F(My) — F(My) > Iggivﬂ—l

which proves the result.
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Part 11

Primes in Short Segments of
Arithmetic Progressions with a

Large Modulus
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Chapter 5

An Explicit Zero-Density

Theorem

Given an arithmetic progression ! mod g, Dirichlet proved that the prime
numbers are uniformly distributed among the ¢(q) residue classes for which
(I,q) = 1. The next natural question to ask would be how far do you have

to go into the arithmetic progression to find the first prime? Let
p(g,1) = min{p : p =l mod ¢}
then on the Riemann-Hypothesis for Dirichlet L-functions we have
p(g,1) < (#(q)logq)*.

However it is conjectured that

plg,l) < ¢'*.
In 1944 Yu. V. Linnik proved the following theorem.
Theorem 5.0.2 There exists absolute constants ¢ > 1 and L > 2 such that

p(g,1) < cq.
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Linnik’s original proof of his theorem was effective but complicated enough
to dissuade him from calculating admissable values for ¢ and L. Many
authors since have proved the theorem with explicit values for L, most
recently Heath-Brown [10] has proved Theorem 5.0.2 with L = 5.5.

All proofs of Linnik’s Theorem rely on three main principles, based on the
zeros of Dirichlet L-functions. These are the zero-free region, originally due
to Landau, the log-free zero density estimate and the Deuring-Heilbronn
Phenomenon, both due to Linnik. We will consider the zero free region and
the Deurring-Heilbronn Phenomenon in the next section but for now we
concentrate on the main ingredient of Linnik’s Theorem, the log-free zero
density estimate.

For 1/2 < a <1land T > 1 we denote by N(a, T, x) the number of zeros of

L(s, x) counted with multiplicity in the rectangle
R(a,T)={s=o0+ut:a<o<1,|t|<T}
Then Linnik’s log-free zero density Theorem is as follows

Theorem 5.0.3 There are positive constants ¢; and co (effectively com-
putable) such that for any 1/2<a <1 andT >1
Y. N(a,T,x) < c(qT)=0.
x mod g
In order to prove Linnik’s Theorem 5.0.2 one only needs prove Theorem
5.0.3 for small rectangles, and so all explicit versions of this result are given
with T < ¢°. We require an explicit version with 77 > ¢ not found in
the literature. Fogels [4] proved the result with 7" > ¢ but not explicitly,
presumably due to the fact that the method of proof is a mixture of Linnik’s

original method and Turan’s method and so is quite complicated. We use
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the method of Jutila to prove Fogels’ version of Linnik’s Theorem explicitly.
Thus the aim of the current section is to calculate constants ¢; and ¢, such

that

Y N(e,T,x) < ca(qT)20=) (5.0.1)

x mod g
for T > q.

We will need the following Lemmas.

5.1 Lemmas

In the Lemmas that follow I have given proofs if the implied order of mag-
nitude constants are needed, if they are not the proofs are omitted.
Let s = o +1t be a complex number, D = ¢(|t| +¢€), and € is a small positive

constant which depends on D in the following way
lim € = 0.

D—oo

The true value of each ¢ may change in what follows.

5.2 The Gamma Function
If we define the factorial of an integer n by the function
F'(n+1)=n!

then the function n! can be extended into the real and complex numbers

which gives Euler’s integral form

I'(s) = /0 “s-letat
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for R(s) > 0. The connection between the Gamma function and the zeta
functions having long since been established, we present a few lemmas on

the Gamma function required to deduce results about Dirichlet L functions.

Lemma 5.2.1 As with the factorial function for the integers, the Gamma

function has the following property
[(s+ 1) = s(s)
for all complezx s.
Lemma 5.2.2 For 0 <o <2, we have
1 2
‘F(s) - ;’ Set-. (5.2.2)
Proof. For o > 0 we have

ID(s)| = /0 ¥ et 14t

1 oo
= / et ldt + / et 14t
0

- / E ( k') t3‘1+kdt+] et dt

0 k=0
oo (__ 1)k 00
— Z( ]") 1 +/ e—tts—ldt
iz k' s+k A
L S L e
= = Shdt
s+kz=:1 k! s+k+1 et
so that
‘F—l < fj + [T etetar
sl — klk
¢
< ;);C—'-F/l‘ e~ttdt
< 2

e+ —,
e
and the lemma follows.
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Lemma 5.2.3 For —1 <o <1 and |t| > 1 we have
V2re B/0|t|°"1 2 exp ( — glt|> <|T(s)| < 2me!!/18|t|°~ 2 exp < - %|t|>
and for 1/2 < o <2 and |t| < 1 we have

ID(s)| < V21534 exp (g ~ % + 2) <182

Proof. We begin the proof with Stirling’s series, see [22].

°°[u]—u+1/2du

1
logF(z)=-2—log(27r)+(z—%) logz—z+/0 —

Let

= /Ou[z] —z+1/2dz,

then o(u) is bounded and o(u) = o(u + 1) for integers u. We have

e I R R e
= [
Lo du (5.2.3)

8Jo (u+o)2+1t2

For o > |t| (5.2.3) is

<

© du 1 1
oty - &
0o (u+0)? 80 ~ |z|

| —

and for |t| > o (5.2.3) is

< / _%v
T 8J-wv?2+1t2 8t
We have obtained the following equation, where the implied order of mag-

nitude constant can be taken as 1.

R(logI'(2)) = %((0 - % + zt) (log\/m+ 26) -0+ %log% + O(é)
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For t > 1 we have

6 = I _arcta (0>
R
s o ¢ )
2 (t RTE
where, by the Maclaurin series expansion for arctanz, |¢;| < 1/3. For

t < —1 we have

6 = arctan (E) _T
t 2

o ¢ w
TR T2

We now wish to estimate the logarithmic term in (5.2.4) as follows.
Vo2 +t?2 = |t|y/o?/t?+1
¢2 )
t1+
(1 + )

where |¢2| < 1. By the Maclaurin series for logz we have

logVo?2+t2 = log ([t[(l + ?32-))

t2
¢
= log|t| + log (1 + t_22>
¢2
= loglt| + ;23

from which we obtain the relevant upper and lower bounds for I'(2)

[ 1\ 1 1 1
-1/2 _—n/2lt
T < Varld e exp (0= 5) 5 + 5+ ;)

< 27rell/6|t|a—1/2e—7r/2|t|’

and

IC(2)l

v

1 1
V2r|t|]o—2e ™2 exp (( — —2-0 - —2- 1)

3
> \/2_7Te—23/6|tlo'—1/26—1r/2|t|’
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which proves the first part of the lemma. Now suppose that 1/2 < o < 2

and |t| < 1, from our treatment of the previous case we have

1 t 1 1
R(logI'(z)) < (a - 5) log Vo2 + t? — tarctan (;) -0+ 3 log 27 + -
3 T 1 1
< 2 A :
< 2log\/5+2 2+210g27r+2

Taking exponentials gives

T(2)| < varsiexp (T — 1 42) < 182.
| 272

5.3 Dirichlet L-Functions

In order to prove Linnik’s log-free zero density theorem we need to prove

certain Lemmas on Dirichlet L-functions.

Lemma 5.3.1 For x a nontrivial character modulo q, € > 0, e > 0 and

€2 > €; we have

(s, 0| < (e +¢€1)log D ifo>1-— ﬁﬁ,

(e+e€)D'logD ifl+d>0> l—(;é—D,

where

5= log((e + €2)/(e + €1))
log D °

Proof. We treat the two ranges separately, so firstly suppose that

1
>1— ,
7= log D

then we estimate the L-function by cutting off the series representation of

L(s, x) at D and bounding the tail of the series. We have
1/log D
1 < d

y X9

s
d<D d

< = =
d<D d d<D d
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< DD %" L < e(1 + log D) (5.3.4)
d<D d

by the integral test. The tail of the series is estimated in the following way

S x(d) o dz
> X2 < el x|
‘d=D+1 d D D<Zn_<_:c ze+!
o ]
< (|t|+a)q/D —rde
< (tl+a)e
- ocD°
< _1_D1—0§f.
g g
< e+e (5.3.5)

for any € > 0, and D large enough. After putting (5.3.4) and (5.3.5) together
we find that

|L(s,x)| < e+e+e(l+logD)<(e+e)logD

for
1
>1- .
7= log D
Now we turn our attention to the second part of the range for o. Suppose
1

<og<1- . 3.
logD_U_1 log D (5:36)

Then we have the following

> x(d) 1
i<p @& i<p &°
b -0
< l—i-/1 %z
< DY’logD,

and for the tail of the series we have

& x(d) * dz
=1 < lslg / ~
d=zD:+l d 4zt
< t e —(U+1)d
< (tl+0)g [ 27" dz
< D'YlogD.
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So when (5.3.6) holds we have
|L(s,x)| < 2D ?log D.
However for 0 > 1 — 1/log D we have
(e+€)logD < (e+ €)D" log D

for

_log((e +€1)/(e +€2))
log D ’

o<1

and since €; < €; the condition becomes o < 1+ 4 for some § > 0, and so
|L(s,x)| < (e + o)D" log D (5.3.7)

for

<oc<
logD_J_l—i-J,

which establishes the Lemma.

Lemma 5.3.2 For 0 < o < 1/2 we have
|L(s,x)| < V'Dlog D.

Proof. We begin the proof with the functional equation for L(s, x), where

X is a proper character and 1/2 < ¢ < 1, see [11]. Taking moduli, we get

L - szl =(4)7"

™

F(%(s+a))
I'(3(1 —s+a))

|L(s, x)|, (5.3.8)

where a = 0 if x(—1) = 1 and a = 1 if x(—1) = —1. We suppose that
1/2 < 0 <1 and then we bound the function L(1 — s,%) whose complex

argument has real part in the desired interval. First we suppose that |t| > 2
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then $(1/2(s + a)) > 1 and $(1/2(1 — s +a)) > 1, by Lemma (5.2.3) we

have
I(3(s +a)) 7 M
FG1—-s+a)l ~ 2
< |t|0—1/2'

By Lemma 5.3.1 we have

IL(1 - s,%)] < (qlt])"*|L(s, x)|
< (qlt])’"?D*"log D

<« VDlogD. (5.3.9)

For |t| < 2 we use the following standard result on the Gamma function
which holds for a € {0, 1}

F(i(s+a) _ 2
TG(l-s+a)  Vr

Thus (5.3.10) and Lemma 5.2.2 gives

P@ﬁm<%ﬂ~s+a». (5.3.10)

ré(é(fii)i)) s 2;(%’+e+§)|5in(g(l"s+“))'
< mmmgu—s+@)
< gexp<g(1—s+a))
< Sen (%),

from which it follows that (5.3.9) holds for all ¢ and all proper characters
modgq. The result can be extended to all non-proper characters since if ¢ is

a character mod f which is induced by x modq then we have

I1 (1 - X2 125, o

plf

< IH (1 - %?)l\/q(ltl +¢e)log D
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|L(s, )| =




< \/g\/q(|t| +e)log D

< \/BlogD.

The lemma follows.

Lemma 5.3.3 (Jensen’s formula). Let C be the circle |z| = R. Assume

f(2) is regular and nonzero on C, and that C’ is the open disc of radius R,

then
R 1 f(Re®)
lo (-):- lo do.
2 e (g a7 o8| )
F(p)=0

Lemma 5.3.4 The number of zeros of L(s,x) in the box 0 < f < 1,t—
1/2<y<t+1/21s

2(1 + 63)
< ———=2 _logD < 20log D.
- log(7/2\/E) 08 = U8

Proof. By the functional equation for Dirichlet L-functions we know that the
number of zeros in the box B = {f+i7:0< < 1,t—-1/2 <y <t+1/2}is
less than twice the number of zeros in the box B’ = {f+iy:1/2 < 3 <1,
t—1/2 <y <t+1/2}. Consider a circle with center 2 + it and radius
7/4, our box containing at least half of the zeros is contained within this
circle, so it will suffice to count the number of zeros in our circle. Now let

f(s) = L(a+s, x) in Jensen’s formula with o = 2+t and s = 7e*? /4, which

gives
7 1 2 1L(s+a,X)
R S
2 = "2 ¥ L
L(p,x)=0

The log weights of the zeros in the sum are all positive and so

7 7
log — < log .
,,g, 4lp — o ,g 4lp — a
L(p,x)=0 L(p,x)=0
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For p € B’ we have

10
ool < %0,
which gives
1 2m L(s+ a,x)
1 < log|~ 222X g
pEZB, 27 log(7/2v10) /0 o8 L(a, x)

L(p,x)=0

1 27
log |2L(s + o, ‘d(),
27 log(7/2v/10) /o o [2L(s + o)

since |L(2+it, x)| > 1/2, see Prachar [21]. The term s+a is on the boundary
of our circle and so 1/4 < R(s + a) < 15/4 and so

1
1 < —— log [2L (s,
,,2, = Toa(7/2V0) 02222%,  (log [2L(s, X)1)

L(p,x)=0

1
——log(2 v Dlog D, log D,
log(7/2v/10) og(2 max(c og D, (e + €) log
(e + €)D3*1og D))

1
W lOg(2(e + G)D lOg D)

by Lemma 5.3.1 and 5.3.2 for some constant ¢ > 0 and D large enough.

Hence

1+e€
1 € —————1logD
pg, log(7/2/10)

L(p,x)=0

for some ¢ > 0, and therefore

2(1+¢)
S 1< ——T% gD,
ocB log(7/2v/10)

L(p,x)=0

which proves the lemma.
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Lemma 5.3.5 Let s =1+ 6§+ i, where 6 € (0,1) and 7 € R then we have
the following inequality

L'(s,x) 1 12(1 + €3)
L(s,x) Xp: s — p’ = log(7/2v/10)

|s—p|<1

log(gq(|7| +2+¢))

for e > 0.

Proof. We begin with the identity

L'(s, x)
L(s,x)

1

= C(x) + S

W+ T
L(p,x)=0

where x is a proper character and C(x) is some constant depending on x
which we do not need to know anything about, since we want to work with

the following difference

L'(s,x) L'(2+it,x) _ v ( 1 1 )
L(s,x) L(2+it,x) > s—p 2+4it—p
L(p,x)=0
2—0
= - . 5.3.11
2 Goaera—p O3
L(p,x)=0

Let s =1+ 6 +ir, where § € (0,1) and we suppose that 7 > 0, where the
proof for 7 < 0 follows by symmetry. The contribution from zeros p with
|s — p| <1 on the left hand side of (5.3.11) dominate the sum, so we can
estimate the contribution from zeros with |s — p| > 1 and put them into an
error term. Firstly we estimate the contribution from zeros of L(s, x) where

s =0,-2,—4,...or s = —1,-3, -5, ... depending on whether x is odd or

even. Let
2—0
Ele) = (s—p)2+it—p)
Then
1
E@l < G5 rmen
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1
(n+1)?

So the real zeros on the negative real axis contribute

0o 1 © 1 7T2
< — T _—=—
T = (n+1)2 ,; n2 6

Now we want to estimate the contribution from complex zeros. Firstly
consider the zeros p = S+ iy intheregion R={p=0+iy:0< 3 <

1,7—1<v<7+4+1,|p— (1448 +1ir)| > 1}, in which there are less than

fcéi—;/%(log(q(m +e)) + log(g(I7] + 1+ ¢€)))
4(1 + €3)
= log(7/2v/10) log(q(j7| + 1+ €))

zeros by Lemma 5.3.4. For p € R we have

12— (1+4)| 1
G-pRtir—p)| ~tir—p

|E(p)| = | 1,

since |(14+d +1i7) — p| > 1. So the contribution from zeros in R to the right
hand side of (5.3.11) is

4(1 + 63)
< m log(g(T + 1+ e)).

We now want to estimate the contribution of zeros p = 3+iy where y > 7+1.
We split the sum on the right hand side of (5.3.11) into blocks of the form

T+n<vy<7+4+(n+1), where n =1,2,.... In each block we have

1-6
[E(p)] < |1+ 8 +it — p)(2+ it — p)|
1
<
T JU+-B2+ (T =122 - B2+ (T —7)?
1
<
T 0462+ (T = (t+ (n+1)))?
1

N CE P gy

53



1

VA+0-8)2+ (n+1)2%/(2-B)2+ (n+1)?
1
(n+1)%

IA

and the number of zeros in each block is

< 2(1 + 63)
™ log(7/2V/10)

Hence the contribution to the right hand side of (5.3.11) from zeros with

log(q(|7| + (n + 1) + €)).

v2 7+ 1 gives

< 2(1 + €3) i log(q(|7] + (n 4+ 1) + ¢€))
= log(7/2V10) 15 (n+1)2
2(1 + 63) 1

oo/ L ogtallrl +2.+.)

oo ] 1

where

/°° loglg(t+z+ 1+ e))d

EFSE = % log(g(T + 2 +¢))

o0 1
d
+/1 (:c+1)(a:+1+T+e)x

1
= 3 log(g(t +2+¢€)) +

O
T+e z+1 zxz+147+e€

1 1 T+e dx
—— 2 /

20g(q(7’+ +e))+'r+e 1 z+1
log(l1+7+e€)

T+e

IN

1
5 log(g(T +2+e)) +

< (% + e) log(g(T + 2 +¢)).

Thus the right hand side of (5.3.12) is

2(1+¢)
log(7/2/10)
1+e€
log(7/2V/10)

(% log(g(t +2+e€))+ (% + 6) log(q(T + 2+ 3)))

log(q(T + 2 +¢€)).
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We now estimate the contribution from the zeros p = f+ iy where 7 —1 >
v > 0. As before we split the sum into blocks 7 — (n+1) < v < 7 —n where

n=12,...,7 — 1, then on each block we have
E < !
IE(p)l < —

and so these zeros contribute

2(1 + €3) TZ_I log(g(t —n+e¢))
1Og(7/2\/i—0) n=1 n?

2(1 + e3) =
Tog(7/2v/10) log(g(r — 1 +e)) ; 3
4(1 + 63)
log(7/2v/10) log(g(r — 1+e€))

to the right hand side of (5.3.11). It remains to estimate the contribution

from zeros below the real axis. So for each block —(n+1) < v < —n, where

we have
1
|E(p)| < m
and
2(1+¢)
< W log(g(n+ 1+ €))

zeros in each block, they contribute

2(1+¢) i log(g(n+1+e))
log(7/2v/10) ‘=% (n+7)?

2(1+¢€) [log(g(e+1)) % log(g(z + 1 + €))
log(7/2+/10) ( 72 + /o (x+7)2 d:z:),

where

/°° log(g(z + 1+ e))d < [— log(g(z + 1+ e))]°° N
0 (x+71)? - T+T 0
/oo ! dz
o (z+7)(z+1+e€)
log(g(1 +¢€)) /°° 1
- T o (z+ max(r,1+¢€))?

dz
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log(Q(l +e€)) /
(z+ 1 + e)2
_ g4, 1
- T e+1
We have
L'(s,x) L@+ir,x) > ( 1 1 >|<
L(s,x) L(2+irx) 7 s—p 24it—p/I~
L(P,X)=0
[s—pl<1
10(1 + €)
_—] +2+ 5.3.13
Iog(7/2v/10) og(q(r e)) ( )
for s=1+6+r, and
L'(2+ z’r) >,

L(2+ zr)

since |L(s, x)| > 1/2. Also since |2 + 17 — p| > 1 we have

1 2(1 + 63)
zp: 24 —p = log(7/2/10)

L(p,x)=0
Js—pl<1

log(g( + 1 +e))

by Lemma 5.3.4. So equation (5.3.13) becomes

L'(s,x) 12(1 + €3)
o0~ = | < iguavi

L(p,x)=0
ls—p|<1

(log(q(r +2+e))

thus proving the lemma. The next Lemma uses an argument ascribed to
Linnik.
Lemma 5.3.6 Ford € (0,1/2), there are

n 485(1 + 63)
log(7/2+/10)

zeros of L(s, x) in the region |1+t — p| < 6.

log(q(|t| +2 +€))
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Proof. By Lemma 5.3.5 we have for s =1+ § + it and x proper

() = ®( T )
L(p,x)=0

[s—pl<1
. 12(1 + 63)
log(7/2V/10)

We consider a subset |1 + it — p| < § of set of zeros in the summation in

(5.3.14). Thus we have

1 1
% )= %( )
Xp: s — zp: s—p
L(p,x)=0 L{p,x)=0
[s—p|<1 [1-+2t—p|<é

log(q(T + 2 +€)). (5.3.14)

and so zeros p in our new circle have

3?( 1 ) _ §R( §—ﬁ)> 146 —R(p)

s—p |s —pl2/ = (|1 +1t — p| + 6)?
5§ 1
> — > —,
= 202 - 1

Substituting this into equation (5.3.14) we have

R(Ie) 2 5 T 1

p

L(p,x)=0
|14+t —p|<1
12(1 + 63)
—_——1 t|+2+e)). 5.3.15
e oG B+ 2+ (5315)
As for the left hand side of (5.3.15) we have
L'(s, x) x(n)A(n)
(202 < o)
L(s,x) nzZ:z ns
An) 1
< =
which gives the following result
486(1 + €3)
1<44+ ———F=log(q(|t| + 2+ ¢€)).
3 oot foags oglalll +2:+ €)
L(p,x)=0
1+t —p|<s

which holds for all characters x modgq.
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Lemma 5.3.7 (Huzley) For 1/2 < a < 1, A some large positive constant
and T > 1 we have

Z N(o, T, x) < (qT)12/5(1_°‘) log? ¢T.

x mod ¢
Lemma 5.3.8 For1/2<a<1—wv, v >0 and e > 0 we have
Y N(o,T,x) < (qT)\12/5+9(1-0),

x mod ¢
Proof. This Lemma tells us that we only need to prove Linnik’s log-free
zero density theorem for an arbitrarily short range, 1 —v < a < 1. We can
replace the log power in Lemma 5.3.7 until o begins to get too close to 1.

Suppose the implied order of magnitude constant in Lemma 5.3.7 is ¢3 > 0,

then
c3(qT)' /5= log? qT < (qT)(2/5+v)1-a)
for
a<l— log cs + Aloglog qT
vlog qT

thus proving the Lemma.
We now give an explicit zero-free region for L-functions which is originally

due to Landau, see [13].

Lemma 5.3.9 L(s,x) has at most one zero, the ezceptional zero, in the
Tegion
1

>1—-—— |t LT
7= 10log qT It <

The ezceptional zero, if it exists, is real and simple and it is for a real,

non-principal character.
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By Lemma 5.3.9 and Lemma 5.3.8 we only need to prove the theorem for

1
" 10log D’

1-— €4 S [ S 1
The next lemma is taken from Davenport [3]

Lemma 5.3.10 Suppose L(B+wy, x) = 0 for any character x mod q. Then

there ezists an effectively computable constant A > 0 such that

A

Bl —m
q'?log?q

Lemma 5.3.11 Given a nontrivial zero 3 + vy of L(s, x) then the number

of zeros B’ + vy such that |y — | <A anda < <1 is
<478 + D7@
where A = 1/log D.

Proof. Put the box |y — 79| < A, @ < #' <1 inside a Linnik circle from

Lemma 5.3.6 with radius

§=J1-a)2+A2<1-a+A.

Then by Lemma 5.3.6 there are

48(1 — a+ A)(1 + €3)
<
log 7/2v/10

logD < 474+ 474(1 — a)log D

< 474+ D'

zeros inside the circle.
We now give a quantitative version of the Deuring-Heilbronn phenomenon,

following Linnik, see [13].
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Lemma 5.3.12 If the ezceptional zero, 3, exists so that

1
1 <
Tologg? =1 <1

then the function L(s,x) has no other zeros in the region

_ |log(1 — B1)log qT|
2log qT

o>1 lt| < T.

The next Lemma is taken from Prachar [21].

Lemma 5.3.13 Let x be a character modq. Then

L'(-1+1t,%)

ity & log(q([t| + 2)).

5.4 The Riemann Zeta Function

In counting the zeros of Dirichlet L-functions we must at some point consider

the zeros of L(s, xo) where xo is the trivial character. If we were to look at

the Euler product of L(s, xo) we would see that you can factor L(s, xo) into

a product of two functions, one is nonzero with no poles, and the other is

¢(s), the Riemann zeta function. So when studying the zeros of L(s, xo) we

can use special information about {(s). To do this we need the following

Lemmas.

Lemma 5.4.1 The non real zeros of L(s, xo), where R(s) > 0 are the zeros

of {(s) and vice versa.

Lemma 5.4.2 There ezists some positive constant cq for which ((s) # 0 in

the region

C4
— <
1 (log tloglogt)3/4 — 7
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The next Lemma is taken from Huxley [11].

Lemma 5.4.3 Let N(a,T) be the number of zeros of ((s) in the rectangle
R(a,T) = {sla <o <1|t| T} where 1/2 < a < 1 then there ezists some

positive constant A for which
N(a,T) < T*?*/50-2) 1ogA T,

From Lemmas 5.4.2 and 5.4.3 we can deduce an implicit log-free zero density

theorem for the Riemann zeta function in the following way.

Lemma 5.4.4 For some € > 0 and T large enough we have
N(Q,T) < T(12/5+€)(1—a).

Proof. Suppose the implied order of magnitude constant from Lemma 5.4.3

is ¢5 > 0 then we have

CST12/5(1-—OL) logA T < T(l2/5+e)(l—a)

for

_loges + AloglogT

<
asl elogT

3

but this range eats into our zero-free region from Lemma (5.4.2) since

1 C4 <1- logcs + Aloglog T
(log T loglog T)3/4 — elogT

for T large enough.

5.5 Some Inequalities

The following inequality is due to Haldsz.
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Lemma 5.5.1 Let

N a n
f(sa X) = z (n,zjf( )
n=N;

Then

(‘Z‘,If(s x~)l>2< fj la(n)|2XJ:ijn'ﬁ-K(§-+s- X;Xi)
= JIAJ - k(n) = il 5 J 1 AjAe

n=N; =1

where |n;| =1 fori=1,2,...,J, and

K(s,x) = 3 AX)

where the k(n) are any nonegative numbers such that k(n) > 0 when-

ever a(n) # 0 and the series K(s,x) is absolutely convergent for all pairs

(8, %) = (35 + i, X;jXi)-

The next Lemma is an improvement due to Montgomery and Vaaler of

Hilbert’s inequality, see [19].

Lemma 5.5.2 Fori=1,2,...,1 let p; = B; + vy; be complexr numbers with
B; 20 for all i, or B; < 0 for all i, and

6 = min v — 5l
i#j
Then
Z Z aidj

i g pi + _p-j
i#j

2
<84z:|—a(5‘.L

for arbitrary complex numbers a;.

The next lemma is taken from Graham [5].
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Lemma 5.5.3 Let N, X; and X be sufficiently large real numbers such
that N > X, > X;. Let

p(d) for d < X,
_ ) p(d)log(X>/d)
f(d)_' log(Xg/Xl) fO'I"X] SdSX2;
0 for X5 < d,
and
a(n) = Zf(d).
d|n
Then for € > 0 we have
N
2 (1+¢€)N
nz=:1a(n) = log(X2/X1)

5.6 Selberg’s Pseudo-Characters

In 1972, Selberg announced the following result

Y. N(a,T,x) < (qT)=0~

x mod ¢

for cg > 3. Prior to this the best known result in this direction was cg = 221
due to Jutila [15], in which the height T is restricted to a small power
of g. The improvement was due to Selberg’s use of what he referred to as
”pseudo-characters”, which are sieve weights that reduce the contribution
of terms indexed by numbers which have small prime factors. These weights
are given by

d|n

where

Md) = du(d) ;M “2—('(';%@ (5.6.16)
d|_'m
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and xo is the trivial character modq. We require the following results for
Selberg’s construction.

The next Lemma is taken from Prachar [21].

Lemma 5.6.1 For q > 1 we have

< loglogg.
¢( )

The next Lemma is taken from Jutila [16].

Lemma 5.6.2 as M — oo we have

pm) 6 -1
(:nr%):Ml m w?lg(l*) log M (1 + o(1)). (5.6.17)

Lemma 5.6.3 For some € > 0 and M some large real number we have
6 ¢(q)

Proof. For m > 1 we have ¢(m) < m and so

_ p*(m)
/\(1) - m<M (m)
(m.g)=1
A (m)
>
B mgM m
(m,g)=1
> (1—¢) 2@1 g M

by Lemma 5.6.2.

Lemma 5.6.4 for d an integer such that d > 1 we have
max [A(d)] = A(1)

Proof. This is a property of Selberg’s sieve, see Greaves [7].
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Lemma 5.6.5 For M a large real number we have

ZZZ

d=1 d, ds
[d1,d2]=d

Proof. This is a standard, but instructive calculation.

Z vy Ad)A(d) A(d1) /\(dz) § S A1) ’\(d2)(dl,d2) (5.6.18)
i i

There exists some function g(n) such that
> gle) =
e|ln
then by Mobius inversion we have
g(m) = S () = o(n)
eln

Now let n = (d;, dz) in equation (5.6.18) to obtain

A(di)A\(d Ad1)M(ds
3 ry ARG $ s M) 5
d=1 d; d; d=1 d; dp 192 ¢|(dy,d2)
[d1,d2)=d [d1,d2)=d
_ A(d)\?
_ §4 ¢(e)(d52§3de_d ) (5.6.19)

The inner sum on the right hand side of (5.6.19) is given by

> Ad) 3 #(d)zm

d=0mod e d d=0mod e m=1 (m)
<M d<M d|m
— ¥ (m)xo(m)
= f};/eu(fe)% )
= 1 (efg)xolefg)
f;M:/eu(fe g<§/ef dlefg)

_ #e)xole) Y ue) 3 #2(f9)xo(f9)

(e) f<M/e g<M/ef #(f9)
(fg9.6)=1
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_ H(e)xo(e) > u(h)Xo(h)Z (f)

CH h<M/e ¢(h) flh
(h,e)=1

p(e)xo(e)
¢(e)

after we substitute this back into equation (5.6.19) we have

EZZ )‘(dl)’\(dz) — Zd) (N(";Z(Xeo)(e))

d=1 d; d2 e<M
[d1,d2]=d
12 (e)xo(e)
2 4@
— ).

5.7 Proof of the Theorem

5.7.1 Introduction

While the Generalised Riemann Hypothesis remains unproven it is natural
to ask how many zeros can there be in a given region. The results produce
upper bounds for the number of zeros, which decrease as the region moves
away from the critical line towards the line s = 1, thus the zeros become ”less
dense”; hence the term ”zero density theorem”. There are various methods
for counting zeros of complex functions. We have already seen one, Jensen’s
Theorem, our Lemma 5.3.3. We give a brief idea of the method in the hope

that it will illuminate the idea behind the proof.

Let
& pn)x(n).
M(s,x) = ngl e
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we will not be working with this sum but something similar. Then

_ R Am)x(n)x(m)
L(S, X)M(Sa X) - ,;ngzx msns

= 353 S u@xdx
_ § ol

ns

n=1

where a(n) is the incomplete Mobius inversion

a(n) = 3 3 u(d).

d<X e
de=n
So
a(n)x(n
L(s,x)M(s,x) =1+ Z (—)n)f—(l
n>X
Suppose that L(s,x) = 0. Then
0=1+ ) a_(n_r)lx_(n) (5.7.20)

n>X
If we split the the sum in (5.7.20) into blocks in the following way: 271X <

n < 2"X, then we have

0o 27X
0 = 1+Z E a(n)lc(n)
r=1p>2r-1X n
= 1+ B.(s),
r=1

where

2 a(n)x(n)

B.(s)= S =X

n>2r-1X n?
Now suppose that
1
B, <
1B:9) < oy
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for each 7. Then

o0 o o] 1
;Br(s) Sgr(r+1) =1.

So
|L(s, x)M(s,x) — 1] < 1,

and therefore L(s,x) # 0. So if L(s,x) = 0 at s = p, then for some r we

have

|Br(p)| 2

r(r+1)

In practice the series B,(s) is truncated so it becomes a Dirichlet polyno-
mial, and the problem of counting zeros reduces to counting large values of
Dirichlet polynomials.

We prove the following theorem.

Theorem 5.7.1 Let N(a,T,x) be the number of zeros of L(s,x) in the
rectangle R(a,T) ={oc+it | a <o <1, |t|]<T}, wherel —v<a<1
and € > 0 and v > 0 can be taken as small as we like for T large enough.

Then for any m >0

1272(604 + 4
Z N(a,T, x) < m ( m2+ m) (qT)3(1+4m+€)(1_°‘)‘ (5.7.21)

x mod ¢

5.7.2 The Proof

Now we have the idea behind the proof we can proceed. We choose a far

more complicated M (s, x) given by

f(d) Z A(e)

8 S
d e<h €

M(SaX) = Z (d’ e)sX([dae])a

d<X2
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where f(d) is the function from Lemma 5.5.3, A(e) is the function from
(5.6.16), X; = D** and X, are large real numbers such that X; < X, and
M = X,/X; = D™. We now multiply M (s, x) by L(s,x) to obtain

LooMGs) = > X0 5= 1D 5 2 eya(ie)

d<X; e<M
= Z f(d) Z Z ’\(e)dee]i x(m)
d<X2 e<M m=1
- Z ) 5 i A
dln eln
= a(n)b( )x(n)
= ,;——ns
b a(n)b(n
_ ng;(l a(n) 5::))((”) +H>ZX1 (n) ;s)x(n)
- ¥ b(ni)g(n) NOED> a(n)bglr:)x(n)
n<Xy din n>Xy

= M1)+ Z M(n_)x_(nl

8
n>X; n

By a well known Mellin transform we have the identity

iy 4 3 UM

n/Yi1,8
n>X1 e/ n

1 1+100
— /1 L(s+ 2z, x)M(s + z,x)Y’T\(2)dz, (5.7.22)

2m —100

for some large real number Y;, We take Y; = DY and we assume that
Y1 > Xs. As before the expression in (5.7.22) should be small for most s
except where s = p is a nontrivial zero of L(p, x). We evaluate (5.7.22) at
a zero, p, of L(s,Xx) to obtain

o a(mb(m)x(n) _
e A1) + n;(l Y

1 14200

e / L(p+z,x)M(p+ z,x)Y{T'(2)dz

211 J1-100
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so that

Lo . a(n)b(n)x(n)
‘% . Lo+ z0M(p+ 2, x)Y T (2)dz — n;:ﬁ T enlVinp

2A(1)

=e VN)N1) > -2 3

(5.7.23)

for Y, large enough. Given (5.7.23) there are two possibilities, either the

zero p forces the sum above a certain bound

> a(n)b(n)x(n). S A, (5.7.24)

en/Yipe 6’

n>X,
we call such zeros p case 1 zeros, or the zero p forces the integral in (5.7.23)

above a certain bound

14100 ,\(1)

Lip+ z,x)M(p + 2z, x)YT(2)dz| > T (6.7.25)

271 J1—100

these are case 2 zeros. The method is to count the number of times (5.7.24)
happens, thus counting case 1 zeros, and bound the integral in (5.7.25) so

that case 2 zeros do not occur.

Case 2 Zeros

We begin with the treatment of case 2 zeros. Move the contour in (5.7.25)
to the line R(z + p) = 0, so that z = —F + it where a < 8 < 1. There is
a pole of the L-function in the integrand at z 4+ p = 1 if x = X0, the trivial
character. First we suppose that x # xo, then we estimate each term in the

integral as follows.

|M(p+2,x)| = ’ Z d{(aﬁ) Z 2(53) (d, &) x((d,e])

Z If(d)l Z |A(e)

d<X» e<M
< AM(1)XoM

<

N
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by Lemma 5.6.4. By Lemma 5.3.2 we have
|IL(p + 2,%)| < VDlogD.
So our integral in (5.7.25) is
< AV)X:MY;*VDlogD [ :° ID(=3 + it)|dt,
where by Lemmas 5.2.1 and 5.2.3 we have

f_:o ID(-B+it)|dt < —;-(/lm+/_:)|r(1 _ B+ at)dt

11 |
3 /_1 IC(1 — B+ it)|dt

o0 -1 i
—B+1/2 - =
< (/1 +/_w)|t| exp( 2|t|)dt
1
+/1 ID(1 = B + it)|dt
® —p+1/2 T )
< /1 t exp( 2t dt
1
+/1 ID(1 = B + it)|dt
oo s
< /1 exp(——Q—t)dt
1
+/1 ICQ — B+ it)|dt
1
< 1+ / 0= B+ it)at (5.7.26)

In order to estimate the remaining integral in (5.7.26) we use lemmas 5.3.10

and 5.2.2 as follows.

/_11 ID(1 - B+it)|dt <

1 dt
b T
1- 1
< (/0 ﬁ+/1—ﬁ)<\/(T:£1,3t)2_+t—2)
1-73 1 dt
< W-*-/l—ﬁ_t—
1

< 1l+log

1-0
< l+loggq
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Hence the integral in (5.7.25) is
< M1)X,MY;*VDlog? D (5.7.27)

for x # xo. Suppose the implied order of magnitude constant in (5.7.27) is
A then we eliminate A by substituting in an extra logarithmic factor of D

so that we have a strict inequality. Hence the integral in (5.7.25) is now
< AM1)X,MY;*VDlog® D, (5.7.28)

for D large enough. We can now rule out case 2 zeros for all L-functions
modulo ¢ except the one with the trivial character, if we bound expression
(5.7.28) away from A(1)/3. So suppose

AM1)X,MY;*VDlog® D < A—(él—)

which forces

Y(l

X & —t
2= M+/Dlog®D

(5.7.29)

Now in the special case x = xo then the integral in (5.7.25) has a pole at

z+ p = 1 with residue

‘ @ M(1, xo) YT (1 - p)l, (5.7.30)
and so this also needs to be bounded away from A(1)/6 if possible. We have
> 29 5 X4 nofia.cl

d<Xs e<M

< w3 L)
d<Xas

< AOM Y é
d<Xa

< AM1)M(1+log X5)

|M(11X0)l <

< A1)Mlog X, (5.7.31)
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for X, large enough. To estimate the I' term in (5.7.30) we need to shift it
again, so that the real part is such that, we do not have a situation where
the real and imaginary parts could be simultaneously zero. For |y| <1 we

have
|02 — 8 — )|
|1 -8+ iyl

< y5re-s-i)

< \/(}log2 q, (5.7.32)

T(1-8-dy)| =

by lemma 5.3.10, and for |y| > 1 we have

—G— T
Ta-pl < b exp (- Zl)

< exp ( - gh’l) (5.7.33)

by Lemma 5.2.3. The inequalities (5.7.32) and (5.7.33) give the following
IT(1-p)] < exp ( - %Ivl)\/ﬁ log? D (5.7.34)
for all 4. So by equations (5.7.31) and (5.7.34) the residue is

< 209(—@)\(1)M)’11_“\/-510g2 D exp (_Tﬂl'ﬂ) log X,

< ﬂq—),\(l)M Y™ exp (:ézlvl) vDlog’ D. (5.7.35)

Suppose the implied order of magnitude constant from (5.7.35) is A, we
can obtain a strict inequality in (5.7.35), without the need to calculate A
by substituting in another logarithmic factor of D. As before we wish to
bound the contribution from the trivial character so that case 2 zeros do
not occur. However this is not quite possible as the bound depends on the

height of the zeros in other words
¢(Q) EZN1)MY* exp (——l’yl)\/_log D< /\(1)
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for

@Ml’f‘“\/l_)log“ D < exp (%l’ﬂ)
So case 2 zeros do not occur for

|yl > = 2 log (¢(Q) MY}~*vDlog D).

Lemma (5.4.1) tells us that counting zeros of L(s, xo) is equivalent to count-

ing zeros of {(s) so by Lemma (5.4.4) the number of case 2 zeros is

< (% log (?%Myf—a\/ﬁ log* D)).<12/5+f><1-a> (5.7.36)

Case 1 Zeros

We now turn our attention to the main portion of the proof of Linnik’s
density theorem, which is counting case 1 zeros, which are nontrivial zeros

p of L(s, x) such that

5 emblmxim)] A

npen/ Y1 6

(5.7.37)

n>X,

We wish to truncate this sum since it is easier to work with Dirichlet poly-
nomials than Dirichlet series. We cut off the sum at Y; where Y, = Y; log D.
The tail of the series now has to be bounded to prove we can do this.
Cauchy’s inequality gives

D

n>Y2

ooy el o pmPmeoen
- e nH—l/long s eZm/YlmZa

nPe"/Yl

(5.7.38)

For o > 1/2+ 1/2logY; the second sum on the right hand side of (5.7.38)
is
)|2 1+1/log 11

[b(m |b(m)|?
Z e2m/ Y1 m2a S E e2m/ Y1

m>Ya




1
2 G

S x|
ejm

m>Ys
1
m>Ys e dy da
[d1,d2}|m
1
= Z ZZ A(d1)A(dz) Z 2m/"
d d ds m=0mod d €
[d1,d2)=d m>Ya
< y_; 3 Md)A(d2) / e~204/Y: g
dy d2
[d1,d2]=d
Yie~22/M )\(dl))\ ds)
< =X ZZ
d d d2
[d1,d2]=d
< %Ke""y’/“
A1) (—2Y1 logD)
< —= =l
< = Yiexp Y,
Al
< 2D(2—)y1 (5.7.39)

by Lemma 5.6.5. The first sum on the right hand side of (5.7.38) is

1
la(n)|? 2T Ja(n))?
Z nl+tl/logYh < Z z n1+l/logY1

n>Y2 r=0n>27Y>

IN

oo( 1 )1+1/long 271y,

> (5% > la()f

=0 n>27Ys

9 0 1 1+1/logh (1 + €)2T+1Y2
g (2’Y2) log X2/ X

IN

8(1l+e¢) & 1 r
Yzl/long log M ?Z% (21/10gy1> (5.7.40)
by Lemma 5.5.3. The sum on the right hand side of (5.7.40) is a geometric

progression, so we have

> 1

'go (21/IogY1

for Y7 large enough. Hence (5.7.40) becomes

)
) = < logV;
1 = sty

Z la(n)|? < 8(1+¢)logY;

1+1/log Y3 — 1/logY; ’
n>Y2n /1og ¥ )/2/ llOgM
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where
log Y;
) AU

since Y7 < Y3. So

s _lamE _ 80+9lety

5.741
= nltl/legni  — elogM ( )
Using equation (5.7.39) and (5.7.41) we have
v a(mb(m)x() > . 4(1+€e)A(1)logh
oy, wern - eD?-v log M
< eX(1)
for some € > 0. Condition (5.7.37) becomes
a(n)b(n)x(n) 1

X1<n<Ys
for some € > 0. The sum on the left of (5.7.42) is our zero detecting
Dirichlet polynomial, serving our aim to bound the number of times that
the inequality in (5.7.42) can occur.

Now we want to split the rectangle R(a,T) into smaller ones. Let A =

1/log D, and consider the region
a <o <1 max(—T,kA) <t <min(T, (k+ 1)A) (5.7.43)

for k = 0,%1,+2,... For each L(s,x) having a zero in the region (5.7.43)
we choose an arbitrary one of the zeros to represent the whole group. Con-
sidering the even and odd numbers k separately, we get two A-well spaced
systems. Let J denote the cardinality of the system containing at least
half of the zeros. In view of Linnik’s Lemma, Lemma 5.3.6, it is sufficient

to estimate the number J in order to prove the zero density theorem for
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the number J. We wish to apply the Haldsz inequality to our Dirichlet

polynomial in (5.7.42). Let

T a(n)b(n)x(n)

g(s,x) = pn/Yi

)
X1<n<Y?

and in Lemma 5.5.1 let f(s,x) = g(s, x), then sum over pairs (p; — a, i),
which run over the zeros with the corresponding characters in the larger of

the two A-well spaced systems. So in Lemma 5.5.1 let s; = p; — a,

k(n) —_ E)_(_le(e—n/)’z _ e—n/Xl) — b(n) h( )

N; = X; and N; =Y. Then by Lemma 5.5.1 we have

2 a(n)b(n)? n
st anl) <
( 3l ) 2 e | B
> InT5B(si + 55, xix5)|,
i<J j<J
so that
2 la(n)]? 1
9 x0l) < )
(g X1§SY2 n2a 1 en/Yl ( )
_xz(n)x( )b*(n)h(n)
> Z npf*‘Pz‘“‘za (5.7.44)
i<J j<J ' n=1

We now expand out the second part of the right hand side of (5.7.44) to get

;20X ()Y (n)h(n)
Z.:]J;anl nPithi+1-2a

h(n)x:(n)x;
SED D I) SEICANCED DI D DA GLC LR
d<M? d; dz i<d j<J n=0modd 'V '’
[dl,d2]=d

— Z ZZ Ad1)A(dg) x
d<M? d; d2
[d1,d2]=d
= h(md)x:(md)x;(md
>3 o 3. Mo

i<J j<J m=1

(5.7.45)
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Now

-m -m
h(md) = exp ()@/d) TP (Xx/d)
_ X1 Y2 )
B h( d’'d’
Let Sij = pPi +ﬁj =20+ 1, xi; = XiX; and

X, sz Xi }/2 Xt(m)
H(d L su,xu) Zh( ) R

so that the expression in (5.7.45) becomes

(d X, Y,
S T X’( ) 33 Adi)A( d2)H< 1 2,31,,X1,) (5.7.46)
1<J j<J ¢i<M2 di do d d
[dl,d2]=d

Expressing the Dirichlet series in (5.7.46) in terms of its corresponding in-

tegral gives us the equation
X1 Y,
H( d’ d SlJ)Xl]) =

% /11:: L(si; + 2) ((%)z - ()—fil)z)r‘(z)dz. (5.7.47)

We estimate the integral in (5.7.47) by moving the contour back to the line
R(z) = —1 with a semicircle radius A at z = —1 to avoid the pole of I". If
Xi = Xj Xi = Xo and there is a pole of our L-function at z = 1 — s;;. First

we assume X; 7 X; then split the contour into the following five parts

Ci = {z=0+iteClo=-1t< -1},

Co, = {z=0+iteClo=-1,-1<t< -A},
Cy = {z=Ae’-1€Cl0€[-n/2,7/2]},

C, = {z=0+iteClo=-1,A<t<1}

Cs = {z=0+iteClo=-1,t>1}.
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On each contour C; we integrate approximations of the I' function and
bound the other terms in the integral for the corresponding range. First we

consider the integral on Cj3. Shifting the I" function twice gives

1 1
['(z) =-T 1) =
()= ;0 + 1) = T +2)
so that on C; we have
|z|] = |Ae? —1]>1-A,
lz+1] = A,
IT'(z +2)]
r e —
Tl < Fo—a

We have R(z +2) € 1,1+ A] and |¥(z + 2)| < A < 1 so by Lemma 5.2.3

we have

IN(z)] < m,

which gives

/C ID@E)ldz| < A(I—A_A—)<<1 (5.7.48)

for D large enough. On C; and Cy we have, as above |I'(z + 2)| < 1 and
|z(z+1)] = |(it —1)it| = | — 1% — 4t

Vit +12 = |tVi2 4+ 1 > t2,

SO

([+ [ )r@idsl < [ g

<

1

1
_I —_
<<

A (5.7.49)

On C; and Cj5 we have

I‘(z +2) | s
(z +1) < t2| | xp 2't|
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by Lemma (5.2.3), and so we have

Xt

we 2
(/Cl+/cs)|r(z)||dz| < /1 it
< / £-3/2g4
1

< L

By (5.7.48), (5.7.49) and (5.7.50) we have

1
I'(z)d
l A(z):l (Z) #

14 =
<<+A

< logD,

(5.7.50)

for D large enough. We now estimate the other terms of the integrand in

(5.7.47), for z on any one of our contours C; for i = 1,2, 3,4, 5, we have

G -G

IA

IN

1 1
dl—AyA (_ _)
2\ T X,

dl—AyzA

< X,

CION

dl-—A (}/2A—1 + X]A—l)

for Y, > BX, where B is some constant which can be taken as large as we

require. Now we want to bound the L-function term of the integrand in

(5.7.47). We use

Bi+PBi—2a+1—-1<R(sij+2)<Bi+fi—2a+1-1+A,

so that 0 < R(s;; + 2) < 2(1 — a) + A. Hence by Lemma 5.3.2

|L(si; + 2, xi5)] < VDlog D.

So if x; # x; then

X, Y dI-AYA
H(Tl, 72, Sijs Xij) <KL Xl 2 \/Elogz D,
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which makes the expression in (5.7.46)

Zznﬂb Z dzf;i(g 1 ZZ A(d1)A(d2)

< \/—logD

i<J j<J d<M? dy d2
[d1,d2)=d
< \/_log DY Y % Md)A(de)
1<J j<J 'd<M? d; d2
[dlde] d
A
< —);—?—\/BJ2M2A(1)2 log? D. (5.7.51)
1

Now we need to consider the case when x; = x; and there is a pole coming

from our L-function. The residue is

(- (o

and so the residue terms contribute

2D\ 5 S 3 X 55 Ad)A@)

i<J j<J d<1\42 dy d2
[d1,d2]=d

() () o

< ¢(q) SRR - X —sp)| T Sy AdNE) )\(dl))\(dz)
i<J j<J d<M? d; d2
[d1,d2]=d

< ¢(q),\(1) 3 ST (Y T — XD - sy) (5.7.52)

i<J j<J

by Lemma 5.6.5. Now
l—Sij = l—pi—p_j+2a—1
= 2a—-0;— ﬁ] + Z( 71)
so that R(1 — s;5) € [-1/2,0] for a > 3/4 and (1 — s5) = v; — vi- As
before the estimates involving the I' function break down into two cases,

one where the imaginary part is greater than one in modulus and the other

where the imaginary part is less than one in modulus. First we suppose that
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|v; — 7| = 1. Then we can use Lemma (5.2.3) to bound the right hand side

of (5.7.52) with the following expression

mell/16 Yl—&‘j _ Xl—%‘
OB B g i 1/2| 2 L) (5.7.53)
q <7< 1 — il exp(m/2ly; — wil)
[ri—vi121

By Lemma 5.3.4 in a unit interval v, + n < 7v; < v +n + 1 there are
< 20log D imaginary parts ; of |L(s, x)|. The expression (5.7.53) is
< 20V2ret! 16@,\(1) logD e ™2
i<J

< 5\/27e“/16@x(1)ﬂog D. (5.7.54)

Now suppose that |y; — 7| < 1. By the proof of Lemma 5.2.2 we have the

following identity

I'l-s;) = i (G 1 + /oo e itsudt
i k=0 kKl 1-— Sij +k 1
1 1 x (—1)F 1
N 1—8,']' 1_sij+1+k2=:2 k! 1—Sij+k+
/1 et dt, (5.7.55)
where
> (—1)F 1 oo 1
> ) + / e“t"""dtl <e+-. (5.7.56)
= k' l—siy+k N e

By (5.7.55) and (5.7.56) we have

1
1—8,']'

1
|1—8,'j+1|+e+g

1
< 2+eto, (5.7.57)

'F(l — Sij) —

then we have the following upper bound to (5.7.52)

< @A(n( SN Yy — X)) :

i<J3<U 1 — sy
b=l
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+2o(2 + % + e)JlogD)

?_(i) 1 —8ij Xl s.,)
s 5 A(l)(

z Z 775 (Y +

i<J j<d 1 — Sij
[vj—vil<1

120J log D). (5.7.58)

For i = j we have

IPIRE

1 —8ij Xl—-s"j
1

Y2 1
E /xl s dzl

i<J j<J 1 - si; i<J
i=j
Y2 1
< J —dz
X1 T
Y,
= Jlo . 5.7.59
X, ( )
Now we suppose that ¢ # j, let
1" 3 95y
Z Z Sij __ ‘)(1 Sij
i< j<J 1 — sy
i#)
Then
1 —8ij 1 —8ij
S < |2 Z +12 E
i<rj<a 1= 8ij il — sy
i#] i#]

= 5(Ya) + S(Xy).

We now invoke Lemma 5.5.2 with a, = Y; #™® and a, = Y, ”**, then

a,a, = Y;_S“ . By Lemma 5.5.2 we have

5Y2) < —+ Z Y57 <

1<J
S(X,) < z xoe ) < 84
1<J A
which means that
168J
< —_ .
S < A (5.7.60)



Hence we have the following upper bound for (5.7.52)
Y-
< @JA(I)(57810gD +log —2—) (5.7.61)
q X1
So by (5.7.54) and (5.7.61) our integral in (5.7.47) is

< J,\(1)9%‘Q ((sx/ﬁe”/lﬁ +578)log D + log %)
1

IN

29 ((603 log D + log ﬁ) (5.7.62)
q X1
if % = x;. By (5.7.51) and (5.7.62), (5.7.46) is

A
< _“)’? VDJ2M2X(1)? log? D + A(l)ﬂ;—)J (603 log D+
1

Y,
1 —,) 7.
og X (5.7.63)
where a is some positive constant and

log(Yi log D
o= exp ( g(lolng ))
_ log(D¥! log D))
- P ( log D
_ y1log D + loglog D) )
- P ( log D

= ente (5.7.64)

for some € > 0. Also
log % = (y2 — z1)log D
and the expression (5.7.63) becomes
< %@JQM%\(IY log? D +
A(l)fgi).]log D(603 + yo — x1). (5.7.65)

So by (5.7.44) we have

(Slatouxal) < (3-vDPMAWI0g D+

i<J

84



¢(q)

A1) 7106 D(630 + 3o — :1:1))

3 __Mﬁi_ﬁ (5.7.66)

2a—1,n/"1
X, Sm<y, WP h(n)

It remains to estimate the sum on the right hand side of (5.7.66). First we

note that for n > X; we have

1 1 1 1
e"’Mih(n) = exp (n(ﬁ - 72)) — exp ( - n(z - 71))
1
> ¢ —exp( Xl(% - ?1)>
> eo—exp(él-—l)
1

\%
—
|
[¢]
be
e
e
m
I
—
N—

for any € > 0, so let € be small enough so that

&/ Vih(n) > % (5.7.67)

say. Now the remainder of the summand in (5.7.66) is estimated by partial

summation, Lemma 5.5.3 and Lemma 5.3.9.

oty Y la(m)]? - (1 —20)t7%* Y |a(n)[*dt
n2a-1 = 2 n R\
X1<n<Ys n<Y>2 n<t
1 Y- 1-2a
< ( +€7)2 (2 —1)/ (1+€)t RS L
long/Xl 1-¢ long/logXl
< (1+e)Ys (2a—1)(1+ &)Y 2
~ log X2/ X, (2 —2a)log X5/ X,
Y, 200 —1
< -2
~ log X3/ X, (1 tet o o 2 - 2a )
Y, 10log D
<
— logM (1 tex 2 )
< (5+¢)Yzlog D
- log M
5
< 2t ey22 (5.7.68)
m

So by (5.7.66), (5.7.67) and (5.7.68) we have

(Z Ig(m,xi)l)2 < (3%\/5J2M2,\(1)2log2 D+

i<J
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#(q) 15+ ¢

q

A1) 22 710g D(603 + 32 — a:l)) Y2 (5.7.60)

We now require a lower bound for the left hand side of (5.7.69). By (5.7.42)

we have

1905 X1 > AD)(5 +¢),

so that
2 2 2 2
(Zlatouxall) > A3,
i<J

and therefore (5.7.69) becomes

PA1)? < (Xi\/l_)ﬂM?,\(l)2 log? D +
1

DBteyeoa (577

,\(1)@Jlog D(603 + g5 — xl))

Once we have rearranged (5.7.70) so that all the terms involving J? are
together, we will need the coefficient in J? to be positive on the left hand
side of (5.7.70). Suppose we want the coefficient of J? to be greater than

1/2 then this gives the condition
X, > 2a\/l_)M2Y22"2a log® D,
which will be satisfied if
X1 > VDM*Y} *log® D. (5.7.71)

Condition (5.7.29) gives

}/la

We need

Y'la

VDM*YF % og? D < — -1
? g M2y/Dlog® D’

(5.7.73)
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or

)/20

DM?*Y2 % og’ D < ————2——,
DMy} log M2\/Dlog* D

which yields the following condition

Y, > (M4D 10g6 D)l/(3a—2)‘

(5.7.74)

By Lemma 5.3.8 we only need to prove the zero density theorem for a >

1 — v, so we choose

}/2 — (M4D10g6 D)l/(1—3v)’

= (M*Dlog® D)+
from which it follows that
y1=4m+1+¢,
since Y = Y] log D. Substitution of this into (5.7.70) gives

7 31(603 + y» — z1)¢(q)

(Dl+4m+e)2—2a log D

mgA(1)
31(603 + y2 — £1)9(q) -\ 2+8m+e)(1-a)
< 10 D log D
Lemma 5.6.3 gives
¢(g)logD _ m’logD m

X1)g 6m(l—e)logD 6m(l—¢)
so that (5.7.77) becomes

317%(603 + yo — 1)
J < (2+8m+e€)(1—a)
= 6m2(1 —¢€) b
6m2(4697 + yp — 1) p2(+imte)(1-a)
m?(1 —¢) ’

(5.7.75)

(5.7.76)

(5.7.77)

which is true for 1 —v < a < 1. Now J is the well spaced system containing

at least half of the zeros, so we need to multiply J by 2 and also by the
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number of zeros in our spaced regions, which we have by Lemma 5.3.11.

Then we must add in the zeros of ¢(s), and so by (5.7.36)

2 —
> N(T,x) < 20478+ Dl—"‘)(67r (603 +y, — z1) D2(1+4m+e)(1—a)>

mad g m2(1 — ¢)
2 (12/5+¢€)(1-a)
+(; log (?%MYII‘“\/B log* D))
1272(603 + yp — T e
(m2(1 = i) 1) D.3(1+4 +€)(1—a) (5778)

It remains to choose the powers of the parameters. Expressions (5.7.29) and

(5.7.71) are together implied by

1 1
2y16 + E +2m S I S y1(1 — 6) —2m — 5 (5779)

For simplicity we choose the mid point of the interval (5.7.79) and let z; =
y1(1 + €)/2. Due to the fact that X; <« Y7 we must have z; + m < y; and

therefore
n
m < —2—(1 — E), (5780)

thus by virtue of equation (5.7.76) the inequality (5.7.80) will be satisfied

for all m > 0.
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Chapter 6

Fogels’ Theorem

Fogels [4] was the first to prove Linnik’s log-free zero-density theorem in
rectangles which are taller than the value of the modulus of the L-function.

As an application Fogels proves the following theorem.

Theorem 6.0.2 There exist constants 8 < 1 and n such that if ¢ > qo and
(g,1) = 1, then for any = > q" in the interval (z, 7 + x%) there is a prime

p =l mod q.

In his paper Fogels does not calculate the constants in his zero density
theorem and therefore fails to give admisable values for 8 or 7. Versions of
this theorem have been proved since, but their aim is to reduce the size of

@ which costs you in your size of 7, these theorems take the following form.

Theorem 6.0.3 For ¢ < log"z where A is some large positive constant

there ezists a prime p = l mod q in the interval (z,z + z%)

The most recent version of this theorem is due to Baker, Harman and Pintz
[2] who prove 6 > 0.55. We prove Fogels’ original result with § and 5 given

explicitly. We follow Fogels’ method for calculating 8, with the difference
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being we have the advantage of a much simpler proof of the Linnik log-free
zero density theorem, which makes calculating constants much easier. The

following lemma is taken from Fogels [4].

Lemma 6.0.4 Let q and! be integers, y and x be large positive real numbers
Then

S=¢(q) > A(n)exp (;1—1 log? (n)) =

n=l mod ¢

\/-/22“)o x(1) L(( K00 X) s exp(s2y)as. (6.0.1)

xmodq

We begin the calculation of Fogels’ constant by moving the contour in (6.0.1)
to the line R(s) = —1. This gives the following

- 2\/7/_111::0 (l)L(( X)):c exp(s%y) ds

X mod q
+2mi —1§<2 Res ( ) nzm:d q_(l) é(( X)) T exp(szy))) : (6.0.2)

Our sum has a residue from zeros and poles of the L-function, since there is
a pole at s = 1, and we have also passed all nontrivial zeros in the critical
strip s = p. These are given by the following

Res (xgéq-( )Iil(( X)) z exp(szy)) = —zexp(y)
and

Res( Z x(1) IL/((S X)):c exp(s y)) > Z X z° exp(py).

= x mod g x mod ¢
L(p,x) 0
—-1<R(p)<1

We aim to show that the integral in (6.0.2) is negligible, and that the residue

terms give a main term in the formula for S. Let

—1+4ioc0
1= /
—1—ioc0

Z X(l)IIJJ(( X))w exp(s’y)ds

x mod g
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then by Lemma 5.3.13 we have

I [P g + 2

« ["eRio)
exp(¥)d,,
x\/_ 829

& $_1/2(1+01)q10g q,

qlog(q(t + 2))dt

<

where we have chosen y = z%~! for some 6, € (0,1). This gives the following

formula for S:

S = 2\/7r_y<xexp(y) > Z x(0) xpeXP(PQy))

x mod q
L(p,x) 0
—1<R(p)<1

+O(a:_l/2(1+al)q log Q)-

We estimate the sum in S by taking a subset of the zeros that are in a
rectangle G = {s = o +it | o € [0,1], |t| < T} into the main term and
the contribution from the remaining zeros into the error term. Firstly we
estimate the contribution from the zeros outside the rectangle G. This is

given by the following sum

> Z )z” exp(p’y). (6.0.3)
x mod g
L(p, x) 0
IS(0) [>T

We estimate the inner sum in (6.0.3) with the use of Lemma 5.3.9 which

tells us that since the zeros under consideration in (6.0.3) have S(p) > 0 we

have
> x(l)z? exp(p?y) < z'17% > exp(—t?y), (6.0.4)
) P
L(p,x)=0 [t1>T
[S(e)I>T
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where

so_ 1
®~ 10logqT"

We estimate the sum on the right hand side of (6.0.4) with Lemma 5.3.4 as
follows

S exp(—tly) = ( oo+ Y +...)exp(—t2y), (6.0.5)

p
|tI>T T<|t|<Km m<|t|I<m+1

where T < m < [T] 4+ 1 and m is an integer. So by Lemma 5.3.4 we know

that the sum in (6.0.4) is

O( exp(~T?) log(g(m +2)) + 3 exp(~k*) log(a(k +2) )

k>m

= O(exp(T + 1 — T?y)logq).

When we substitute this back into the the expression (6.0.3), we get an
extra factor ¢(q) from the summation over the characters modg. So that

the contribution to S from zeros outside the rectangle G is
< ¢(g)z' " exp(T + 1 — T?y)logg. (6.0.6)

We now make the following substitutions. Let

T = g/, (6.0.7)
z > q°, (6.0.8)
y =2z (6.0.9)

so that (6.0.4) becomes
O(xl/cl+€+1—5n exp(xl/cl + 1 _ .'L'2/cl+61_1))
= O(z?exp(z!/®r — g +0r-1)), (6.0.10)
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We require the contribution from (6.0.10) to be < z~2 which yields the

following condition on 6;:

B >1—— (6.0.11)
&1

The following representation of S has now been established

s = oymi(sem) - X X xWetexp(pty) +0l)

x mod ¢ 14
L(p,x)=0
pEG
+0(z~ 120+ g log qz). (6.0.12)

Now we need to estimate the contribution from the zeros p with p € G.
There are two possibilities: either the exceptional zero exists or it does not.
We have to treat each case separately as the theory will not allow us to
assume that the exceptional zero might exist. Firstly we assume that the
exceptional zero does not exist, and that the region in Lemma 5.3.9 is zero
free. Secondly we assume that the region in Lemma 5.3.9 does contain a
real zero, and then Lemma 5.3.12 implies that other zeros are even further

into the critical strip than in the non-exceptional case.

6.1 The Nonexceptional Case

Here we assume that the exceptional zero does not exist. Hence by Lemma

5.3.9 there are no zeros in the region

l1-——<0o<1, |t|<LT.
10logqt =9= It <

By Theorem 5.7.1 there are

< C2((]r1-v)n:3(n+1)/10loqu = cpexp (03(7;3‘ 1))
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zeros, where we will choose the values of ¢y and ¢3 within their constraints
later, in the region

n+1

n
— <<l - — t| <T.
10log qT — 7= 10log qT"’ I8l <

We use this to bound the sum on the right hand side of (6.0.12). Let

S'=| > > x(z"exp(p’y)|
x mod ¢q 14
L(p,x)=0
pEG

Then

§ < zenly) ¥ o

x mod g p=1—-8+1t
L(p,x)=0
pEG

— —n c3(n + 1))
< —1 2}, 1.1
< azexp(y) nz__.:] xp (10 log qT g+ 10 (6.1.13)

By (6.0.7) and (6.0.8) we have

2> (I)*? = —logz < -2 logdl,

which after substitution into the expression for S’ gives

- 1
01n+ cs(n + ))

<
S < czxexp(y)Zexp( 50 10

n=1
CoT exXp (y + ;—3) nz=:lexp (n(20326 Cl)). (6.1.14)

The sum over n on the right hand side of (6.1.14) is a geometric progression

IN

with common ratio

2c3 — ¢
e"p( 20 )

Hence

2c3—¢
Cs) exp( 206)
1

S’ < corexp (y +10 ,
2ca—
— exp (—3—1°20° )
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and

for
c1 > 2c3+20log 2, (6.1.15)
which we will arrange to be the case on our choice of ¢;. So
S’ < 2cpz exp (y +8_ —c-l—) (6.1.16)
We require
S < %w exp(y),

so that the expression in brackets in (6.0.12) is greater than something

positive in absolute value, ie
S > /ryzexp(y) + Oz 3 + z~1/20+0) g og ¢x).
In order to satisfy this condition we require
c1 > 4cs + 20log4c,. (6.1.17)

In the sum S on the left hand side of (6.0.1), the exponential term in the

summand gives weight to an interval of the form (z — f(z),z + f(x)) where

f(z) = y/biz1*tf1logz (6.1.18)

for some constant b; > 0 to be made explicit later. To see the result of this
weighting, we consider the size of S inside and outside the interval. Firstly
suppose n € [z + f(z),2z]. Then n = z + m where m € [f(z),z]. By the

Macluarin expansion of log(1 + w) for w € (-1, 1), we have

o [T 9 m 1/m\?
2) - w(122) 232
log (a:) & + z/) ~ 2\«x
b 1+91l 2
> (\/ 1T ogx)

T
> b’ tlogz. (6.1.19)
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So the contribution to S for n € [z + f(z),2z] is

¢la) > log(n)exp (-—%wo log x)

q n€(r+f(x),2x]

™4 logz S 1
n€lz+f(x),2z)

IA

IA

.’Bl_bl/4

< ;15 (6.1.20)

IN

log x

for by > 12. Now we consider the contribution to S from the terms with

n € [1,z — f(z)], so n = x — m where m € [f(z), z], in this case we have

1 /m\?2
o (2) - (1 2) 2 3(2)’
g T 8 /)~ 2\z

hence the argument follows the same as before. So the contribution to S for

n € [,z — f(z)]N [z + f(z),2z] is
< 2z'/4og . (6.1.21)

It remains to estimate the contribution made by the interval (2z,00). On

this interval we have

log (g) > by ! logn

for = large enough, and some b, > 0, so that the contribution to S on the

interval (2z,00) is

—b
< ) lognexp (—%xo log n)
n>2r 4
logn
< X
n>2x nb2
< /oo u—b2/4+edu
2

T

(2x)1—b2/4+e
- b2/4 —1—¢

1

<
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for by > 12. Let I = (x — f(z),z + f(x)) then we have the following result

#(@) Y. A(n)exp (;—; log? (g)) > bgz!/2+01/2 (6.1.22)

nel
n=l mod q

for some b3 > /m. The left hand side of (6.1.22) is

<zl 3 An).

nel

n=l mod q
Hence
Z A(n) > b3x1/2+91/2-—1/c1’
nel
n=l mod g
and so
p1/2+61/2-1/cy
) P A — (6.1.23)
el logz
p=lmod q
where

I=(z— /1220 logz, z + \/12z1*%1 log z).

Now if we shift the interval I so that we are looking at the interval

(z,z + 24/12z*01 log x),

then our new interval is of the right form for Fogels’ Theorem with

2? > (/1210 log (6.1.24)

which is satisfied for
0>1/2+6,/2. (6.1.25)

Thus we have explicitly proved Fogels’ theorem under the assumption that

there are no exceptional zeros.
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6.2 The Exceptional Case

Now we suppose that the exceptional zero §; = 1—4; does exist. By Lemma

5.3.9 we know that [ is real and that

1
-1 <5 <1 6.2.26
T0logqT =7 < (6.2.26)

We take the contribution from the exceptional zero in (6.0.12) into the main

term, M, and contributions from all other zeros go into the error term, E.

M = |zexp(y) — Xz, (1)z” exp(Biy)|
4
> :c(l — B )
> z(6 —z™%)
> z(1- 6, — (qT)""/?)
5 ( 44 Jog qT 5 )

w _—_ -
1+ §12£1 log qT !
by (6.0.7) and (6.0.8). Also by (6.2.26) we have

1
6 < ————
' = 10logqT"

which gives

d1¢1 logqT
M > (—-——‘ )
¥ 2+ 61c1logqT &

z(élcl log qT 5 )

204 ¢ !
log T

ol )

c1

v

v

log qT
2(2+1)

The contribution from all other zeros in (6.0.12) is estimated using the

> bz (6.2.27)

Deuring-Heilbronn phenomenon, Lemma 5.3.12. So by Lemma 5.3.12 there

are no other zeros in the region

o> 1 | log(1 — /1) log qT|
2log qT

lt] < T.
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If we put this result into the zero density theorem, Theorem 5.7.1 we find

that for n = 1,2, 3, ... there are at most

¢ exp (C3(n + 1)|log(1 — B3;) log qT| loqu)

<
- 2logqT
< cyexp (c;;(n +1)| log(21 —Pr)log qu) (6.2.28)

zeros p = o + 1t in the intervals

_(n+Dilog(l - BloggT| _ ) nllog(l—f)loggT| 7
2log qT 2log qT

1

We wish to estimate the sum over all nonreal zeros in (6.0.12), call it S”,

using (6.2.28) as follows:

SII

DD D exp(pzy)Y(l)l
x mod ¢q 4
PEG R
L(p,x)=0

< zexp(y) Z Z -9
x mod g p=1—4+1t
pEG R
L(p,x)=0
S cs(n + 1)|log(1 — B;) log qT
< czexpy) Y exp( s(n+1)| g(2 B1)log |
n=1
n|log(1 — B1) log qT| )
- 1
2log qT gz
1-p6)1
< czexp (y+ cs| log( 2ﬁl) quTl) 9
o n|log(1 — B,)log qT| ( log ))
ngl exp ( 2 C3 log qT .

From (6.1.17) we see that

cs|log(1 — () log qT|
2 ) %

gjlexp (”' log(1 — 1) log ¢7] <C3 - -C—‘)) (6.2.29)

S" < cyrexp (y +

2 2

We know that

1 1
—_—> — >
10logqT — o = 10 — 1 logqT,
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so
log(1 — 1) log T = log(d; logqT) < 0,
which means that
|log(1 — B1) log gT| = — log(1 — f1) log qT.

Hence the expression on the right hand side of (6.2.29) is a geometric pro-

gression with common ratio
log(1 — ;) log qT
Xp ( og( ﬁl) °eq (El‘ - 03)) = (51 log (IT)CIM-—%/2

2 2
l cl/4 03/2

<

N =

for
(6.2.30)

and so

log(6; log qT') ( a ))
2 —2— 263

< 2cyzexp(y)(d; log qT)1 /4=

S" < 2cyzexp <y+

< (2 + €)x(6; log qT)r/4<

for some € > 0 and for z large enough. So in the light of (6.2.27) we require

0, log qT

et = S c1/4—c3
32+ 20/)) > (2 + €)(01 log qT) . (6.2.31)

We ensure the inequality (6.2.31) by imposing two separate inequalities
which when satisfied will satisfy (6.2.31) for ¢;. The first inequality is given
by

611log qT > (6, log qT)/4-<3, (6.2.32)
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and this is satisfied when
c1 > 4(cs+1) (6.2.33)
since dlog qT < 1. The second inequality is

W > (2 + €)C2,

which is satisfied for

40(2+¢)

—_— . 2.34
CI>1—4(2+6)62 (6 3)

For ¢, satisfying (6.2.33) and (6.2.34) we have the inequality (6.2.31). Hence
S > byxdy logqT,

where

So by the same argument that was used for the nonexceptional case we have

bf,(L'l_l/c1 51 log qT
log z '

> 1>
pel
p=!l mod q

So the same result follows as in the nonexceptional case, but with different
conditions on ¢;, which yield a different §. We choose the strongest of the

conditions on # so that both the nonexceptional and the exceptional cases

hold.

6.3 Fogels’ Constant

We need now to calculate a value for 8 for which Theorem 6.0.2 holds. We

have the following theorem.
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Theorem 6.3.1 For q large enough and any © > ¢**® the interval (z,z +

£855/6%6) contains a prime p =l mod q as long as (¢,1) =1

Proof. Out of (6.1.22), (6.1.17), (6.2.30), (6.2.33) and (6.2.34) the strongest

condition on ¢; is (6.1.17). By our zero density Theorem 5.7.1 we have

_ 1272(604 + 2m)

C2
m2

and
c3 > 3(1+4m)
substitution of these into condition (6.1.17) gives the following
c1 > 12(1 4 4m) + 20(log 4872 + log(604 + 2m) — 2logm).  (6.3.35)

We must find m so that ¢; can be chosen as small as possible. The expression
in (6.3.35) is minimal when the derivative is zero, so we must solve the

following equation

2 2
48 + QO(M - H) —0, (6.3.36)

which gives us the quadratic

12m? + 3619m — 1020 = 0 (6.3.37)

Thus we find there is a zero of (6.3.37) for m ~ 0.281582916. Substitution
of this value for m into (6.3.35) gives us ¢; = 328. then by (6.0.11) and
(6.1.25) we have 6 = 655/656.
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Part 111

Farey Fractions With Prime

Denominator
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Chapter 7

Introduction

Dirichlet showed that any real number a can be approximated by a rational

number a/q with
a

<
—_—— a S —
q qQ’

for 1 < q < Q. It is natural to ask whether there are results of this type with

q restricted to certain sequences, such as the sequence of primes. However
if = 1/4 and ¢ is an odd prime

>

q

:
We have a trivial obstacle, that there are no Farey fractions sufficiently
near to 1/4. This problem is due to the fact that the Farey sequence has
some areas where Farey fractions are more dense than in others. When we
are in an area where there are lots of Farey fractions, rationals are easily
approximated We call such areas the minor arcs. When we are in an area
where Farey fractions are less dense, for example near 1/4, rationals are
not as well approximated, these are the so called major arcs. The problem

described above when we are near 1/4 can be avoided if we redefine what

we mean by distance. Let F(Q) be the Farey sequence of order @ and
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let Ngo(a, 3) be the number of fractions of F(Q) in the interval [, 8] (if
a < B) or [8,q] (if B < @). Then the above problem can be reworded in
the following way, given a real number a € (0,1) and @ an integer, if we
travel along the real line from o how many Farey fractions do we have to
pass to be sure we have passed at least one with prime denominator? In

other words what is the size of
Irgn No(a,a/p)? (7.0.1)

We use Fogels’ reformation of Linnik’s theorem on small primes in arithmetic
progressions and a special case of Vaughan’s theorem on the distribution of

ap modulo one for p prime.

7.1 Heuristics and Trivial Arguments

To my knowledge this problem has not before been considered, so it is
necessary that we first try to construct some idea of what our answer should
look like. I wrote a program which calculated the maximum number of Farey
fractions one would have to pass to find one with prime denominator. The
first version had complexity in the order of magnitude Q* for the Farey
sequence of order @), and as a result only went up to the Farey sequence
of order 500. The second program I wrote had complexity in the order of
magnitude Q?, but at the current time the program contains too many bugs
to have provided any results worth mentioning,.

We begin by considering what we know to be true, then we construct a
heuristic argument to find the best possible conjecture. We require the

following Lemma taken from Huxley [12].
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Lemma 7.1.1 Let I be an interval of length A. Then

S 1A+
a/9€F(Q)

We constrict ourselves to considering primes p < @ otherwise our results
do not work. For @ large enough there exists a prime p € (Q/2,Q)], which
appears in F(Q) as a denominator ¢(p) = p — 1 times. The Farey fractions
with p as a denominator are spaced at a distance

1 1

P~ Q
apart. By Lemma 7.1.1 we can see that in between these Farey fractions

with prime denominators there are at most N Farey fractions where

2
N« —x=<Q.
0 Q

So trivially we know that the answer is at most order of magnitude Q). But
we should be able to do much better, as we only considered a very small
subset set of the primes. The actual number of Farey fractions with prime

denominator in F(Q) is given by

Yolp) = Y p—7(Q)

r<a b<0
= /IQ wdn(z) + O(&)
_ [anrz(m)]? - [ n(ayiz + S(&)
= locé? ~ 1021,-:0(/1 io_gxi’_:é‘d“ 1o§Q)
= 21§gQ +O(1o§2Q)

by Riemann-Stieltjes integration and the prime number theorem. The best
possible result would be obtained if all Farey fractions with prime denom-

inators were equally spaced by some distance A, which is clearly not the
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case, but it helps to assume it true for our heuristic argument. Then if there

were K Farey fractions with prime denominator we would have
AK+1)=1

Since we know the order of magnitude for K we can approximate A as

follows
_log@Q
A=

and so in light of Lemma 7.1.1 we can say that
N x<log@Q.

So we now have some idea of the range our answer should be in, we are
looking for a result that is of the order of magnitude @Q° where # < 1 but we
know we can not do any better than log ). What we prove is the following

theorem.

Theorem 7.1.2 Let o be a real number in the interval (0,1). There exists

a Farey fraction a/p such that p € (Q/2,Q) is prime and

No(a,a/p) < Q171/131210g% Q.

7.1.1 Selberg’s Sieve on the Farey Fractions

An alternative wording of the problem suggests a new approach. Given
a € [0, 1] can we find a number G € (0, 1] such that there is at least one Farey
fraction with prime denominator in [a, B|NF(Q) if a < B, or [B, a]NF(Q) if
a > (37 We would require an approximation of the number of Farey fractions
with prime denominator in a sub-interval of [0,1]. Let Ng,(c, 3) be the

number of Farey fractions between o and 3 that have prime denominators. If
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we knew Nogp(a, B) we could adjust 3 until our approximation of Ng,(c, 5)
was positive. Then we could use Lemma 7.1.1 to find an upper bound for
Ng(a, B). The best we can hope for in this direction is an upper bound for
Ngp(a, B) which can be done using Selberg’s sieve. We need the following

Lemma.

Lemma 7.1.3 Forintegersa >1,d > 1 and b > 1, such that (a,b) =1 we

have

XY
D> 1=—+0X+Y).
<X y<Y d
azx+by=0 mod d

Proof. Solutions of ax + by = 0 mod d form a lattice of determinant d.
Suppose this lattice has the basis w;, w,, where w; = (u3,v;) and wy =
(u2,v2). So the solutions of axr + by = 0mod d are lattice points with
coordinates (z,y) = mw, + nw, for some integers m and n. One of our

requirements is that

1<z=mu;+nu < X
and

1<y=mu +nu; LY.

This represents a parallelogram in (m, n) space in which we need to count
the number of vectors with integer coordinates. Divide up (m,n) into unit
squares to form the fundamental lattice. Suppose NNV} squares are inside the
parallelogram and N, squares are partly inside the parallelogram. Then if
A is the area of the parallelogram we have N; < A < N; + N;. We shall
adopt the convention that each square belongs to the point in the lower

left corner of the square. Suppose N3 of the N, squares have their lattice
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pointsrinside the parallelogram and N4 do not. So N3 + Ny = N;. The
number of lattice points inside the parallelogram is therefore N; + N3 and
we have N; < A < Ny + N3 + Ny. If we imagine an arrow on the boundary
of the parallelogram with an anticlockwise direction then we see that the
boundary of the parallelogram enters each of the N, boxes on one side and
leaves usually by another side. The number of vertical lines that get cut
are < [B] +1 < B + 1 where B is the breadth of the parallelogram. Each
line gets cut at most twice so the number of lines the curve enters a new
square along a vertical side is < 2B + 2. Similarly at most 2H + 2 squares
are entered by the curve across a horizontal side, where H is the height of

the parallelogram. Hence Ny < 2B + 2H + 4. Let N = N; + N3, then we

have
N—-N3=N, <AL N+ Ny,
which gives
IN —A| <2B+2H +4. (7.1.2)

The area of the parallelogram is

_ XY
|U1U2 - U1U2|-

A

by a standard calculation. The area of the parallelogram in the lattice of

determinant d is |vyus — u3vs|, so we have

_xy

A .
d

(7.1.3)

By equations (7.1.2) and (7.1.3) we have

< P
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which proves the result.
Now we can use Selberg’s sieve to calculate an upper bound for Ng,(a, 3).
Given a and 3, where we shall suppose that a < 3, we find Farey fractions

a/b and c/d in F(Q), such that

o 8

<a<pB<

Ul o

and a/b and c¢/d are consecutive in F(max(b,d)). Farey fractions in the set

F(Q) N [a/b,c/d] are of the form

ax + cy
bz + dy’

where (z,y) = 1, and bz + dy < Q. We use Selberg’s sieve to sieve the set

A = {bz +dy < Q|(z,y) = 1} for primes. The result is as follows.

Lemma 7.1.4 The number of Farey fractions with prime denominator of
F(Q) in the interval [a/b, c/d], where a/b and c/d are consecutive in F(max(b, d)),

is at most

(2 +¢€)Q?
bdlog O’

for e > 0.

Now if we take the interval [a/b,c/d] and assume that there are as many
Farey fractions with prime denominator as lemma 7.1.4 will allow then, by
lemma 7.1.1, roughly speaking the ratio of the number of Farey fractions to
the number of Farey fractions with prime denominator is
Q*/bd
Q%/bdlog Q

So that for every interval containing log @ Farey fractions, one should be

< log Q.

prime.
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Chapter 8

The Minor Arcs

The following theorem is due to Vaughan [23].

Theorem 8.0.5 (Vaughan) Suppose that (a,q) =1, |a—a/q| < 1/¢*, H >
1, N>1. Let

s=%

h<H

) A(n)e(ahn)‘.

n<N

Then

. 1 1 g \? 1\
S <« HN log HN(q1/2+N1/4+(HN) +(H2N) )’

where A is von Mangoldt’s function, and e(x) = exp(2miz).
Using this result Vaughan proved the following corollary.

Corollary 8.0.6 Suppose that « is irrational and ||y|| denotes the distance
of v from a nearest integer. Then there are infinitely many prime numbers
p such that

llap — Bl < p~*1og®p.

We require a similar result to this, given in the following Corollary to The-

orem 8.0.5.
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Corollary 8.0.7 Suppose « is a real number in (0,1), Q is a large positive
number, ¢, c3 and c4 are positive constants and a/q is a convergent to the

continued fraction expansion for a with q in the range

16
_clog” @ <g< c30Q

Q= 57 _q_m=Q2
where
calogd Q 1
ICRAT

Then there is a prime p € (Q/2, Q)] for which
|lapl] < 6.

We will need the following lemma which is essentially Lemmas 8a, and 8b

of Chapter 1 of Vinogradov [24].

Lemma 8.0.8 LetY > 2 be an integer and |a—a/q| < 1/¢*, where (a,q) =

1. Then for all real numbers 3 and positive integers N we have

1 N
min Y,——)S(l-{-—-) 3Y +4qlogY).
= i (Y e g )Y+ aaleY)

We can now proceed to the proof of Corollary (8.0.7).
Let p(t) = [t] — t + 1/2 be the rounding error function which is well known
to have Fourier expansion

= > L o(min (1,50 ),

1<h<|H|

for t not an integer. Then for § < 1/2, the sum

> (plap+8) — plap — 8) + 20)
Q/2<p=Q

counts the exact number of primes in the range (Q/2, Q] for which

llpl] < 6.
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Following Vaughan we shall count powers of primes with a logarithmic
weight. So we require an estimate for the sum

> A(n)(p(an + 8) — p(an — 6) + 26).
Q/2<n<Q

By the prime number theorem this sum reduces to

Q
1) A(n o) — n—3a —_
2 Q+Q/2§1§Q (n)(p(an + 8) — p(a ))+O(logQ)
— 26Q+21+O(l—(—f§5).

We estimate X; using the Fourier expansion of the rounding error function,
which gives

5= Y T (e(h(an + 9)) — e(h(an — 5))) + 0(22>’

Q/2<n<Q 1<h<|H| 2mih

where by Lemma 8.0.8 we have

1 1
¥ = = ' —
2 I > min (H’||an+6||)

n<Q
1 Q
< —ﬁ<1+z)(3H+4qlogH).
Now
S+0E) = % ( ) i\—(%’l"—)(e(m - e(—hé)))
Q/2<n<Q “1<h<|H|
= > ( > W /-65 27rihe(ht)dt)

1 1 1/2 1
< JHQIOgB(HQ)(ql/z + Qi/a + (};IQ> * (HzQ)l/E’)

by Theorem 8.0.5. On choosing H = 1/§ we obtain the following

YK Qlog8Q<q1—1/2 + 6}/—4 + (%)1/2 + (%)1/5),
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and

T, L 1+%+6l‘f(q+%),

for some € > 0. This gives

6Q
A = 20Q+0|——+1%;).
Q/kz;zSQ ") Q (IogQ 1)
[lan]|<8

Hence we need to choose & so that 31 K 0Q, the order of magnitude of the

expected number of primes. This yields the three following conditions

c2log'® Q
12
035Q
q log® Q’
5 c4log8Q
> _Q—IM_’

stated in the Corollary.

To obtain his Corollary Vaughan chose the least 4, which is

calog® Q
=g

We would also like § to be as small as possible but this gives us a much
smaller measure for the set of a for which Corollary 8.0.7 holds. We defer
our choice of § until we have treated all such a € (0, 1).

We have the following corollary.

Corollary 8.0.9 Suppose a and é satisfy the conditions of Corollary (8.0.7)
and a/p is a Farey fraction of F(Q) with p a prime in (Q/2,Q]. Then

No(a,a/p) < 6Q + 1.

Proof. From Corollary 8.0.7 we have ||ap|| < § which means there exists

some integer a such that
lap—a|l < ¢
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a
= o2
p

and by Lemma 7.1.1 we have

No(a,a/p)

IA

IN
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Chapter 9

The Major Arcs

Lemma 9.0.10 Suppose o € (0,1) is a real number with two succesive

convergents in its continued fraction expansion a,/q- and ar11/qr+1 where

loglﬁQ

Q'r << 62 b (9-0.1)

and
4Q
> Qry1 2 ——, 9.0.2
Q ar+1 Z 10g16 Q ( )

where

1 log®Q

2 >8> Q1/1312’

Then there is a prime number p € (Q/2,Q)] for which

||ap|| < 6.

Proof. For simplicity we shall assume that r is even, then the proof for r
odd follows similarly.

Since a./q, and a,41/g-+1 are succesive convergents of a, we have

a a.
_T < 0% < T—H_
qr Gr+1
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Farey fractions in

(%, 22) nF©),
dr Qr+1

are of the form
A + Gry1y
@z + griay’
where (z,y) = 1 and ¢z + ¢11y < @, (simple property of the Farey se-

quence, see Huxley [12] Lemma 1.2.2). We choose y = y, so that

2 < gy < Q.
(9.0.3)

Now we consider fractions of the form

arT + ar+1Y0
qrT + qr+1Y0 ’

with (z,y0) = 1 and ¢,z + ¢,4+1Y0 < Q. The denominators form a short seg-
ment of an arithmetic progression within which we require a prime number.
As r increases we could be moving further away from a so we require an

upper bound for  which forces the following inequality

)
5

o — arZ + Gry1Yo
qrx + qr+1%0

Firstly we need to consider the case where

et draill ¢ (G 4), (0.0.4)

rT + gr+1%0 qr ’
We have the following inequality

_ arT + ar11Y0 Qr41 _ a,T + ary1Y0

qrT + dr+1Y0 r+1 qrT + qr+1Y0
A
- QT+1(Q1'33 + Qr+1y0)
< 2z
QT+1Q
z log!®
« Zlog @
0Q?
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by (9.0.2) and (9.0.3). So we must have
1 16
rlog®Q _ &
6Q? Q
which gives the following upper bound for z
2Q

r <KL —55—.
logISQ

(9.0.5)

Now we suppose that

a,;T + ar+1Yo ( ar+1)
————cla,—).
qrT + dr+1%o0 dr+1

Then we have

_ arT + ar41Y0 ' _ Qr41
grT + gr+1Yo0 qr+1
1 < 1
- q?+1 Q?
by (9.0.3). Then
1 < é-
Q* Q

for § > Q~!, which is the case, so we only need to consider the case where
(9.0.4) holds. By (9.0.5) we have an arithmetic progression ! mod ¢, of
length L, where

52Q

Theorem 5.7.1 states that this arithmetic progression will contain a prime

if 32 < Q and L < Q%%/6%, The condition ¢3% < Q forces

log® Q
0> Q1/6%6”
by (9.0.1 and the condition L > Q555/6% becomes

log® Q

6 > Q1/1312
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by (9.0.6). We choose

5 log®Q log®Q
= max (Ql/sss’ Q1/1312)

So we have the following Corollary equivalent to Corollary 8.0.9.

Corollary 9.0.11 Suppose a satisfies the conditions of Lemma 9.0.10 and
a/p is a Farey fraction of F(Q) with p a prime in (Q/2,Q). Then

No(a,a/p) < 0Q + 1,

for

log® Q@

6> Q1/1312°

Proof. The proof follows from Lemma 9.0.10 along the same lines as Corol-

lary 8.0.9.

9.1 A subcase of the Major Arcs

Now we need to consider the case where @ < g,.;. We have the following

Lemma.

Lemma 9.1.1 If a has two successive convergents a,/qr and ari1/qr+1

where

10g16 Q
6

g < (9.1.7)

and g,.1 > Q then the interval (o, B) or (B,«a) contains a Farey fraction,

a/p where p is a prime, of F(Q) where
No(o, 8) € 6Q + 1,
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for

log® Q

0> Q1312

Proof. Instead of looking at Farey fractions of F(Q) between a,/q, and
ar+1/qr+1 as we did in Lemma 9.0.10, we now look at Farey fractions of

F(Q) between a,/q, and a,_1/g-—;. Consider the sequence of rationals

;T + ar—1 .
qrX + gr-1 ’

it is tending towards the closest fraction of F(Q) to a,+1/gr+1. Choose X

so that
QTX + qr—1 S Q7
(X +1)+ g1 2 Q;
then
X = Q-¢ +0(1)
Q
= =40
qr ( )
5%Q
= X 1.
log16 Q (9 8)
by (9.1.7), and

arX + ar-1
Vo X001
@ QTX + Gr-1

Now we choose z so that

3
—6-22— <gr+¢- < TQ
and (X,z) = 1. We have
a, X + a,_1 _aTHar| | X — z
X +q_1 GT+ g1 (¢ X + 1) (- + gr—1)
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| X — x|
< =
- (qrx + qr—1)2
41X — z|
Q2
62
Qlog Q

<« S
0

So by Theorem 5.7.1 there is a Farey fraction with prime denominator in

IA

<

the interval

(arX + a1 a,x+ ar—l)
(IrX +gr—1 ’ qrx + qr-1

provided that

52Q
loglfi Q

> (35/656

by (9.1.8), and

long 328
( 5 ) <@

by (9.1.7). As in the previous major arcs case we have

log® Q

A Q12

Now we see that

a,T + Qr_ a,T + ar_ X +a,-
No(a, 2R ) _ g (bt @X tarsy g
qrT + gr-1 T + Qr1 QrX + gr-1

and the proof follows.
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