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Measurements of black-hole spins from gravitational-wave observations of black-hole binaries with
ground-based detectors are known to be hampered by partial degeneracies in the gravitational-wave
phasing: between the two component spins, and between the spins and the binary’s mass ratio, at least for
signals that are dominated by the binary’s inspiral. Through the merger and ringdown, however, a different
set of degeneracies apply. This suggests the possibility that, if the inspiral, merger and ringdown are all
within the sensitive frequency band of a detector, we may be able to break these degeneracies and more
accurately measure both spins. In this work we investigate our ability to measure individual spins for
nonprecessing binaries, for a range of configurations and signal strengths, and conclude that in general the
spin of the larger black hole will be measurable (at best) with observations from Advanced LIGO and
Virgo. This implies that in many applications waveform models parameterized by only one effective spin
will be sufficient. Our work does not consider precessing binaries or subdominant harmonics, although we
provide some arguments why we expect that these will not qualitatively change our conclusions.

DOI: 10.1103/PhysRevD.93.084042

I. INTRODUCTION

The Advanced LIGO (aLIGO) [1] and Advanced Virgo
(AdV) [2] detectors carry the potential to observe hundreds
of black-hole-binary systems per year by the time they
reach design sensitivity (2019–2020) [3–5]. Each binary is
characterized by the black-hole masses and spins, which we
hope to measure from gravitational-wave (GW) observa-
tions. However, we expect partial degeneracies in the
dependence of the waveform on these parameters to limit
the accuracy of their measurement [6–8].
We can learn about the constituents of the binary system

through the phasing of the binary as the two objects orbit
and slowly spiral toward each other. The phasing is a
function of the black-hole masses and the individual spin
vectors. For a system where the spins are aligned with the
binary’s orbital angular momentumwe may parametrize the
binary by the masses m1 and m2 and the dimensionless
spin parameters χ1 and χ2, where the Kerr limit imposes
jχij < 1. During the inspiral, the leading-order post-
Newtonian (PN) influence of the spins arises as a weighted
sum of χ1 and χ2 [7,9]:

χ ¼
m1χ1 þm2χ2

M
−
76η

226
ðχ1 þ χ2Þ; ð1:1Þ

where M ¼ m1 þm2 is the total mass and η ¼ m1m2=M
2

is the symmetric mass ratio. Equation (1.1) implies a strong
degeneracy between χ1 and χ2, so that even when χ can be
measured accurately, it will be difficult to measure the

individual spins. This degeneracy is strongest for equal-
mass systems. At large mass ratios, χ is dominated by the
spin of the larger black hole, so in these cases we may be
able to measure the large black hole’s spin, but the spin of
the smaller black hole will be poorly measured, if at all.
There is also a partial degeneracy between χ and the mass
ratio of the two black holes, which limits our ability to
measure the individual masses and χ [6–8,10].
When the spins also have components lying in the orbital

plane, the binary’s orbital plane precesses and the GW
signal acquires further structure [11,12]. There are again
degeneracies in the effect on the phasing, and in this case
the mean influence on the orbital precession of the four in-
plane spin components during the course of the inspiral can
be combined into a single “effective precession spin”
parameter [13]. Once again, these degeneracies suggest
that we may be able to measure the spin of the binary’s
larger black hole, but it will be difficult to accurately
measure both black-hole spin vectors.
The preceding discussion was restricted to the black

holes’ inspiral. During the merger and the final black hole’s
ringdown, the GW amplitude and phase are parameterized
by the final black hole’s mass and spin, which in turn are
governed by a different combination of the progenitor
masses and spins. It is conceivable that in observations
of high-mass systems, where the inspiral and merger-
ringdown contribute comparable power to the detectable
signal, that we may be able to more tightly constrain the
individual masses and spins. A preliminary study of this
question was performed in Ref. [14]. No evidence was
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found that two-spin effects would be measurable in
advanced-detector observations, but the study was limited
to a small number of configurations, and at the time there
was no two-spin inspiral-merger-ringdown (IMR) model
available with which to systematically estimate parameter
measurement uncertainties. We now have in hand a two-
spin model that has been proposed for aligned-spin
binaries, SEOBNRv2 [15], which makes it possible to
address this question more thoroughly.
Here we use a simplified single-detector Bayesian

framework to systematically analyze the spin information
that can be inferred from observing binary mergers.
Although we do not perform an exhaustive study, and
cannot rule out the possibility that particularly favorable
configurations do exist, our basic conclusion is that only
one spin parameter can be constrained by GWobservations,
and single-spin models are sufficient for the needs of GW
astronomy during the advanced-detector era.
Our study is limited to aligned-spin systems, because

these are the only configurations for which a two-spin IMR
model exists that are fast enough to make parameter
estimation studies feasible. Nonetheless, we perform some
preliminary studies of precessing systems (in the inspiral
regime) and make some comments in Sec. IV on how well
we expect our results to carry over to generic binaries.
We first present our methodology in Sec. II, which

summarizes the Bayesian techniques we use to measure the
binary parameters, the SEOBNRv2 waveform model, and
our Markov-chain–Monte Carlo (MCMC) code. We then
move on to our results in Sec. III and discuss our
conclusions in Sec. IV.

II. METHODOLOGY

A. Posterior probability

In order to assess our ability to measure the source
parameters θ from an observation, we perform the follow-
ing study. We simulate a GW signal from a binary with
parameters θ0 and confront it with a variety of signals
exploring the full parameter space of possible sources.
Assuming stationary Gaussian noise of the instrument, we
are interested in the expected, noise-averaged parameter
recovery. Hence we set the noise realization to zero [i.e.,
our data only consist of the GW signal hðθ0Þ] while we use
the instrument’s noise spectral density Sn in the inner
product between two signals:

hhðθÞjhðθ0Þi ¼ 4Re

Z

∞

fmin

~hðf; θÞ ~h�ðf; θ0Þ

SnðfÞ
df: ð2:1Þ

Here, ~h denotes the GW signal in the Fourier domain, � is
the complex conjugation, and we use the aLIGO
“zero-detuned high power” design sensitivity [16] with
fmin ¼ 10 Hz throughout this paper.

Given the data d≡ hðθ0Þ, the likelihood ratio between
the hypothesis that a signal with parameters θ is contained
in d, or d is pure Gaussian noise, is [17]

Λ ¼
expð−hhðθ0 − hðθÞjhðθ0Þ − hðθÞi=2Þ

expð−hhðθ0Þjhðθ0Þi=2Þ
: ð2:2Þ

We simplify Eq. (2.2) by expanding the linear inner
product and maximizing the likelihood over the template

norm ρ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

hhðθÞjhðθÞi
p

. By straightforward differentia-

tion of Eq. (2.2), we find ρmax ¼ ρ0hĥðθ0ÞjĥðθÞi and

Λ̂ ¼ max
ρ

Λ ¼ exp

�

ρ20
2
hĥðθÞjĥðθ0Þi

2

�

: ð2:3Þ

Here, ρ0 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

hhðθ0Þjhðθ0Þi
p

is the simulated signal-to-
noise ratio (SNR) and

ĥ ¼
h
ffiffiffiffiffiffiffiffiffiffiffi

hhjhi
p ð2:4Þ

denotes the normalized waveform.
Bayes’ theorem allows us to express the posterior prob-

ability of the source parameters, given the data, as the product
of the likelihood Λ̂ðθÞ with the prior probability πðθÞ:

PðθÞ ¼
Λ̂ðθÞπðθÞ

P0

; ð2:5Þ

where P0 can be interpreted as a simple normalization factor
such that

Z

PðθÞdθ ¼ 1: ð2:6Þ

When we are interested in the posterior probability for
individual parameters, we present the marginalized posterior
by integrating over all parameters thatwe are not interested in.
Formally, our results are then based on a mixture of a
likelihood that was maximized over extrinsic parameters
(distance, orientation, sky location)which all contribute to the
template norm [cf. Eq. (2.3)] and a posterior that is margin-
alized over intrinsic parameters.
The intrinsic parameters we vary are the chirp mass Mc,

the symmetric mass ratio η, the dimensionless, aligned-spin
components χi (i ¼ 1, 2), as well as a reference (or
“coalescence”) time tc and phase ϕc:

θ ¼ fMc; η; χ1; χ2; tc;ϕcg;

Mc ¼
ðm1m2Þ

3=5

ðm1þm2Þ1=5
;

η ¼
m1m2

ðm1 þm2Þ
2
;

χi ¼
~Si · L̂

m2
i

: ð2:7Þ
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Here, mi are the individual black-hole masses, ~Si are their
spin vectors and L̂ is the direction (unit length) of the
orbital angular momentum. We only consider spins that are
either aligned or antialigned with L̂.
In order to optimize the calculation of PðθÞ, we use the

fact that we can marginalize analytically over ϕc. The
dominant mode of nonprecessing signals obeys

hðϕc þ ΔϕÞ ¼ hðϕcÞe
−i2Δϕ; ð2:8Þ

which allows us to express

1

2π

Z

2π

0

Λ̂dϕc ¼
1

2π

Z

2π

0

e8ρ
2
0
cos2ð2ϕcÞjOj2dϕc ð2:9Þ

¼ e4ρ
2
0
jOj2I0ð4ρ

2
0jOj2Þ; ð2:10Þ

where I0 is the Bessel function of the first kind andO is the
complex integral that is part of the inner product:

O ¼

Z

∞

fmin

~hðfÞ ~h�0ðfÞ

SnðfÞ
df: ð2:11Þ

In addition, we can efficiently marginalize over the time
tc by noting that

~hðtc þ ΔtÞ ¼ ~hðtcÞe
i2πfΔt: ð2:12Þ

Therefore, we can calculate O for a range of time shifts by
using fast algorithms for the discrete inverse Fourier
transformation. By summing the results over time, we
effectively marginalize over tc as well, which means our
codes only have to sample the physical mass and spin-
related parameters. A similar strategy has been described
by Farr in an internal technical document [18].
We note that maximizing over time and phase is

computationally even faster, and our code is able to perform
either the maximization or marginalization over time and
phase efficiently as a result of the above calculations. Since
we found virtually indistinguishable results with both
methods, we used time- and phase-maximized posteriors
in the majority of cases we report here.

B. MCMC code

We use the ensemble sampler EMCEE [19] together with
the LALSuite [20] library that contains the implementation
of the waveform models discussed in Sec. II C.
The simulations use the single-detector likelihood

described in Eq. (2.3). This is based on the inner product
(2.1) which we calculate as a discrete inverse Fourier
transformation (see the discussion in the previous section).
We discretize the integral with a frequency spacing of
Δf ¼ 0.5 Hz, which is larger than the inverse duration of
some of the signals we consider. However, we only need to

resolve the correlations between hðθÞ and hðθ0Þ, and in
numerical tests these turned out to have significant support
only over a small range of time shifts if the optimally
aligned waveforms agree well, which is the region we are
interested in here. The same technique was recently used to
speed up the construction of stochastic template banks [21].
In order to increase the time-domain resolution for maxi-
mization or marginalization over tc, we use zero padding of
the signal and template by a factor of 2.
In general we use a setup of ∼10000 iterations with 100

MCMC chains. In addition we have checked the robustness
of our results with longer runs using ten MCMC chains
evolved for ∼100000 iterations. The first half of the
samples is discarded to remove the burn-in of the chains
which are not draws from the posterior distribution. We
comine samples from chains that have a Gelman-Rubin
statistic [22] close to unity. The above setup yields several
thousand independent samples.
We choose uniform priors in the component masses with

a minimum of 1.5M⊙ for m1 and 6M⊙ for m2. The upper
cutoff is chosen to be several times the component mass of
the signal mass parameters to leave ample room for
sampling the mass space. We sample only half of the mass
space, assume m2 ≥ m1 and add a cutoff in total mass
Mtot ≤ 500M⊙. The priors on the aligned spins are taken to
be uniform in χi ∈ ½−1; 0.99�.
In addition, two simulations with the precessing PN

SpinTaylorT4 model as implemented in LALSuite [20] were
performed with the nested sampling code from
LALINFERENCE [23] for a three-detector aLIGO-AdV setup.
We used a sampling rate of 4096 Hz, no amplitude
corrections, zero noise, the aLIGO [16] and AdV [24]
design power spectral densities (PSDs) with a lower
frequency cutoff of 40 Hz and a network SNR of 30.

C. Reduced-order model for SEOBNRv2

To explore the measurability of aligned component spins
for complete IMR waveforms over a large parameter space
region we use a reduced-order model (ROM) [25]
“SEOBNRv2_ROM” of the spin-aligned effective-one-
body model “SEOBNRv2” [15]. At the moment
SEOBNRv2 is the only two-spin IMR model available,
but due to its high computational cost it cannot be used
directly for parameter estimation studies that routinely
require millions of likelihood evaluations. This study has
only become feasible with the availability of the ROM [25]
which is constructed using extensions to the techniques
described in Ref. [26]. This ROM provides speedups on the
order of several thousands over SEOBNRv2.
The SEOBNRv2 model was found to be accurate to a

mismatch of 1% against 38 NR waveforms from the SXS
Collaboration [27], for total masses M ∈ ½20; 200�M⊙ and
the aLIGO design PSD [16]. Recent studies have shown
that while SEOBNRv2 is extremely accurate, it disagrees
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with new BAM [28] and SXS [29] NR waveforms at high
aligned spin [30,31].
The ROM [25] has a worst mismatch against

SEOBNRv2 of ∼1%, but in general mismatches are better
than ∼0.1%. It covers the entire SEOBNRv2 parameter
space 0.01 ≤ η ≤ 0.25 and −1 ≤ χi ≤ 0.99 for compact
binaries of total mass Mtot ≥ 2M⊙ and the full aLIGO
design sensitivity starting at 10 Hz.
We note that the LAL implementation [20] of

SEOBNRv2 and SEOBNRv2_ROM only provide the
l ¼ m ¼ 2 mode of the GW signal. Currently, no models
are available that include both spin and higher modes. Since
we also use SEOBNRv2_ROM for the target signals we
cannot investigate the effects of higher modes in this study.
The waveform used here also does not include effects of

precession of the orbital plane and of the black-hole spins.
Precession is driven by mainly a single measurable param-
eter [13,32] that describes spin in the orbital plane. At total
masses where the merger ringdown contributes signifi-
cantly to the overall power, the number of precession cycles
is very small. Therefore we do not expect precession to
change the qualitative picture at those total masses, as we
will discuss in Sec. IV.

III. RESULTS

We now use the methodology described in Sec. II to
study the accuracy with which we can measure the
individual spins of aligned-spin binaries. We focus on total
masses where both the inspiral and merger-ringdown
contribute a significant amount of power to the GW signal
in aLIGO. The nominal mass we choose is 50M⊙. If we
make a crude split between inspiral and merger-ringdown at
the Schwarzschild innermost stable circular orbit (ISCO)
frequency, then at this mass a nonspinning equal-mass
binary produces 60% of its detectable power during the
inspiral and 40% during the merger and ringdown. We use
the aLIGO “zero-detuned high power” design sensitivity
[16] with a lower frequency cutoff of fmin ¼ 10 Hz.
We consider mass ratios of q ¼ 1, 4 and 10 and a range

of (equal) aligned spins χi ¼ −0.9, 0, 0.5, 0.9. We explore
parameter recovery with two models: the double aligned-
spin SEOBNRv2 model and a single-spin SEOBNRv2
model, i.e., a model that assumes equal-spin waveforms
χ1 ¼ χ2, which can be expressed in terms of the reduced
spin parameter χ. Instead of χ we present results in terms of
a rescaled reduced spin [30]:

χ̂ ≔
χ

1 − 76η=113
; ð3:1Þ

which takes values in ½−1; 1�. We choose a SNR of 30,
which is considered optimistic but not unreasonable for
aLIGO observations. Note that if we assume a uniform
volume distribution of sources, and a threshold SNR of∼10
for detection, then since the SNR is proportional to the

source distance, only ð10=30Þ3 of signals will be close
enough to have a SNR higher than 30; i.e., ∼96% of signals
will have SNRs below 30. Similarly, only one in a hundred
observations will have an SNR greater than 50 and one in a
thousand greater than 100.
Once we have presented results for our nominal choices

(equal spins, 50M⊙, and a SNR of 30), we consider the
effect on our results of varying each of these in turn; we
look at unequal spins in Sec. III B, the effect of varying the
total mass in Sec. III C, and the dependence on SNR in
Sec. III D, to determine at which SNR we may be able to
constrain the spin on the smaller black hole.

A. Equal-spin binaries

Our key results for 50M⊙ binaries are shown in Fig. 1.
The left column of panels shows the posteriors for the
reduced spin with respect to the symmetric mass ratio,
while the right panel shows the posteriors for χ2 versus χ1.
The plots show contours for 95% credible regions C

of the marginal probability distribution function (PDF)
which are a subset of the parameter space that includes 95%
of the posterior probability,

R

C
PðθÞdθ ¼ 0.95.

Much of what we can conclude about our ability to
measure the individual black-hole spins can be inferred
from this figure; the remainder of this paper will be devoted
to demonstrating that the trends we observe here are
generic. Our observations are as follows.
Consider first the panels on the left, which show the two-

dimensional posterior distribution for the reduced spin and
mass ratio. The credible regions form strips. This is
consistent with the degeneracy between mass ratio and
spin that has been discussed in detail in previous work
[7,8,10,33]. During the inspiral the approximate degen-
eracy is between the mass ratio and the reduced spin (see
the discussion in Ref. [8]), while during the ringdown the
degeneracy is between systems with the same final mass
and spin. For the systems shown in Fig. 1, both degener-
acies play a role. We will see in Sec. III C how these
uncertainty regions vary with respect to total mass.
The tilt of the η-χ̂ posteriors depends on the spin and on

the mass ratio. The regions are almost parallel to the η axis
for high aligned spins and have the largest slope for high
antialigned spins. The variation in the tilt of the posteriors
with respect to spin becomes more pronounced as we move
to higher mass ratios. Thus, we can measure the reduced
spin best for configurations with high aligned spin or equal-
mass systems and worst if the spin is highly antialigned and
the system at a higher mass ratio. We note that this effect is
due to the parameter dependence of the signals during the
inspiral; we will see in Sec. III C that, as we move to higher-
mass systems and more of the signal is from the merger and
ringdown, these regions rotate.
Now consider the right-hand panels, which show the

same results, but with χ1 plotted against χ2. The dashed
lines indicate the results from using a single-spin model

MICHAEL PÜRRER, MARK HANNAM, and FRANK OHME PHYSICAL REVIEW D 93, 084042 (2016)

084042-4



parameterized with respect to the effective spin; these lines
represent constant values of the reduced spin, and their
orientation arises purely from the definition Eq. (1.1). We
now see that the individual spins are very poorly con-
strained, and the credible regions extend over the full spin
range possible for each value of the reduced spin.

For equal-mass systems, lines of constant reduced spin
are diagonal, and we measure each spin equally poorly. The
spin measurements are constrained only by the Kerr limit.
This means that we can only measure them accurately if
they are both near extremal and with the same orientation;
this is clear from the configurations with spins

FIG. 1. Symmetric mass ratio η versus rescaled reduced spin χ̂ (left), and component spin χ1 versus χ2 (right) posteriors for
configurations with mass ratios q ¼ 1, 4, 10 (top to bottom) at total mass 50M⊙ and SNR 30. Each panel shows configurations with
equal aligned spins χ1 ¼ χ2 ¼ −0.9, 0, 0.5, 0.9 (blue, green, orange, and magenta, respectively) with the true parameters indicated by a
star symbol. The contours represent 95% credible regions. In the right column we show in addition to the χ1-χ2 samples colored bands
that are delineated by two lines of constant reduced spin. These are obtained from the posteriors of the single-spin model at 95% credible
level.
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χ1 ¼ χ2 ¼ �0.9. At the other extreme, if the reduced spin
is small, as in the case where χ1 ¼ χ2 ¼ 0, then the
measurement is consistent with any magnitude of χ1 or
χ2, with only the requirement that the other spin be of
similar magnitude and in the opposite direction.
As the mass ratio increases, the spin of the larger black

hole increasingly dominates the GW phasing, and this
causes the lines of constant reduced spin to rotate. At high
mass ratios, the spin of the larger black hole becomes a
better approximation of the value of the reduced spin. At
mass ratio 1∶10, we see that we are now able to better
measure the spin of the larger black hole; its uncertainty has
been reduced to roughly a factor of 2 of the uncertainty in
the reduced spin. The spin of the smaller black hole remains
unconstrained, and in fact it is poorly constrained even for
systems with a large reduced spin.
This tells us that our best hope of accurately measuring

the spin of both black holes in a binary is for an equal-mass
system with both spins near extremal and both aligned (or
both oppositely aligned) to the orbital angular momentum.
For high mass-ratio systems, or those with a small-to-
moderate value of the reduced spin, the small black hole’s
spin is difficult to measure at all. However, for large mass-
ratio systems, we can measure the large black hole’s spin,
regardless of its value.
Based on the results from the single-spin model that are

overlaid on the right-hand panels of Fig. 1, we may
reasonably ask: what does a two-spin model tell us that
we do not already learn from a simpler single-spin model,
together with the constraints that follow from the definition
of the reduced spin? The mass-ratio 1∶4 results with
moderate spins suggest that we will obtain a slightly
stronger bound on the spin of the smaller black hole with
a two-spin model, but the improvement is not dramatic.

We will return to this point in subsequent sections, where
we consider systems with unequal spins, varying masses,
and higher values of the SNR.

B. Unequal spins

So far we have restricted ourselves to configurations with
equal aligned spins χ1 ¼ χ2. We have found that the
reduced spin χ is measured well, but the individual spins
are not, beyond constraints implied by the Kerr limit. In this
section we illustrate that the situation does not appear to
change even if the spins are unequal.
As our example we consider three configurations at mass

ratio 1∶4, all with the same reduced spin χ ¼ 0. These
systems have a total mass of 50M⊙. In one configuration
both black holes have no spin, and in the others
χ1 ¼ �0.75, with χ2 chosen such that the reduced spin
is still zero.
Figure 2 shows the two-dimensional 95% credible regions

for the component spins and histograms of the one-dimen-
sional probability distributions of the spins. It is evident that
the credible regions are almost identical. We first look at
results for mass ratio q ¼ 4 (right panel). While the PDFs of
the spins peak close to the truevalues, they all have almost the
same support. In the presence of detector noise these
differences are unlikely to be measurable. At mass ratio
q ¼ 1 (left panel), the credible regions cover a similar region,
but the peaks in the one-dimensional PDFs depend strongly
on the black-hole spins of the signal. These results suggest
that, while a single-spin model would provide almost no
information about the individual spins in this case, a double-
spin model would provide stronger evidence that the binary
consists of either nonspinning black holes or highly spinning
black holes with opposite orientations.

FIG. 2. The 95% credible regions for unequal spins, but identical reduced spin χ. The configurations have SNR 30, andMtot ¼ 50M⊙

and mass ratio q ¼ 1 (left) and q ¼ 4 (right). While the signal is symmetric under exchange of the masses for q ¼ 1, the prior is not.
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C. Dependence on total mass

One of the motivations for this study was to explore to
what extent the approximate reduced-spin degeneracy is
affected when the GW detectors are sensitive to comparable
power from both the inspiral and the merger-ringdown.
This relative distribution of power is a function of the total
mass of the system. In this section we investigate how the
picture given in Sec. III A depends on the total mass and
comment on the measurement accuracy of the mass ratio,
reduced spin and component spins. The accuracy of

recovery for chirp mass and total mass was studied in
Refs. [34–36].
In Fig. 3 we show how the mass-ratio-reduced spin

posteriors change with total mass. The correlation is very
strong at low mass, with the posterior samples approx-
imately following a straight line. As the mass increases the
regions become more fuzzy and thicker, indicating a
weaker correlation. This implies that measurement accu-
racy for χ decreases slightly if the posterior is almost
parallel with the η axis, i.e., for high aligned spins. If the
spin is smaller, or the spins antialigned, the slope is large

FIG. 3. The 95% credible regions for η-χ̂ posteriors for mass ratio q ¼ 4 and a range of total masses. We give SNRs in the inspiral (up
to the Schwarzschild ISCO) and merger-ringdown (from the ISCO onwards) for nonspinning configurations. The total SNR is 30 in
all cases.

FIG. 4. The 95% credible regions for χ1-χ2 posteriors for mass ratio q ¼ 4 and a range of total masses. We quote SNRs as in Fig. 3.
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enough that the increased width of the region does not
greatly affect the χ measurement.
Figure 4 shows how the spin posteriors change with total

mass. It is apparent that the posteriors do not significantly
qualitatively change. Recent studies have pointed out that
SEOBNRv2 is not expected to be accurate for high aligned-
spin systems at unequal mass [30,31]. Therefore our results
for χi ¼ 0.9 might change once an improved model is
available.

To condense the information further the left panel of
Fig. 5 shows the 95% credible interval for χ for mass ratios
q ¼ 1, 4, 10. There is some broadening of the intervals for
equal-mass systems at high total mass, but overall the
reduced spin is pretty consistently well measured for a wide
range of the parameter space. It is exceptionally well
measured for high aligned spins.
The measurement accuracy of the symmetric mass ratio η

depends both on the total mass and on the spin. For high

FIG. 5. The 95% intervals for the rescaled reduced spin χ̂ (left) and the symmetric mass ratio η (right) as a function of total mass for a
series of configurations at mass ratios q ¼ 1, 4, 10 (top to bottom).
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aligned spins the accuracy actually improves as the total
mass is increased. For high antialigned spins the accuracy
first improves with the total mass and is best around
Mtot ∼ 70–100M⊙. It then worsens considerably if the
mass is further increased. This becomes very obvious in
the right panel of Fig. 5 for unequal mass systems. The
behavior is reversed at equal mass.

D. Dependence on SNR

So far we have discussed results at a fixed SNR of 30. If
the SNR is not too low, we can expect that the parameter
measurement uncertainties scale inversely with the SNR
[37]. The mass-ratio-spin degeneracy is not absolute, and at
sufficient SNR we expect to be able to measure the spin of
the smaller black hole. How high must the SNR be? We
consider a nonspinning system to avoid the χ2 extreme-
Kerr boundary. We choose a mass ratio q ¼ 4. At SNR 30
we cannot constrain the spin on the small black hole for this
system, irrespective of the total mass.
We know from PN results that SNRs of hundreds to

thousands are required to constrain the spin on the small
black hole [6,7,10,38]. By including merger-ringdown we
expect that we can constrain this spin at a lower SNR if the
total mass is chosen so that inspiral and merger-ringdown

both contribute significantly. Figure 6 shows that this is
indeed the case. At a total mass of 100M⊙ the spin on the
small black hole, χ1, can be somewhat constrained at SNR
100. Figure 7 illustrates how these results depend on the
total mass. At SNR 30 (left) the spin on the small black
hole, χ1, cannot be constrained at all, and at SNR 60
(middle) the lower bound starts to move away from −1,
while at SNR 100 (right) we see that the measurement
accuracy for χ1 improves noticeably with the total mass
until about 100M⊙ and stays roughly the same until
200M⊙.
Systematic errors in the ROM and the underlying EOB

model become important at high SNRs. In the region
spanned by the posterior in Fig. 6 the ROM is only
indistinguishable [39] from the original SEOBNRv2 wave-
form for SNRs of order ∼22 for the worst mismatch against
SEOBNRv2. With respect to the median ROM error this
improves to a SNR of ∼55. Parameter estimation at SNR
100 would require much more accurate models. However,
even SEOBNRv2 is no longer indistinguishable against
its NR calibration waveforms at such a high SNR. The
indistinguishability criterion is sufficient, but not necessary,
and it has been shown that it is in practice far too conservative
where parameter estimation is concerned [40]. While these

FIG. 6. The 95% joint credible regions of the component spins for a q ¼ 4 nonspinning system at a total mass of 12M⊙ (left) and
100M⊙ (right) as a function of SNR.

FIG. 7. The 95% credible intervals for the component spins for nonspinning binaries at mass ratio q ¼ 4 as a function of total mass.
The panels show the spin on the small black hole (blue) and on the large black hole (green) for SNR 30 (left), SNR 60 (middle), and SNR
100 (right).
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results should be taken with a grain of salt we want to make
the point that if the ROM is a reasonably smooth model
with respect to parameter variations, it can still be used even
to give an estimate of the qualitative behavior of measure-
ments at high SNR. We can sanity check the results in two
ways: At low mass the credible regions obtained from the
ROM agree with regions from IMRPhenomD, which fully
incorporates two-spin effects during the early inspiral [30].
For sufficiently high SNR the posterior PDF is well
approximated by a multivariate Gaussian and uncertainties
on individual parameters scale inversely with SNR (see
Fig. 8 and Fig. 7 of [34]). In Fig. 8 this scaling can already be
seen at SNR 15.
These results suggest that the combined information

from the inspiral and the merger-ringdown does indeed
improve the measurement of the small black hole’s spin,
but this effect only becomes significant at SNRs of 100 or
beyond. For such signals, a two-spin model can begin to
place constraints on the spin of the smaller black hole,
beyond what would already be known from a single-spin
model and the consequences of the Kerr limit. For lower
SNRs, however, we do not seem to recover significant extra
information from the two-spin model. Note also that the
improvement in the spin measurement is not strong—even
for the strongest signals we expect to be able to detect with
aLIGO at design sensitivity, we do not expect to be able to
constrain the small black hole’s spin to anything other than
a statement that it is “small” or “large.”

IV. DISCUSSION

We have examined our ability to measure individual
black-hole spins in aLIGO and AdV observations of
aligned-spin black-hole-binary mergers. Our results are
based on the SEOBNRv2 model, which aims to capture the
effect of both black-hole spins on the GW signal. This
model includes only the dominant ðl ¼ 2; jmj ¼ 2Þ

harmonics and does not model precession effects. We will
make some comments below on how we expect these
approximations to affect our overall conclusions.
For low-mass binaries (less than ∼10M⊙), we expect a

degeneracy between the binary’s mass ratio and a combi-
nation of the spins, and another degeneracy between the
two spins themselves, to make it difficult to measure the
individual spins (in particular the spin of the small black
hole) below SNRs of Oð1000Þ. For higher masses, where
the merger and ringdown contribute increasingly to the
overall SNR, an alternative degeneracy (between systems
with the same final mass and spin) dominates, and it is
conceivable that observations that include both the inspiral
and merger-ringdown will allow us to break these degen-
eracies and constrain measurements of both spins. That is
what we have investigated here.
For the configurations that we have studied, this does not

appear to happen until we reach SNRs of ∼100. Below that
the spins are constrained only by our knowledge of the
extreme Kerr limit. This is illustrated in Fig. 1. For some
configurations our ability to measure both spins is indeed
optimal at masses where both the inspiral and merger-
ringdown contribute comparably to the total SNR (see
Fig. 7), at masses of ∼100M⊙, but this effect will only aid
measurements of signals with very high SNR (see Fig. 6).
We remind the reader that, assuming a uniform volume
distribution of sources in the Universe, and a threshold
detection SNR of ∼10, SNRs above 100 will occur in
roughly one in a thousand observations. The most opti-
mistic current rate estimates [3,5] suggest that there might
be several such observations per year when aLIGO and
AdV reach their design sensitivity, but in these cases we
would only be able to constrain the smallest black hole (or,
in the case of equal-mass systems, both black holes) to
possessing either “high” or “low” spin.
Our study is not exhaustive, but we have considered

configurations over a wide sampling of the parameter space
(up to mass ratios of 1∶10). The results could change
depending on the overall systematic accuracy of the
SEOBNRv2 model. The model was found to be less
accurate for mixed aligned and antialigned configurations
[31] up to mass ratio 1∶3. Beyond these mass ratios the
model has not been systematically checked against
unequal-spin waveforms. There are also known inaccura-
cies for high-aligned-spin systems near merger [30,31].
However, over much of the parameter space that we have
considered, we expect the model to be robust, and we do
not expect the qualitative picture to change.
The most important effect that we have not included in

this study is precession. In configurations where the
binary’s total angular momentum is highly inclined with
respect to the detector, strong modulations of the GW
frequency and amplitude may be detectable. These add
more structure to the waveforms. Some studies have shown
how the inclusion of precession can improve measurements

FIG. 8. The width of 95% credible intervals for chirp massMc,
symmetric mass ratio η, rescaled reduced spin χ̂, and the aligned-
spin components χ1, χ2 against SNR. As in Fig. 6 results are
shown for a nonspinning system at mass ratio q ¼ 4 at a total
mass of 100M⊙.
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of the mass ratio and the spin of the larger black hole
[41–44], although there are still indications that it is only
the spin of the larger black hole that can be measured with
any reasonable accuracy [13,45]. To date no studies have
explicitly considered our ability to measure individual
spins or have considered the effects of merger and ring-
down. For such systems, we note that we will observe only
a small number of precession cycles, so the effect of
precession on our measurements may be small. It should
also be borne in mind that, if we measure the binary’s
parameters with a model with a larger number of physical
parameters, we may well increase the size of the credible
regions for each individual parameter; in this sense, the
inclusion of precession may in some cases worsen our spin
measurements.
As an illustration of the effects of precession on

individual spin measurements, we consider an inspiral-
only example, for which PN two-spin precessing models
are available. We study two configurations with mass ratio

1∶3, a total mass of 12M⊙, dimensionless spin magnitude
0.9 on either the small or the large black hole, with the
other black hole nonspinning. The spin tilt angle is
ti ¼ arccosðL̂ · ŜiÞ ¼ π=3, where i refers to the spinning
black hole. The binaries are viewed under an inclination of
3π=4, at which we expect precession effects to be strong.
We use SpinTaylorT4 [20] without amplitude corrections
both for the signal and for recovery with a lower frequency
cutoff of flow ¼ 40 Hz at SNR 30 and a sampling rate of
4096 Hz. The simulations were performed with the
nested sampling code from LALINFERENCE [23] for a
three-detector aLIGO-AdV setup.
In Fig. 9 we compare the recovery of the spin magnitude

and the tilt angles for the two configurations. If the spin is
on the large black hole, its tilt angle can be recovered fairly
accurately, while the tilt angle cannot be constrained if the
spin is on the small black hole. The tilt angle of the
nonspinning companion is not well defined for the signal
and cannot be recovered. The spin magnitude can be

FIG. 9. The 68%, 90%, and 95% credible regions (solid, dashed, and dotted lines, respectively) for the spin tilt angles (left) and spin
magnitudes (right) for two configurations at q ¼ 3 and Mtot ¼ 12M⊙. We show credible regions for precessing spin on the small black
hole (blue) or the large black hole (red). The true values of the spin magnitudes 0.9 and tilt angles π=3 are indicated by stars.

FIG. 10. The 68%, 90%, and 95% credible regions (solid, dashed, and dotted lines, respectively) for aligned-spin SEOBNRv2-ROM
configurations with q ¼ 3 and spin 0.9 on the small black hole (blue) or the large black hole (red). The left panel shows the spin
magnitudes. The peculiar shape of the regions can be explained by the elongated regions in the component spins (right panel).
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recovered with some accuracy only if the larger black hole
is spinning. Similar behavior has been seen for other
configurations in [45,46]. Note that the prior on the spin
tilt angles is uniform in the cosine of the tilt angles and,
therefore, the true values do not appear inside the 95%
credible regions for the tilt angles.
Aligned spin comparison cases using SEOBNRv2_

ROM are shown in Fig. 10. These configurations use the
same setup as the precessing simulations, in particular also
flow ¼ 40 Hz, except that the black holes carry aligned
spin of þ0.9 on the small or large black hole. The regions
are elongated along the constant effective spin direction and
by taking the modulus of the component spins the regions
become V-shaped. We would expect to see a similar effect
if we used a precessing-binary model in the parameter
estimation, if we made the additional requirement that the
tilt angles had to be close to either 0 or π. Apart from this
notch the regions cover comparable area in the spin
magnitudes as shown in Fig. 9 (right). The measurement
of the individual spins has not improved at all in the
precessing case.
Other effects we do not consider in this study are spherical

harmonic modes beyond the dominant ðl¼2;jmj¼2Þ
contributions. Higher harmonics become more important
as the mass ratio is increased [35,40,47–49] and also add
more structure to the waveforms. We would expect the
inclusion of higher harmonics to improve the measurement
of individual spins, and we once again have the possibility
that there are ideal configurations (and binary orientations)
that make it possible to accurately measure both spins.
However, since in the present study we find that individual
spins are very poorly constrained, and in most configurations
the higher harmonics contribute less than a few percent of
the total signal power, it seems unlikely that the situation will
change dramatically. To address this question conclusively,

of course, would require a two-spin higher-mode IMR
model.
It is clear, then, that we require IMR models that include

higher harmonics and precession in order to fully under-
stand our potential to measure individual spins with
advanced-detector observations. Even for models that
include only the ðl ¼ 2; jmj ¼ 2Þ modes, we require far
greater accuracy than currently available in order to fully
quantify the accuracy of measurements from observations
with SNRs greater than ∼30. These qualifications aside, we
expect that in general individual spins will be measurable
only in cases where the spins are both near extremal, and (at
least for aligned-spin binaries), both aligned or both
antialigned with the orbital angular momentum.
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Note added.—Recently, the LIGO and Virgo
Collaborations reported a gravitational-wave observation
of a black-hole binary [50]. The spin measurements
reported for that observation are consistent with the
expectations presented here [51].
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