
 

The Mechanical Properties of  

a Three-Dimensional Stochastic 

Fibrous Network with Cross-linking 
 

 

by 

YANHUI MA 

 

 

A thesis submitted in partial fulfilment for the degree of  

Doctor of Philosophy 

 

Cardiff School of Engineering 

Cardiff University 

2016 

 



 
 

 

DECLARATION 
 

This work has not been submitted in substance for any other degree or award at this 

or any other university or place of learning, nor is being submitted concurrently in 

candidature for any degree or other award. 

 

 

Signed …………………………… (Yanhui Ma)       Date ………………………… 

 
 

STATEMENT 1 
 

This thesis is being submitted in partial fulfillment of the requirements for the degree 

of …………………………(insert MCh, MD, MPhil, PhD etc, as appropriate) 

 

Signed …………………………… (Yanhui Ma)       Date ………………………… 

 
 

STATEMENT 2 
 

This thesis is the result of my own independent work/investigation, except where 

otherwise stated. 

Other sources are acknowledged by explicit references.  The views expressed are my 

own. 

 

Signed …………………………… (Yanhui Ma)       Date ………………………… 

 

 

STATEMENT 3 
 

I hereby give consent for my thesis, if accepted, to be available for photocopying and 

for inter-library loan, and for the title and summary to be made available to outside 

organisations. 

 

Signed …………………………… (Yanhui Ma)       Date ………………………… 

 

 



 

 

 

 

 

 

 

 

 

 

I dedicate this to my parents, my family and my friends who 

have always lovingly supported me. 



I 

 

Acknowledgements 

First I would like to express a great deal of gratitude to my supervisors, Dr. Hanxing 

Zhu, and Dr. Richard Perks for giving me this opportunity to carry out this research. 

A great deal of thanks is owed to Dr. Hanxing Zhu for his patient guidance about how 

to build up the geometrical models, treat the cross-linkers, identify the dominant 

deformation mechanisms, extract useful results, and prepare the dissertation and 

research papers, and for his continued encouragement over the course of my 

postgraduate study. I am greatly inspired by Dr. Zhu’s attitude to novelty and high 

quality of research.    

I would like to thank Prof. David Kennedy who has been internal examiner of my 

annual review for three years, for his advice on my research. I would also like to show 

appreciation to Dr. Shunqi Pan, Prof. Andrew Quantock and Dr. Rob Young for their 

support and kind help- I think if they had not appeared in my life, I would not have 

found that doing research is fun, and be choosing to stay in academia after my PhD. I 

would like to thank Prof. Gengkai Hu and Prof. Xiaoning Liu from Beijing Institute 

of Technology for recommending me to study in Cardiff and providing the help at the 

beginning of my PhD. I would also like to express my gratitude for an award from the 

PGR International Experience Fund which provided me with the opportunity to study 

in Prof. Peter Pinsky’s lab in Stanford University as a Visiting Student Researcher for 

one month. I would like to thank Prof. Pinsky for his valuable guidance. 

I would like to thank my friends and colleagues for their company, thank my training 

partners in Badminton Club for making me strong physically. I also would like to 

thank all the administration staff in the Research office for their kind help. 

I am thankful to China Scholarship Council and Cardiff University School of 

Engineering for the sponsorship which allowed me to conduct this research. 

Finally, I would like to thank my family for always supporting and encouraging me 

throughout the course of my education. In particular I owe my deepest gratitude to my 

loving parents, who always think that their daughter is the best. Mum and Dad, I love 

you so much!   

 



II 

 

Abstract 

Fibrous materials are promising for a wide range of engineering applications due to 

their low density and high stiffness and strength. Stochastic filamentous networks can 

be widely found in biomaterials at the micro- and nano-scales. The objective of this 

study is to investigate the mechanical properties of macro-sized, micro-sized and 

nano-sized stochastic fibrous networks with cross-linking. 

A continuum mechanics-based three-dimensional periodic beam model has been 

developed to describe stochastic fibrous materials by the Finite Element Method 

(FEM). Relative density is a key parameter to elucidate the mechanical properties of 

porous fibrous materials. The relative density of the beam model developed in this 

study can be adjusted by changing the concentration of the cross-linker, the fibre 

aspect ratio and the coefficient of overlap. In general, the non-dimensional Young’s 

moduli and shear moduli increase with increasing relative density. The simulation and 

analytical model have suggested that strut bending is the dominant deformation 

mechanism for stochastic fibrous materials. 

Based on the total strain energy density, scalar measures of characteristic stress and 

strain have been applied to reveal the yielding of stochastic fibrous materials. The 

effect of relative density on uniaxial yield strength of stochastic fibrous materials 

shows a quadratic function in the x direction and a cubic function in the z direction. 

When the dimensions of fibrous structures are reduced to the micro- or nano-scale, the 

stiffness is much different from that of their macro-sized counterparts. Strain gradient 

effects at the micro-meter scale, and the surface elasticity and initial stress effects at 

the nano-meter scale have been incorporated into the deformation mechanism of 

fibrous materials. For both of the micro- and nano-sized fibrous structure, the smaller 

the diameter, the larger the non-dimensional Young’s moduli and shear moduli. 

Generally speaking, the dimensionless stiffness of nano-sized stochastic fibrous 

structures is larger than their micro-sized counterparts. The size-dependent effects 

investigated in this study could provide good reference points for scientists in tissue 

engineering and serve as a guide in the design of MEMS and NEMS. 
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Chapter 1 Introduction  

 

1.1 Research background and objectives 

Porous materials with attractive thermal, acoustic, electrical and mechanical properties 

provide a wide range of engineering applications. Cellular materials like foam and 

honeycomb have been extensively studied[1–6]. Fibrous materials are another type of 

porous material with low density and high stiffness and strength; however, limited 

research has been carried out especially on simulation and analytical models. 

Porous fibrous materials consisting of a metallic fibre network can be used as the core 

of sandwich panels. An understanding of the elasto-plastic behaviour of fibrous 

materials is important in order to fulfil structural applications. Stochastic filamentous 

networks can be widely found in biomaterials at the micron- and nano-scales.  For 

instance, a typical extra-cellular matrix (ECM) is composed of structural protein 

nanofibres such as collagen with a diameter in the order of micrometers[7]. The 

cytoskeleton (CSK) is a network of filamentous proteins within a cell’s cytoplasm, 

composed of filamentous actin (F-actin), microtubules and intermediate filaments with 

diameters in the order of nanometers[8]. The elasticity of a cell is governed by the 

cytoskeleton. It is crucial to build quantitative mechanical models describing the 

complicated behaviour of the cytoskeleton and predicting the effects of the 

filamentous network parameters, such as, the number of cross-linkers, the density of 

filaments on the elasticity. To the best of our knowledge, however, the three-

dimensional model of the stochastic fibrous network with cross-linkers taken into 

account has never been reported. 
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To analyse the mechanical properties of stochastic fibrous materials, some 

conventional theories may not apply to materials with a dimension at the micro- or 

nano-scale. In general, the strain gradient effect plays a dominant role in deformation 

at the micro-meter scale. At the nano-meter scale, surface elasticity and initial strain 

(stress) effects are of great importance in the mechanical behaviour. It is important to 

investigate the size-dependent and tunable mechanical properties of micro- and nano-

sized stochastic fibrous structures. 

The key objectives and contributions of this research work are composed of four parts 

which are presented in four different chapters (Chapter3-6). They are: 

1. Develop a continuum mechanics-based three-dimensional periodic beam 

model to describe the stochastic fibrous materials by the Finite Element 

Method(FEM). Investigate the geometrical properties of a three-dimensional 

random beam model in which all the parameters can be adjusted, for example, 

the diameter, the length, the orientation, the concentration of cross-linkers, 

overlap coefficient, among others. 

2. Delineate how the key features in the anisotropic structure affect its stiffness. 

Investigate the role of a cross-linker and how the relative density affects the 

elastic properties of the stochastic filamentous network. The beam model 

developed in this study is proved to be transversely isotropic, thus there are 

five independent elastic constants investigated. 

3. Delineate how the key features in the anisotropic structure affect its strength. 

Characteristic stress and strain derived from strain energy density have been 

applied to reveal the yielding of fibrous materials. Develop analytical models 

together with the FE simulation to reveal the relationship between the yield 

strength and relative density of the stochastic fibrous structure. 
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4. Investigate the size-dependent and tunable rigidities of stochastic fibrous 

materials. The effects of strain gradient at the micro-meter scale and the effects 

of surface elasticity and initial stresses/strains are incorporated into all the 

deformation mechanisms in the analysis of stochastic fibrous structures. 

 

1.2 Thesis organisation 

This thesis is organised as follows: Chapter 2 presents a literature review of past 

studies. It describes the applications of porous fibrous materials in engineering and the 

methods to investigate their mechanical properties. Also, it introduces strain gradient 

effects at the micro-scale and the surface effects at the nano-scale. Chapter 3 describes 

the three-dimensional periodic beam model which is used to represent the stochastic 

fibrous network with cross-linking. By using the random beam model, the elasticity 

of the cytoskeletal network composed of filamentous materials is investigated in 

Chapter 4.  Chapter 5 reveals the dependence of yielding strength on the relative 

density of the stochastic structure. It shows that the dimension of the inserted beam 

representing the cross-linker in the fibrous network plays an important role in the 

strength anisotropy. In Chapter 6, the size-dependent effects on the relationships 

between the relative density and the elastic constants of micro- and nano-sized fibrous 

structures are investigated.  Finally, a brief summary of the work has been concluded 

in Chapter 7. In addition, it presents the research limitation followed by 

recommendations for future work. 
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Chapter 2 Literature Review 

 

2.1 Porous materials 

Porous materials have been of great interest to engineers and scientists due to the 

attractive thermal, acoustic, electrical and mechanical properties and the fact that 

porous materials provide a wide range of different engineering applications. Foam and 

honeycomb which can also be categorized as cellular materials have been extensively 

studied[1–6]. As Gibson and Ashby[4] described, the four major applications of 

cellular materials in engineering are thermal insulation, packaging, structural use and 

buoyancy attributed to thermal conductivity, high compressive strength and stiffness 

and low density. With the same attractive properties as cellular properties, porous 

fibrous materials are less researched and less understood in comparison because of 

their more complex geometry. Some techniques have been developed to produce 

fibrous materials, for instance, fibre pull-out techniques[9] for porous metal fibre 

sintered sheets(MFSSs)[10] which can be used as the core of sandwich panels; the 

electrospinning techniques[11] for polymer fibre scaffold applied in drug delivery and 

tissue engineering[12], among others. In addition, the cytoskeleton which governs 

many mechanical behaviours of the cell is a network of stochastic filamentous 

proteins[13]. A typical extra-cellular matrix (ECM) is composed of structural protein 

nanofibres such as collagen with a diameter in the order of micrometers[7]. The 

promising applications of stochastic fibrous networks as biomaterials in tissue 

engineering are elucidated in Section 2.3. 
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2.1.1 Cellular and fibrous materials 

Porous (permeable) cellular and fibrous materials can be made from metals, polymers, 

ceramics and even composites depending on the properties required in industry. Apart 

from man-made engineering porous materials, they are abundant in nature, such as 

cancellous bone, wood, cork, sponge and sheep’s wool. Generally speaking, cellular 

solids include honeycombs and foams. Gibson and Ashby[4] conducted a 

comprehensive study on the mechanical, thermal, electrical and acoustic properties of 

cellular solids. In the architecture of cellular materials, cells are distinct. A single 

idealized unit cell can be used to represent the microstructural features of cellular 

materials, e.g., 2D honeycombs in which the unit cells can be triangle, square or 

hexagon. Many micromechanical models of honeycomb and foams have been 

developed to investigate the macro mechanical behaviour of cellular materials[1–4, 6, 

14–16]. By contrast, the architectures of fibrous materials are much more complicated 

especially for stochastic fibrous networks, e.g., felt, as it is very hard to find any 

individual cells in their architecture. Paper is a kind of stochastic fibrous material, 

which is, to some extent, the most familiar one to most of us. Randomly orientated 

fibres are recruited into the network by sintering, welding or adhesive bonding with 

other fibres. Thus for the fibrous materials, the joints are the intersections between two 

fibres, whereas a typical joint of open-cell foam is a solid anchor for three or more cell 

edges as shown in Figure2.1[17]. 
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Figure 2.1. Comparison of the architectures of (a) a metal fibre network and (b) an 

open cell aluminium foam[17]. 

 

2.1.2 Metal fibre sintered sheets 

Porous metal fibre sintered sheets(MFSSs) are a typical metal fibrous material with 

low density and high stiffness with potential for functional and structural applications. 

MFSSs are produced by overlapping the randomly distributed fibres by air-laid web-

forming technology before compressing and sintering into a three-dimensional 

material with fibre network[9]. Experiments show that the MFSSs are transversely 

isotropic in the x-y plane (in-plane) which is perpendicular to the thickness direction 

(z-axis) as shown in Figure 2.2[17]. As MFSSs can be used as the core of sandwich 

structures, the stiffness and strength of MFSSs under shear are crucial. Shear tests 

based on a non-contact, optical, full-field deformation measurement system have been 

conducted to observe the shear response of MFSSs. It has been suggested that the in-

plane shear modulus and strength are both linearly dependent upon the relative density 

(i.e., the ratio of the volume (mass) of the metal fibres to that of the fibrous structure) 

of MFSSs, while the transverse shear modulus and strength have quartic and cubic 

dependence upon the relative density respectively[18]. The discrepancy between the 

shear response of in-plane and out-of-plane of MFSSs is believed to be resulted from 
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different dominant deformation mechanisms. The latter is fibre bending, whereas the 

former is fibre stretching/compression. Experimental results show that the in-plane 

shear modulus and yield strength are much larger than their out-of-plane counterparts. 

Nevertheless, the transverse yield strain is larger than the in-plane yield strain under 

shear[18]. The uniaxial tension and compression tests of MFSSs show that both the 

in-plane stiffness and yield strength are much higher than those in the transverse 

direction[17], which could be attributed to the architecture of MFSSs as it is a multi-

layered structure as shown in Figure 2.2 and the sintering quality of fibre joints could 

be uneven. Moreover, Poisson’s ratio in the thickness direction 𝜈31 = 𝜈32 is close to 

0, which implies that the transverse loading can hardly trigger any contraction or 

expansion in the x and y directions. 

 

Figure 2.2. (a) Illustration of multi-layered structure of porous metal fibre sintered 

sheets(MFSSs) and (b)photography of MFSSs in the x-y plane[17]. 

 

2.1.3 The connectivity in the fibre network 

The connectivity in the fibre network plays a significant role in the mechanical 

properties. It was found that the porous structure with high nodal connectivity is 

stretching dominated [10, 17]. In contrast, the deformation mode of the isotropic, two-
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dimensional, perfect hexagonal honeycomb is a combination of stretching and bending, 

when the nodal connectivity is low[2, 19]. Jin et al developed a two-dimensional 

micromechanics random beam model to investigate the in-pane elasto-plastic 

behaviour of MFSSs[10]. In his model, all the fibres are completely overlapped with 

each other to form a two-dimensional stochastic fibre network, which leads to very 

strong bonding connection and high nodal connectivity between fibres. The simulation 

results showed that the in-plane Young’s modulus and bulk modulus have a linear 

correlation with the relative density[10]. Gibson and Ashby [4] have suggested that a 

linear dependence of the modulus of a cellular solid upon its relative density implies 

the stretching dominated deformation mechanism. 

Fibre network materials can be served as the core in the sandwich structures with high 

stiffness and low density, while keeping the thickness low. Markaki and Clyne [20, 

21] have experimentally studied the mechanics of three variants of thin, ultra-light, 

stainless-steel, sandwich sheet material, two of which are Cambridge Bonded Steel 

Sheets (CAMBOSS) and Cambridge Brazed Steel Sheets (CAMBRASS). CAMBOSS 

and CAMBRASS share the same architecture and the only difference lies in the 

processing of connection between plates and metal fibre material. In CAMBOSS, 

fibres are connected by epoxy adhesive bonding, while the fibres in CAMBRASS are 

bonded by brazing at a temperature of 1000° for a period of about 5min. Experimental 

results showed that the stiffness of CAMBRASS is significantly higher than that of 

CAMBOSS[20]. It implies that the bonding quality or the strength of connection 

between fibres can greatly affect the stiffness of fibre network materials. Xi et al 

proposed that the mechanical properties of metal fibre porous materials are highly 

dependent upon the fibre-fibre joints and the number of metallurgy nodes[9]. The 
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mechanical properties are enhanced with increasing sintering contact points per unit 

volume and the bonding intensity. 

The joint bonding quality can vary according to the method of preparation of the 

fibrous mat. The bonding can be done by welding, brazing, sintering or adhesive 

bonding. In Finite Element (FE) modelling, beams are mostly utilized to represent the 

fibres and the method of connection between beams is crucial. In the model of Jin et 

al [10], as all the fibres are overlapped into a two-dimensional network, the connection 

can be regarded as very rigid. Sastry and co-workers [21–23] proposed a technique for 

modelling fibre-fibre joints in which the connection realized by the torsion spring can 

be regarded as flexible. However, the mechanical properties of a fibrous network with 

flexible bonding were not given. The idea that the connectivity between fibres cannot 

be fully described by a single connection point in the beam modelling is very 

encouraging. 

2.2 Method to investigate stochastic fibrous materials 

The mechanical behaviour of porous fibrous materials can be investigated by 

tension/compression and shear tests. Experimental results of porous metal fibre 

sintered sheets (MFSSs) conducted by Zhao et al[18] suggest that the in-plane stiffness 

and strength are much higher than those in the out-of-plane direction, which is 

different with foam or honeycomb. Experiments showed that metal fibre porous 

materials show higher compressive strength than the aluminium foams[24]. Apart 

from the approaches of experimental tests, the properties of porous fibrous materials 

can be analysed by analytical models and the Finite Element Methods (FEM) based 

on the continuum solid mechanics. 
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2.2.1 Analytical framework 

Some analytical models have been developed based on the assumption of affine 

deformation of the fibre network [25–28]. For a two-dimensional fibre network made 

of one single material, the Young’s modulus can be expressed as[20] 

𝐸𝑐 =
3𝜌𝑡𝑎𝑛2𝜃

16𝑠2
𝐸𝑓                                                              (2.1) 

where 𝐸𝑓 is the Young’s modulus of the constituent fibre material, 𝜃 is the inclined 

angle of the fibre, 𝜌 is the relative density and 𝑠 is the segment aspect ratio ( 𝐿/𝑑). It 

is assumed that for each fibre segment, one end is fixed and the other is free and 

applied by an external load 𝑊 as shown in Figure 2.3 [20]. Also, it is assumed that all 

the fibres are inclined at the same angle and would behave similarly. On the basis of 

these assumptions, the Young’s modulus of the fibre network derived from the beam 

bending theory is found to depend upon the inclination angle, relative density and the 

aspect ratio. This simple analytical model sheds light on the micromechanics of fibre 

network materials. However, in the real situation the boundary conditions are different, 

as most of the fibre segments would be embedded with each other at both ends. The 

orientation of fibres is random for stochastic fibrous materials. It has been suggested 

that structural randomness plays a significant role in the mechanical properties of fibre 

network materials [29]. The relationship between the in-plane Young’s modulus and 

the relative density of the fibre network obtained from the analytical model mentioned 

above is consistent with the simulation results from Jin et al [10], based on the two-

dimensional random beam model. The magneto-mechanical characteristics have been 

studied by an analytical model using ferromagnetic fibres under the influence of a 

magnetic field [26,30], in which a magnetic stiffness has been incorporated. In 

addition, by using the analytical method, the resistance of delamination of the thin, 
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ultra-light, stainless-steel sandwich sheet has been predicted [31] and the effect of the 

presence of a compliant matrix in the fibre network has been investigated [26]. 

 

Figure 2.3. Illustration of the elastic bending of a fibre inclined at an angle 𝜃 and with 

an applied vertical load, 𝑊[20]. 

 

2.2.2 X-ray tomography 

X-ray computed tomography is a technique to produce cross-sectional images from 

different angles, contributing to construction of 3-D architecture. With the 

development of the capability of digital image capture, X-ray computed tomography 

has become a very useful non-destructive tool in material science [32]. X-ray 

tomography has been utilized to extract the reliable architectural characteristics from 

the very complicated stochastic porous fibrous network and to reconstruct it [27, 29] 

as shown in Figure 2.4. Geometrical parameters, such as fibre orientation, segment 

length and distribution, and the number of intersections between fibres can be obtained 

from X-ray computed tomography. The structural details can be revealed by X-ray 

tomography; however, this technique is computationally challenging as it needs a 
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series of algorithms to extract the architectural parameter from the raw data. Also, it 

has suggested that the fibre network architectural characteristics are sensitive to the 

adopted algorithms of image processing, for instance, the segmentation method, 

thresholding, deconvolution, among others [29]. Finite element models are an 

attractive approach to construct the complex stochastic fibre network based on the 

basic geometrical parameters extracted from X-ray computed tomography. 

 

Figure 2.4. 3-D reconstruction from the X-ray computed tomography of stochastic 

fibrous materials [28]. 

 

2.2.3 Finite Element Method (FEM) 

The finite element method (FEM), which was originally developed for solving solid 

mechanics problems, offers a means to probe the mechanical properties of intricate 

porous material. A two-dimensional random irregular honeycomb has been 
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constructed and the effect of the irregularity on the mechanical properties of 

honeycomb has been observed with Finite Element Analysis(FEA) [2, 33, 34]. Jin et 

al [10] developed a two-dimensional micromechanics random beam model to 

investigate the in-plane elasto-plastic behaviour of MFSSs. Finite element method has 

been employed to investigate the tensile and compressive behaviour of random fibrous 

materials [35, 36]. A comprehensive study on the modelling of stochastic fibrous 

materials by mathematical treatment, for instance, the probability and distribution can 

be found in reference[37], however, the connection between fibres was not taken into 

consideration. The connection between fibres is a very key feature in the structure, 

especially when dealing with mechanical behaviours of three-dimensional fibrous 

structures. A three-dimensional model of the fibrous structure made of three different 

materials with joint bonding taken into account has been constructed by Liu et al [35].  

The relative density plays a significant role in the mechanical properties of porous 

materials[1–4, 10], in which the stiffness and strength can be adjusted over a wide 

range by changing the relative density. Gibson and Ashby have put forward that the 

simplest and most straightforward way to analyse the mechanical properties of cellular 

materials is to use dimensional analysis [4], and it points out the dependence of 

mechanical properties on the relative density of the structure. However, the relative 

density is difficult to control in the manufacturing process. With the assistance of the 

FEM it is easier and more convenient to control the relative density and other key 

parameters in the model. In addition, optimized design of complex porous materials 

can be realized by finite element method. 

 It is suggested that the macroscopic stresses and strains can be determined by the 

microscopic stresses and strains over a representative volume element (RVE). RVE 

[38] was proposed to reveal the full-scale model by a representative ‘cell unit’ to 



Chapter 2. Literature Review  

14 

 

significantly reduce the computation complexity. RVE serves as a bridge linking the 

macroscopic mechanical properties with their microscopic counterparts. To meet the 

continuity and equilibrium between any two neighbouring RVEs, the representative 

volume element must be periodic [2].  

Choosing an appropriate boundary condition is very important in the numerical 

simulation. Chen et al [14] analysed three types of boundary conditions: mixed 

boundary conditions, prescribed displacement boundary conditions and periodic 

boundary conditions as shown in Figure 2.5. The mixed boundary condition is 

representative of frictionless grips. The model with mixed boundary conditions has no 

tangential force and the bending moment at nodes on the boundary, which have been 

used  by Silva et al [39] and Triantafyllidis and Schraad[40]. The prescribed 

displacement boundary conditions impose relatively stronger restrictions, which are 

representative of sticking grips. The prescribed displacement boundary conditions 

constrain both the translation displacement and rotation of every node on the boundary. 

The periodic boundary conditions[2] assume that the corresponding nodes on the 

opposite side of the mesh have the same expansion in the normal direction, the same 

displacement in the other directions and the same rotation in all the directions. It has 

been indicated that the periodic boundary conditions are more suitable than the mixed 

boundary conditions and prescribed displacement boundary conditions [2] to analyse 

the mechanical properties of a periodic RVE. The periodic boundary conditions are 

expressed as 

 𝑢𝑖1 − 𝑢𝑖2 = 𝑢𝑖1
𝑟𝑒𝑓

− 𝑢𝑖2
𝑟𝑒𝑓

                  𝜃𝑖1 − 𝜃𝑖2 = 0,    𝑖 = 𝑥, 𝑦, 𝑧,                           (2.2) 

where 𝑢𝑖1
𝑟𝑒𝑓

, 𝑢𝑖2
𝑟𝑒𝑓

 are the translational displacements of the reference node chosen on 

the opposite edge of the mesh; 𝑢𝑖1 , 𝑢𝑖2 denote the translational displacements of all 
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the other nodes but the reference node chosen on the opposite sides; 𝜃𝑖1  and 𝜃𝑖2 

represent the rotational displacements of the corresponding nodes on the opposite 

boundaries. 

 

Figure 2.5. Three different types of boundary conditions: (a) mixed boundary 

conditions, (b) prescribed displacement boundary conditions and (c) periodic 

boundary conditions[14]. 

 

2.2.4 Characteristic stress and strain 

Traditionally the yielding of a material is defined according to the von Mises yield 

criterion. However, it cannot be used to describe the yielding when a material is 
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subjected to hydrostatic loading as the Mises criterion is based on the distortional part 

of strain energy and when a material is under hydrostatic loading the von Mises 

equivalent stress is zero. Some researchers have put forward the characteristic stress 

and strain which combine the hydrostatic density energy and deviatoric density energy 

to probe the yielding of two-dimensional isotropic foam[14], two-dimensional 

anisotropic cellular materials[41] and three-dimensional transversely isotropic 

foams[42]. The deduction of characteristic stress and strain is based on the total strain 

energy density and different from those phenomenological yield criteria, for instance, 

a shape parameter needs to be given to describe the mean-effective stress[43]. It should 

be noted that the characteristic stress-strain curve is linear in the elastic regime and its 

slope is unique irrespective of the state of stress, i.e., all the curves under uniaxial 

and/or multiaxial loadings collapse on the same master line. Figure 2.6 shows the 

characteristic stress-strain plots under biaxial loading in the plane of isotropy and the 

plane of anisotropy for the transversely isotropic foam[42]. 

 

Figure 2.6. Characteristic stress-strain plots under biaxial loading in (a) plane of 

isotropy and (b) plane of anisotropy for the transversely isotropic foam[42]. 
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The introduction of characteristic stress and strain facilitates to determine the onset of 

yielding under multiaxial loading conditions. For three dimensional transversely 

isotropic materials, the yield criterion based on the total strain energy density is given 

by [42] 

𝜎𝑒
2 + 𝜅2𝜎𝑚

2 = (1 +
𝜅2

9
)𝑌11

2                                                   (2.3) 

where 𝜎𝑒 is the effective stress which is related to the deviatoric part of strain energy 

and 𝜎𝑚 is the mean stress associated with the hydrostatic part of strain energy. 𝜅 is a 

parameter carrying the information on stiffness and strength anisotropy and can be 

expressed by parameters 𝑌11, 𝑌33, 𝑋11, 𝑋33, 𝜈12, 𝜈31,𝐸1and 𝐸3, where 𝑌11, 𝑌33 are the 

yield strengths when the material is subject to uniaxial loading in the x and z directions 

respectively, 𝑋11 , 𝑋33  are the corresponding yield strains. 𝐸1 , 𝐸3  are the Young’s 

moduli in the x and z directions. 𝜈12, 𝜈31 are the Poisson’s ratios. It implies that for 

transversely isotropic materials with the properties in the x direction the same as those 

in the y direction, based on only simple uniaxial loading tests (x and z) the yielding 

under any arbitrary stress state can be revealed. As most of the foams exhibit different 

mechanical responses under compression and tension, it is necessary to incorporate 

the pressure dependence in the yield criterion. Thus the final form of the yield criterion 

can be expressed as [42] 

𝜎𝑒
2 + 𝜅2𝜎𝑚

2 − 3(𝑌1𝑡 + 𝑌1𝑐) (1 +
𝜅2

9
)𝜎𝑚 = −𝑌1𝑡𝑌1𝑐 (1 +

𝜅2

9
)                    (2.4) 

where 𝑌1𝑡  is the yield strength obtained from uniaxial tension and 𝑌1𝑐  is the yield 

strength under uniaxial compression. For materials which are not sensitive to 

hydrostatic pressure, 𝑌1𝑡 = −𝑌1𝑐  and Eq. (2.4) reduces to the form of Eq. (2.3). The 

yield surfaces in the space of effective stress versus mean stress are plotted in 
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Figure2.7 for transversely isotropic materials. The dashed line indicates that the 

response under compression is the same as that under tension and the solid line 

indicates the presence of the pressure dependence. 

 

Figure 2.7. Yield surface in the mean–effective stress space. The dashed line indicates 

absence of linear pressure dependence and solid line indicates linear pressure 

dependence[42]. 

 

 

2.3 Filamentous networks in tissue engineering 

Filamentous networks can be widely found in biomaterials at the micro- and nano-

scales. For instance, cytoskeleton (CSK) is a network of filamentous proteins 

consisting of filamentous actin (F-actin), microtubules and intermediate filaments with 

diameters in the order of nanometers[8]. A typical extra-cellular matrix (ECM) is 

composed of structural protein nanofibres such as collagen with a diameter in the order 

of micrometers[7]. 

 

Eq. (2.3) 

Eq. (2.4) 
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2.3.1 Cytoskeleton  

The architecture of cytoskeleton is fibrous network as shown in Figure 2.8. Many 

mechanical behaviours of cells are determined largely by the networks of filamentous 

proteins called cytoskeleton. Like the bony skeleton, which gives the body stability, 

the cytoskeleton plays a significant role in maintaining each cell’s shape, providing 

the strength and the ability to move.  Cytoskeleton (CSK) is a network of filamentous 

proteins, composed of filamentous actin (F-actin), microtubules and intermediate 

filaments, within a cell’s cytoplasm. The mechanical stiffness of intracellular material, 

to a great extent, is governed by the cytoskeleton[44]. Mechano-transduction describes 

the process by which cells recognize mechanical stimuli and react, which is of great 

significance for the attachment, growth and movement of all living cells and for 

adjusting a variety of physiological processes. A large array of physiological functions 

that involve specialized mechanisms of mechano-transduction have been delineated in 

terms of a broad spectrum of mechanosensitive behaviours[45]. As the fibrous 

networks throughout a cell, cytoskeleton, as well as extracellular matrix (ECM) and 

cell membrane protein intermediates, e.g., integrins, are crucial in the mechanisms of 

mechano-transduction. Cytoskeletal networks determine the cell stiffness and transmit 

the internal and external force during mechano-transduction. It has been proposed that 

the mechanical tension in the cytoskeleton, which is transmitted to the nucleus, is very 

important for the local control of cell-cycle progression, as the deformation of the 

nucleus regulates gene expression[46]. A tensionally integrated cytoskeleton model 

with sticks and strings was developed under different mechanical loads. It has been 

observed that the microfilaments within the cytoskeleton contribute the most to cell 

stiffness by generating and distributing tensions to all CSK filaments[47], which is 

consistent with the finding that networks with filamentous actin show a higher rigidity 
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in terms of the shear modulus than the networks with microtubules or intermediate 

filaments[48]. 

 

Figure 2.8. Axonal neurofilaments extensively cross-linked to each other within the 

neuronal cytoskeleton[49]. 

 

Some techniques have been developed to test the mechanical properties of the 

cytoskeletal networks within the cytoplasm in the living cell subjected to external 

stimuli, for instance, nanoparticle tracking based on ballistic intracellular nano-

rheology[50] and atomic force microscopy[51]. These observations in vivo are of great 

importance to understanding the elasticity of the dynamic cellular processes. 

Considering the immense complexity of the living cell, the techniques conducted in 

vivo would not effectively render the mechanical properties of the cytoskeletal 

networks globally in an isolated cell which is due to the fact that normal cells are 

hardly viable when suspended in a fluid instead of being adhered to a solid[52]. One 

approach has been to build the reconstituted cytoskeletal networks in vitro to measure 

the mechanical elasticity of cytoskeleton[53]. Gardel et al[54] elucidated the 

mechanical response of reconstituted networks of cytoskeletal proteins in vitro, 

including the rheology of F-actin networks as well as the mechanics of microtubules 

and intermediate filament networks. It has been found that the reconstituted F-actin 
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networks cross-linked by the hinged filamins, which act as the actin-binding proteins, 

show dynamic elastic properties comparable to cellular processes in the living cell[55]. 

With the cross-linking protein recruiting actin filaments into networks, some related 

parameters, for instance, the physiological concentrations of actin (𝑐𝐴) and the typical 

molar ratios of cross-linker and actin filament (R) play a large role in the rigidity of 

the cytoskeletal networks[53,55–57], i.e., small changes in the densities of cross-linker 

and actin filaments greatly affect the elasticity of the cytoskeletal networks[57]. It is 

not surprising that the architecture of the cytoskeleton can alter the elastic behaviour 

of the filamentous networks. It has been shown that the orientation of the filaments in 

the network can determine whether the main deformation mechanism of the filament 

is bending, stretching or compressing[58]. 

It is crucial to build quantitative mechanical models describing the complicated 

behaviour of the cytoskeleton and predicting the effects of network parameters. The 

varied mechanical behaviour of cells is largely determined by the cytoskeleton, thus 

the study of cytoskeletal networks will contribute to the understanding of cell 

mechanics.  

2.3.2 Extracellular matrix 

Sharing the similar architecture with the cytoskeleton, extracellular matrix does not 

exist in the cell but provides the structural supports to the surrounding cells[59]. The 

extracellular matrix(ECM) is typically organized as a three-dimensional fibre network 

composed of structural protein nanofibers, such as collagen with dimensions ranging 

from tens to hundreds of nanometres [7,60]. Increasing evidence has shown that 

mechanical stiffness of ECM plays a significant role in regulating cellular behaviours, 

including adhesion, proliferation and differentiation of mesenchymal stem 
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cells[52,61,62]. It is expected that a 3-D biomimetic ECM will play a similar role in 

supporting cell growth in vitro, as native ECM does in vivo. A more recent study has 

shown that collagen fibres’ resistance to deformation affects stem cell spreading and 

differentiation[62]. It is also known that extra-cellular matrices consisting of collagen 

or fibrin fibres often have a much higher local stiffness than the bulk ECM[63]. 

Therefore, the mechanical stiffness of an ECM is not just dependent on its individual 

fibres but also on its 3-D network structures. It is important to model and characterise 

the mechanical properties of such network structures for their successful application 

in tissue engineering and regenerative medicine. 

Collagen is the main component of extracellular matrix in all connective tissues, such 

as bone, skin, tendon, ligament and cornea, sclera, and so forth. Markaki et al[30] 

conducted a magneto-mechanical simulation of bone growth using the ferromagnetic 

fibre material and the application of a magnetic field. The concept that a porous and 

permeable implant could be treated as a scaffold for tissue growth has been well 

established[64]. The ferromagnetic fibre network in a magnetic field can be regarded 

as an active scaffold as the magnitude of elastic deformation of the fibre arrays can be 

induced and controlled. It is crucial to understand the mechanical properties of fibre 

networks, which facilitates the development of models for tissue engineering. 

The collagen fibre alignments are different within different tissues. As shown in  

Figure 2.9, with an increase of the fibre concentration factor 𝑘, collagen fibres become 

more aligned along the preferred fibre orientation and the structures become 

anisotropic from isotropic in stiffness. The collagen fibres in skin tissue exhibit equal 

stiffness in all orientations, i.e., isotropy, in which 𝑘 = 0. When 𝑘 = ∞, all collagen 

fibres lie along the same orientation, which is relevant to tendons and ligaments. The 
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alignment of collagen fibres in sclera is stochastic and results in anisotropic 

mechanical behaviour (𝑘 > 0) [65]. 

In filamentous networks, cross-linking proteins can be found in the soft tissues, such 

as cornea. The cross-linker is significant in improving the visible-light transmission 

and enhancing the mechanical properties[66]. With more cross-linking, the cornea is 

stronger, whereas with less cross-linking, the cornea is weaker and easier to develop 

the keratoconus. Thus, the investigation of cross-linker is essential to gain an 

understanding of the elasticity of a material. In the model of stochastic fibre network, 

the connection between fibres should be emphasized. 

 

 

Figure 2.9. Collagen fibre alignments for different tissues. As the fibre concentration 

factor increases, collagen fibres become more aligned along the preferred fibre 

orientation[65]. 
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2.4 Size-dependent effects 

Filamentous networks can be widely found in biomaterials at the micro- and nano-

scales.  The mechanical properties of macro-sized fibrous materials has been 

studied[10,17]. However, when the dimensions of fibrous structures are reduced to the 

micro- or nano-scale, the stiffness or rigidity is much different from their macro-sized 

counterparts. At the micro scale, the strain gradient has a dominant effect on the 

mechanical behaviour. It has been generally recognised that at the nanometre scale, 

the surface elasticity and initial strain (stress) effects are of great importance. 

2.4.1 Strain gradient effects at micro-scale 

Extensive experimental investigations have shown that the deformation behaviours of 

metals[67–69] and polymers[70,71] at the micron and sub-micron levels are size 

dependent. Some plasticity phenomena have suggested that the smaller is the size, the 

stronger is the response. As can be seen from Figure 2.10[67], the thin copper wires 

with different diameters in the range of 12-170𝜇𝑚  display different normalized 

torsional strengths. This behaviour cannot be explained by conventional theory, which 

is only applicable for macro-sized structure. In Figure 2.10, if the constitutive law is 

size independent, all the plots would fall on the same curve. Thus, it is clear that an 

intrinsic material length scale 𝑙 is required to enter the constitutive law and interpret 

the size-dependent behaviour.  
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Figure 2.10. Torsional response of copper wires of diameter 𝟐𝒂 in the range 12-

170𝝁𝒎[67]. 

 

The size-dependent effects can be explained by couple stress theories[72–76]. In the 

conventional mechanics, it is believed that the applied load can only drive a material 

particle to translate and accelerate along the direction of exerted force. In the classical 

couple stress theories for linear elastic materials, a couple contributing to the rotation 

of the material particle is introduced. Figure 2.11[77] briefly shows an equivalent 

system of forces. In a system of material particles, a force 𝐹𝐴 applied on the particle A, 

as shown in Figure 2.11(a), can be equivalent to a force 𝐹𝐴′ applied on the particle B 

and a couple of force 𝐿𝐴′  applied to the system, as shown in Figure2.11(c), by 

translating the force from particle A to particle B as shown in Figure2.11(b). The 

couple can be specified as 

𝑳𝐴
′ = (𝑿𝐵 − 𝑿𝐴) × 𝑭𝐴                                                                 (2.5) 
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where 𝑿𝐴 and 𝑿𝐵 are the position vectors of particle A and B. The Cosserats[78] firstly 

considered systematically couple-stress in the mechanics of an elastic medium. In 

couple stress theory, the couple acting across the surface is a central consideration in 

addition to the force. 

 

Figure 2.11. A force applied on the particle A can be equivalent to a force on the 

particle B and a couple applied to the system[77]. 

 

In the framework of couple stress, the principle of virtual work is formulated in terms 

of the gradient of translation 𝒖 as well as rotation 𝜽 which in conventional theory is 

not included. The deformation energy density of a volume 𝑉 of deformable body takes 

the form as[77,79] 

∫ 𝛿𝑤𝑑𝑉
𝑉

= ∫ (𝛿𝜺 ∶ 𝝈 + 𝛿𝝌 ∶ 𝒎)𝑑𝑉
𝑉

                                             (2.6) 

where 𝑤 is the deformation energy density per unit volume, 𝜺 is the strain tensor and 

𝝌 is the symmetric curvature tensor. 𝜺 and 𝝌 are conjugated to the symmetric stress 

tensor 𝝈  and the deviatoric couple stress tensor 𝒎 , respectively. 𝜺 and  𝝌  are the 

symmetric parts of the translation gradient and the rotation gradient respectively, 

defined as 

𝜺 =
1

2
(𝒖 ⊗ 𝛁 + 𝛁 ⊗ 𝒖)                                                               (2.7) 



Chapter 2. Literature Review  

27 

 

𝝌 =
1

2
(𝜽 ⊗ 𝛁 + 𝛁 ⊗ 𝜽)                                                              (2.8) 

It is important to note that the symmetric curvature tensor 𝝌 can be expressed in terms 

of the strain gradient[79]. The strain gradient theory of plasticity assumes that the yield 

stress depends on not only the strain, but also the strain gradient which fits the couple 

stress framework with higher order stress. Some researchers have been engaging in 

the development of mechanism-based strain gradient (MSG) theory of plasticity, in 

which an intrinsic material length scale is involved in modelling the size dependent 

effect in the micron to submicron range[79–83]. A strain gradient version of 

deformation theory and flow theory[79] is proposed, based on the couple stresses 

which are neglected in the conventional theories. Fleck et al[67] have developed a 

strain gradient theory of plasticity by hypothesizing that the hardening is governed by 

the sum of the density of statistically stored dislocations 𝜌𝑆  and the geometrically 

necessary dislocations 𝜌𝐺 . In materials science, a dislocation is a crystallographic 

defect. The randomly trapped dislocations are referred to as statistically stored 

dislocations, and geometrically necessary dislocations are extra storages of material 

defects resulted from the non-uniform plastic deformation[84–86]. Considering slip 

on a single system of a single crystal, it is suggested that the simplest possible 

relationship between flow stress 𝜏 on the slip plane and total density of statistically 

stored dislocations and geometrically necessary dislocations is given by[67] 

𝜏 = 𝐶𝐺𝑏√𝜌𝑆 + 𝜌𝐺                                                                   (2.9) 

where 𝐺 is the shear modulus, 𝑏 is the magnitude of the Burger’s vector and 𝐶 is a 

constant set to be 1/3 by Ashby[84]. 
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It is assumed that the hardening is due to the accumulation of dislocations. Hardening 

due to statistically stored dislocations is assumed to be represented by the von Mises 

effective strain  휀𝑒  (or the invariant of the strain tensor  𝜺 ). Hardening due to 

geometrically necessary dislocations is assumed to scale with a scalar measure of 

strain gradient 𝜒𝑒 (or the invariant of the symmetric curvature tensor 𝝌)[79]. For the 

sake of mathematical convenience, it is assumed that the deformation energy density 

𝑤 is a function of the single strain scalar measure 휁 which takes the form as 

휁 = √휀𝑒
2 + 𝑙2𝜒𝑒

2                                                         (2.10) 

where 𝑙 is the intrinsic material length scale, introduced into the constitutive law to 

model the size-dependent effects. In conventional plasticity theories, only the von 

Mises plastic strain/stress is treated as the scalar measure of yield criterion. Taking the 

strain gradient into account, the plasticity theories possess an intrinsic material length 

scale. The density of geometrically necessary dislocations is directly proportional to 

the gradient of plastic strain[67].  Plastic strain gradients could be caused by the 

geometry of loading as shown in Figure 2.12(a, b)[67], or by the local boundary 

conditions as shown in Figure 2.12(c, d), or by the material itself containing 

microstructures as shown in Figure 2.12(e, f). In the plastic twisting of a cylinder or 

bending of a beam, the plastic strain is finite at the surface, but zero along the axis of 

twist, or neutral axis of bending. In the indentation hardness test, the plastic strain is 

finite just beneath the indenter, but zero in the regime far from the indenter. In the 

plastic deformation of polycrystals, the plastic strains are non-uniform at the 

boundaries of the grains because of the mismatch of slip.  
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Figure 2.12. Plastic strain gradients could be caused by the geometry of loading (a, b), 

by the local boundary conditions (c, d), or by the material itself containing 

microstructures (e, f) [67]. 

 

The gradients of plastic strain result in the storage of geometrically necessary 

dislocations[84–86]. It has been suggested that the density of geometrically necessary 

dislocations is given by[84]  

𝜌𝐺 ≈
4𝛾

𝑏𝜆
                                                                (2.11) 

where 𝑏 is the magnitude of the Burger’s vector, 𝛾 is the macroscopic average plastic 

shear strain, and 𝜆 is the local length scale of the deformation field and varies with the 

cases shown in Figure 2.12. For instance, in the bending test, 𝜆 is half thickness of the 

beam; in the hardness test, 𝜆 is the indentation size. Approximately, the magnitude of 
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the plastic strain gradient is 𝜅 ≈ 𝛾/𝜆 . Thus, 𝜌𝐺 ≈ 𝜅/𝑏. The density of statistically 

stored dislocations 𝜌𝑆  (shaded band) and geometrically necessary dislocations 𝜌𝐺  

(solid line) against shear strain for pure copper is plotted in Figure 2.13. As can be 

seen from Figure 2.13, there is a regime where the density of geometrically necessary 

dislocations far exceeds the density of statistically stored dislocations, which implies 

that the hardening is mainly due to the strain gradient. 

 

Figure 2.13. The density of statistically stored dislocations 𝜌𝑆  is taken from the 

experimental data of Basinski and Basinski[87]. The density of geometrically 

necessary dislocations 𝜌𝐺  with a variety of length scales λ is based on Eq(2.11) [67]. 
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Figure 2.14. Plots of the normalized bending moment against the surface strain for all three 

foil thicknesses[68]. 

 

The strain gradient theory contains an intrinsic material length scale to account for the 

size dependent effects. Some experimental evidence has supported the presence of the 

length scale, for instance, the micro-torsion[67], micro-bending[68] and micro-

indentation hardness test[69]. Fleck et al[67] carried out the torsion test of copper wire 

of diameter in the range of 12-170𝜇m. As can be seen from Figure 2.10, the torsional 

strength increases with the decreasing wire diameter. In Figure 2.10, the group 𝑄/𝑎3 

can be interpreted as the magnitude of shear stress and the group 𝜅𝑎  could be 

interpreted as the magnitude of shear strain. If the shear stress in the copper wire 

depends only upon the shear strain and not strain gradient, all the curves in Figure 2.10 

would completely overlap. Nevertheless, at 𝜅𝑎 = 0.3, the 𝑄/𝑎3  of copper wire of 

diameter 2𝑎 = 12𝜇𝑚 is about three times that of diameter 2𝑎 = 170𝜇𝑚. Thus, the 

micro-torsion test suggests that the strain gradient plays a significant role. Stolken et 

al[68] conducted  a micro-bending test of thin nickel foil to determine the material 
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length scale. The normalized bending moment against the surface strain for the thin 

foil with three different thicknesses is plotted in Figure2.14. In the micro-bending test, 

it shows that the smaller is the thickness of the foil, the larger is the bending moment. 

This phenomenon results from the strain gradient and can be explained by adding a 

material length scale into the constitutive law. And the length scale obtained from the 

micro-bending test of nickel is in the range of 3-5 𝜇𝑚. A hardness test of silver was 

conducted by Ma et al[69] and it shows that the hardness is dependent on the size of 

the indentation for sizes below 10 𝜇𝑚.  Hardness data plotted as a function of the 

indentation diameter is shown in Figure 2.15. Metal hardness 𝐻 is three times the flow 

stress. Based on the theory of strain gradient plasticity, the hardness 𝐻 is given by 

𝐻 = 𝐺𝑏√𝜌𝑆 + 𝜌𝐺                                                              (2.12) 

By substituting Eq. (2.11) into the above equation, we obtain 

𝐻 = 𝐺𝑏√𝜌𝑆 +
4𝛾

𝑏𝐷
                                                            (2.13) 

where 𝐷  is the indentation size. Using Eq. (2.13), the relationship between the 

hardness and indentation size is plotted with the solid line in Figure 2.15. It can be 

seen that the experimental data fits very well with the theory of strain gradient 

plasticity. The hardness increases with the decreasing of indentation size. No size 

dependence is observed in the micro-tension tests. As shown in Figure2.16[67], the 

tension response of the thin copper wire is independent of wire diameter. It is 

suggested that the strain gradient in tension is negligible and the hardening is only due 

to the statistically stored dislocations without the storage of geometrically necessary 

dislocations in uniaxial micro-tension. 
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Figure 2.15. Plots of hardness data versus the indentation diameter in the micro-

indentation test[69]. 

 

 

Figure 2.16. Tension response of the thin copper wire of diameter 𝟐𝒂 in the range 12-

170𝝁𝒎[67] 
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The intrinsic material length scale is generally believed to be at micron level and is 

related to the shear modulus, the yield strength and the Burger’s vector of the material. 

The length scale 𝑙 in the strain gradient plasticity is given by[80,88] 

𝑙 = 3𝛼2(
𝐺

𝜎𝑦
)2𝑏                                                               (2.14) 

where 𝐺  is the shear modulus, 𝜎𝑦  is the yield strength,  𝑏  is the magnitude of the 

Burger’s vector and 𝛼 is an empirical coefficient in the range of 0.2-0.5. The intrinsic 

material length scale 𝑙 carrying all the information of elasticity(𝐺), plasticity(𝜎𝑦), and 

atomic nature of solids(𝑏 ) varies from material to material. For typical metallic 

materials, the magnitude of Burger’s vector 𝑏 is in the order of 0.1nm, and 
𝐺

𝜎𝑦
 is in the 

order of 102. Thus, the intrinsic material length is in the order of microns, which fits 

the length scale observed in experiments[67–69]. 

Taking the size-dependent effect into account is significant in the analysis of 

mechanical behaviour of materials and structures whose dimension is in the order of 

microns, such as, micro-electro-mechanical systems (MEMS) with micro-sized 

features. In the conventional theories, the stiffness and strength of fibrous materials 

are dependent on the relative density, the orientation of the fibres and the slenderness 

of the fibres, but not on the absolute size. The strain gradient effects at the micron 

scale should be incorporated into all the deformation mechanisms in the analysis of 

the mechanical properties of fibrous materials. An intrinsic material length scale is 

required to scale with the strain gradient. 
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2.4.2 Surface elasticity and initial strains effects at the nano-scale 

Size-dependence in the nano-sized structural element in terms of the mechanical 

properties has been investigated [89–94]. As can be seen from Figure2.17[90], the 

elastic modulus of silver and lead nanowires of diameter 30nm are almost twofold the 

elastic modulus of bulk Ag and Pb. The elastic constant increases with the decrease of 

the diameter of Ag and Pb nanowires of diameter in the range of 30-250 nm. When 

the diameters of nanowire are large enough, e.g., larger than 70nm for Ag, or larger 

than 100nm for Pb, the elastic moduli are size independent[90]. Nano-indentation 

experiments on nano-porous gold were conducted by Biener et al[92]. As can be seen 

from Figure 2.18, the hardness of nano-porous Au with a relative density of 0.25 

increases with decreasing ligament (strut) diameter. The increase of elastic constant 

and yield strength of nano-sized structure with smaller diameter is attributed to the 

surface effects. For nanostructures, as the surface-to-volume ratio is large, the surface 

effects become predominant and can play a significant role in the deformation process. 

Surface change in interatomic potential give rises to a softer or stiffer property in 

nanoscale thin film and nanowire compared to the bulk[95,96]. A nanoscale 

continuum theory has been established to predict the elastic modulus of single-wall 

carbon nanotubes by incorporating interatomic potentials[97]. 
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Figure 2.17. Measured elastic modulus for Ag and Pb nanowires as a function of the 

diameter. The solid line indicates the elastic modulus of bulk Ag and the dotted line 

indicates the elastic modulus of bulk Pb[90]. 
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Figure 2.18. Nano-indentation experiment on nano-porous gold with a relative density 

of 0.25. The shift of the load-depth curves towards lower depths indicates that the 

hardness of nano-porous Au increases with the decrease of the ligament diameter[92]. 

 

Miller et al[89] developed a model to predict the size dependence of effective 

properties in the nanometer length scale. An intrinsic material length scale 𝑙𝑖𝑛  which 

is identified as the ratio of the surface elastic modulus to the bulk elastic modulus has 

been introduced for the nano-sized structures. It is found that the non-dimensional 

difference in the elasticity of nanostructure from the continuum predictions satisfies 

𝐷 − 𝐷𝑐

𝐷𝑐
= 𝛼

𝑙𝑖𝑛
𝐿

                                                       (2.15) 
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where 𝐷 is the mechanical property at nano scale, for instance, the bending stiffness, 

𝐷𝑐  is its macro counterpart, 𝛼  is a non-dimensional constant that depends on the 

geometry of the structural element and loading, 𝐿 defines the size of the structure, for 

instance, 𝐿 is the thickness of the plate in bending.  𝑙𝑖𝑛 is the intrinsic length scale in 

nano-sized structures and is given by[90] 

𝑙𝑖𝑛 =
𝑆

𝐸
                                                               (2.16) 

where the quantity 𝑆 is the surface elastic constant and 𝐸 is the corresponding elastic 

modulus of the bulk material. It should be noted that 𝑆 can be positive or negative, 

thus 𝑙𝑖𝑛  can be positive or negative. The predictions of the model in terms of the 

intrinsic length scale are tabulated in Table 2.1. The non-dimensional constant 𝛼 is 

related to the material, the geometry of the structure and the loading.  The absolute 

value of the intrinsic length scale is in the order of 0.1 nm for Al and Si. Therefore, in 

this case, when the size of Al or Si nanostructure is in the order of 10nm and above, 

the surface effects weaken, or even vanish. The role of surface effects is significant 

when the length scale of the structure becomes comparable with the atomic scale.  

Table 2.1 summary of model predictions for size dependence of elastic properties [90]. 

Element Loading 𝐷𝑐 Material Surface type 𝛼 𝑙𝑖𝑛(nm) 

Plate Tension 𝐸ℎ Al (100) 2 -0.09298 

Plate Tension 𝐸ℎ Si (100)1×1 2 -0.1012 

Plate Bending 𝐸𝐼 Al (100) 6 -0.09298 

Plate Bending 𝐸𝐼 Si (100)1×1 6 -0.1012 

Bar Tension 𝐸ℎ Al (111) 3√2  0.02781 

Bar Tension 𝐸ℎ Si (100)1×1 4 -0.1099 

Bar Bending 𝐸𝐼 Si (100)1×1 8 -0.1012 
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Note that when the nano-sized structural element undergoes tension or bending, in the 

definition of intrinsic length scale, 𝑆  and 𝐸  are taken to be the surface Young’s 

modulus and bulk Young’s modulus, respectively. A theory for the prediction of the 

size dependence of torsional rigidities of nanostructures has been developed by 

Shenoy[91], in which model 𝑆 and 𝐸 are the surface shear modulus and bulk shear 

modulus, respectively.  

Wang et al[98] proposed that many properties at the nano-scale obey a simple scaling 

law. For the non-dimensional mechanical properties of homogeneous nano-structured 

materials,  

𝐹(𝐿)

𝐹(∞)
= 1 + 𝛼

𝑙𝑖𝑛
𝐿

                                                        (2.17) 

where 𝐹(𝐿) denotes the mechanical property at the nano scale 𝐿, 𝐹(∞) denotes the 

mechanical property of the bulk material, 𝑙𝑖𝑛 is an intrinsic length scale related to the 

surface property. The scaling law Eq. (2.17) and the model developed by Miller et 

al[89] to predict the size dependence (see Eq. (2.15)) share the same form. Thus, 𝑙𝑖𝑛 

in Eq. (2.17) is identified as the ratio of surface elastic constant to the bulk elastic 

constant, when the scaling law is used to demonstrate the mechanical elasticity of 

nanostructures. Typically, the intrinsic length scale 𝑙𝑖𝑛  of nano-sized metallic 

materials is in the order of 0.01-0.1nm [89,99]. The scaling law could give good 

predictions for 𝐿 > 3 − 5nm in terms of the mechanical elasticity[98]. Moreover, with 

the scaling law, once determined the parameter 𝛼𝑙𝑖𝑛  with one or a few tests the 

corresponding mechanical property at any value of the size 𝐿 can be obtained directly, 

which helps replace the various experimental measurements or numerical 

computations. Similarly, for general heterogeneous nano-structured materials, the 

scaling law is expressed as[98] 
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𝐹(𝐿)

𝐹(∞)
= 1 +

1

𝐿
(𝛼𝑙𝜆 + 𝛽𝑙𝜇)                                            (2.18) 

where 𝛼  and 𝛽  are two non-dimensional constants, 𝑙𝜆  and 𝑙𝜇  denote two intrinsic 

length scales and take the form as[100] 

𝑙𝜆 = 𝜆𝑠/𝐸 

𝑙𝜇 = 𝜇𝑠/𝐸                                                        (2.19) 

where 𝜆𝑠 and 𝜇𝑠 are two surface elastic constants related to surface effects. 

It is clear that the size-dependent mechanical behaviour of nano-sized structure can be 

predicted by introducing an intrinsic length scale for homogenous materials, or two 

intrinsic length scales for heterogeneous materials[91,100]. Apart from the surface 

elasticity, the initial surface stress plays an important role in the stiffness due to the 

large surface to volume ratio in nanostructures. Interestingly, the initial surface stress 

can be controlled by adjusting the amplitude of an applied electric potential[101–105]. 

For instance, experiments conducted by Biener et al[101] have shown that the initial 

surface stress of nano-porous gold can be controlled to reach 17-26N/m from 1.13N/m 

by adjusting the chemical energy. It is found that the surface stress and the charge in 

anion adsorption on Au are linearly correlated[104]. The surface stress as a function 

of the charge in three aqueous acid solutions of the perchlorate, sulphate and chloride 

ions are plotted in Figure 2.19[104]. It is seen that the surface stress depends linearly 

upon the charge, with little or no hysteresis, and the slopes for the three anions are 

listed in Table2.2. The values of the slopes of surface stress-charge curves are of the 

same sign and order of magnitude.  
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Figure 2.19. The surface stress as a function of the charge in three aqueous acid 

solutions of the perchlorate (a), sulphate (b) and chloride (c) ions[104]. 

 

Table 2.2 Slopes of the curves shown in Figure 2.19 for the three anions 

Anion ClO4
− SO4

2− Cl− 

Slope -0.91 -0.85 -0.67 

 

The surface stress can induce the deformation on the nanostructure. Materials that can 

change their dimensions in response to an applied voltage can serve as actuators in 
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various applications. The most familiar examples are the piezoelectric and 

electrostrictive ceramics. Extensive experiments have shown that charge-induced 

reversible strain can be found in nano-porous metals[101–103]. As can be seen from 

Figure 2.20[103], the reversible strain of nano-porous Pt increases almost linearly with 

increasing potential. It is suggested that the chemical energy can be converted into 

mechanical responses through nano-porous metals due to the high surface area. Since 

the surface stress depends linearly upon the charge, the relationship between the 

surface strain and the potential can be explained through the continuum mechanics. 

The dimensional change of nano-porous metal is caused by the charge-induced change 

in the surface stress[101]. The change of surface stress Δ𝑓  in nanoporous gold is 

related to the dimensional change Δ𝑙/𝑙 through[106] 

Δ𝑓 = −
9𝐾

2𝛼𝑚𝜌

Δ𝑙

𝑙
                                                  (2.20) 

where 𝐾 is the bulk modulus of the solid, 𝛼𝑚 is the specific surface area in the nano-

porous metal and 𝜌 is the bulk density. Based on Eq. (2.20), for a nano-porous Au with 

𝐾 = 220𝐺𝑝𝑎, 𝜌 = 19.3 × 106𝑔𝑚−3, 𝛼𝑚 = 10 − 15𝑚2𝑔−1, when the surface stress 

reaches to 17-26N/m by adjusting the chemical energy, the dimensional change or 

compressive strain could be 0.5%[101]. Thus the reversible strain of nano-porous 

metals in response to an applied potential can reach in the order of 0.1% or above 

which is comparable with the commercial piezoelectric ceramics. 
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Figure 2.20. Reversible part of the strain of nano-porous Pt versus potential E for nine 

successive cycles. Results were measured in situ by dilatometer using H2SO4(0.5M) 

as the electrolyte[103].   

 

For a free-standing isotropic thin film, Cammarata et al [107] showed that the in-plane 

elastic strain 휀 induced by the free surface stress 𝑓 is  

휀 = −2𝑓/𝑌𝑡                                                     (2.21) 

where 𝑡 is the thickness of the thin film and 𝑌 is an elastic modulus which is equal to 

𝐸/(1 − 𝜈)  for isotropic materials, where 𝐸  is the Young’s modulus and 𝜈  is the 

Poisson’s ratio. Based on Eq. (2.21), with typical values for metals of 𝑓 = 1𝑁/𝑚 and 

𝑌 = 100𝐺𝑝𝑎, a thin film with thickness of 10nm would have a contractive in-plane 

strain of 0.2% which is comparable to the yield strain caused by an external stress. For 

a film with thickness of 2nm, the strain induced by surface stress could reach 1%, 

which is in excess of yield strain for metals.  

For nanostructures, as the surface-to-volume ratio is large, surface effects play a 

dominant role in the mechanical behaviour when the size of structure dimension is 

small. The two main factors in surface effect are surface elasticity and initial surface 
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stress/strain. The former is size-dependent and increases with decreasing size of 

structure; the latter can be retained at a constant level, for example, by the application 

of an electrical potential. The linear constitutive relation of the surface can be 

expressed as [107] 

𝑓𝑖𝑗 = 𝑓𝑖𝑗
0 + 𝑆𝑖𝑗𝑘𝑙휀𝑘𝑙                                                  (2.22) 

Where 𝑓𝑖𝑗  is the surface stress tensor, 휀𝑘𝑙  is the surface strain tensor, 𝑆𝑖𝑗𝑘𝑙  is the 

surface elastic modulus tensor and 𝑓𝑖𝑗
0 is the initial surface stress when the bulk is 

unstrained.  

It’s important to be noted that the surface stress is a different quantity from the surface 

energy in the case of solids. Cammarate clearly distinguished surface stress and 

surface energy concepts [107]. The surface free energy 𝛾 is defined as the reversible 

work per unit area involved to create a new solid surface. On the other hand, the 

surface stress 𝑓 is defined as the reversible work per unit area involved to elastically 

stretch a solid surface. The surface stress tensor 𝑓𝑖𝑗 is related to the surface energy 𝛾 

as [107] 

𝑓𝑖𝑗 = 𝛾𝛿𝑖𝑗 +
𝜕𝛾

𝜕휀𝑖𝑗
                                                 (2.23) 

where 𝛿𝑖𝑗  is the Kronecker delta (the function is 1, if 𝑖 = 𝑗, and 0 otherwise). The 

surface stress and the surface energy share the same unit of N/m and generally they 

are in the same order of magnitude for solids. 

The combined effects of surface elasticity and initial surface stresses on the bending 

stiffness of a core-shell nanowire( with two materials) and a simple nanowire( which 

is made of a single material)[93], and nanofilms[108] have been analysed. For 
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example, for a simple nanowire with a circular cross-section, the non-dimensional 

bending stiffness can be expressed as[93] 

𝐸𝐼 − (𝐸𝐼)0

(𝐸𝐼)0
=

8𝑙𝑖𝑛
𝑑

−
4𝜈𝑓0
𝐸𝑑

                                       (2.24) 

where  𝐸  is the Young’s modulus of the bulk material, 𝑑  is the diameter of the 

nanowire, 𝑙𝑖𝑛 is the intrinsic length scale in nanoscale (which is the ratio of surface 

elastic modulus to the bulk Young’s modulus), 𝑓0 is the initial surface stress and 𝜈 is 

the Poisson’s ratio. (𝐸𝐼)0 is the bending stiffness of macro-sized beam and equals 

 𝐸𝜋𝑑4/64.  
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Chapter 3 Modelling Stochastic Fibrous 

Materials  

 

A continuum mechanics-based, three-dimensional, periodic beam model has been 

constructed to describe stochastic fibrous materials. The establishment of a three-

dimensional model is deduced progressively with two-dimension coordinates being 

considered first. Periodic boundary conditions are applied to analyse the mechanical 

properties in FE simulation. To determine the shear modulus of the stochastic fibrous 

material, an effective compressive strain and tensile strain in the transverse directions 

are imposed simultaneously. Since the plane of x-z of the stochastic beam model 

developed in this study exhibits anisotropy, geometry transformation is conducted to 

obtain the shear modulus. 

 

3.1 Introduction 

Porous materials have been of great interest to engineers and scientists due to their 

attractive thermal, acoustic, electrical and mechanical properties which are very 

promising in engineering applications. Foam and honeycomb, which can also be 

categorized as cellular materials, have been extensively studied[1–6]. With the same 

attractive properties as cellular properties, porous fibrous materials are less researched 

and less understood in comparison, because of their more complex geometry. Finite 

element method has been employed to investigate the tensile and compressive 

behaviour of random fibrous materials[35,36]. A comprehensive study on the 
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modelling of stochastic fibrous materials by mathematical treatment, for instance, the 

probability and distribution can be found in reference[37], however, the connection 

between fibres was not taken into consideration. The connection between fibres is a 

very key feature in the structure, especially when dealing with mechanical behaviours 

of the three-dimensional fibrous structures. 

It is suggested that the macroscopic stresses and strains can be determined by the 

microscopic stresses and strains over a representative volume element (RVE). To meet 

the continuity and equilibrium between any two neighbouring RVEs, the 

representative volume element must be periodic[1,2]. It has been shown that the 

periodic boundary conditions are more suitable than the mixed boundary conditions 

and prescribed displacement boundary conditions[1,2] to analyse the mechanical 

properties of a periodic RVE. 

In this chapter, a three-dimensional random beam model is introduced to represent the 

stochastic fibrous structure. In this study there are two ways to deal with the 

connection between fibres. As the fibrous network can be widely found, the 

connection could be soft in some materials and could be relatively rigid in other 

materials.  

 

3.2 Geometry of stochastic fibrous structure 

In this study, the model generated is of a three-dimensional stochastic fibrous structure 

with periodicity, which is complicated. Therefore the in-plane dimensions have been 

considered, before proceeding to consider the out-of-plane dimension, which is the 

thickness direction. In addition, the cross-linking, represented by beam element 

inserted between intersected fibres into the stochastic network has been incorporated, 
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as shown in Figure 3.1. All the information about the geometry, for instance, the 

location, orientation, connection and so forth, was generated by MATLAB before it is 

imported to ANSYS FE solver for the calculation. A flowchart demonstrating the 

process for generating the 3-D structure is given in Figure 3.2. 

 

Figure 3.1. The isometric view of the beam model of the stochastic fibrous structure 

by FEM, where the fibres are represented by the polylines  

 

3.2.1 Stochastic point and line process in two-dimensional space 

An example of a few fibres stochastically distributed in the square region of 𝑤 × 𝑤 is 

shown in Figure 3.3. The location and orientation of all the fibres are random due to 

the manufacturing process of, for example, the metal fibre sintered sheet. The 

coordinate values (xc, yc) of the centre point and the angle 𝜃 of the line, which are 

used to render the location and orientation, respectively, are the important parameters 
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in this model. All the centre points of the lines denoting the fibres are random points, 

that is to say, these points are generated independently of one another and have the 

equal possibility to distribute in the given square region. We define the side length, 𝑤 

of the region as 1, for simplicity. The centre points (xc, yc) are randomly falling into 

the region of {(xc, yc)|0 < xc < 1;  0 < yc < 1 }. As shown in Figure 3.3, O 

represents the origin of the coordinates. The random numbers are obtained from the 

MATLAB function rand, which generates uniformly distributed pseudorandom 

numbers. Even though the centre point of the fibre has been restricted in one inspection 

area, the fibre could lie in several inspection areas, which is attributed to the length 𝐿 

and orientation 𝜃, of the fibre. In the stochastic model, the length, 𝐿 is not uniform, 

continuously ranging from 0.8 to 1.2, as we set 𝑤 as 1. And the orientation, 𝜃 ranges 

from 0 to 𝜋.  

 

Figure 3.2. The flowchart of the construction process for a 3-D stochastic fibrous 

network.   
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a b 

 

 

Figure 3.3. (a)Example of fibres stochastically distributed in the square region of w ×

w  with the length ranging from  0.8w  to 1.2w,  and the red dot in the middle 

representing the centre point of the line.(b) operations to the fibre, whose centre point 

is in the given region, to obtain a periodic representative volume element (RVE). 

 

3.2.2 Periodicity in x-y plane 

As the fundamental constituent of continuum mechanics, a representative volume 

element (RVE) is adopted due to computational limitation. The RVE, which could be 

called the ‘unit cell’, must be periodic so as to meet the continuity and equilibrium 

between any two neighbouring RVEs. Thus, to consider the periodicity in two 

dimensional model, i.e., repetitive in the x-y plane, the operations are performed to all 

the fibres whose centre points are in the given square region, whereas the lines also 

exist in other regions. As can be seen from Figure 3.3(b), the fibre can be divided by 

the boundaries of the given region into two or three, at most, parts. The concept is to 

move the parts of the line, falling in other regions, into the given region by translating 

in the x or y direction by the side length of the given square. By this method, a periodic 

RVE can be obtained, which is just like the tessellation that is probably the most 
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familiar periodic object to most of us. It should be noted that the fibre with several 

parts scattered in the region needs to behave as a whole when the structure is subject 

to internal or external loadings. Periodic boundary conditions are applied on this 

periodic model, which can constrain those boundaries, such as paired nodes 𝑖 and 𝑗 in 

the x direction and paired nodes 𝑚 and 𝑛 in the y direction, shown in Figure 3.3(b). 

The periodic boundary conditions will be illustrated in Section 3.3. 

 

Figure 3.4. Stochastic periodic fibrous structure in two-dimensional space with the 

side length at 1(non-dimensional), length of fibre ranging from 0.8 to 1.2, number of 

fibres N = 200 . All the fibres are stochastically distributed in the plane, with 

uniformly random locations and orientations. 

 

3.2.3 Establishment of the stochastic three-dimensional fibre model 

The two-dimensional stochastic periodic fibrous structure shown in Figure 3.4 is, 

meanwhile, the projection of this three-dimensional fibrous structure. The three-
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dimensional model is based on the two-dimensional one, but requires a more complex 

design in terms of the intersections between lines. Firstly, the geometry generated with 

straight lines which represent the fibres piling up in the thickness direction, i.e., in the 

z direction, is developed to delineate how to construct a spatial structure. All the 

information on the intersections between any two fibres is carried by the two-

dimensional model, but there is processing sequence of the fibres when considering 

the growth in the out-of-plane dimension. Record the number of the intersected line 

with line 𝑖 only if it is smaller than 𝑖. The z value of the first line is initialized as zero. 

The z value of each subsequent line can be determined by adding the diameter d (here 

the diameters of all the fibres are assumed uniform) onto the highest z value of its 

intersected lines. By piling up the fibres, one by one, until N fibres are layered in the 

model, a stochastic network is obtained, having a significant structural component in 

the third dimension, as shown in Figure 3.5. However, it is not true in the real sample, 

where a fibre bends away from another at the crossing point. Based on the three-

dimensional model with straight lines, which introduces the concept of dealing with 

the z coordinate in the thickness direction, a periodical stochastic fibrous structure 

with polylines has been constructed, in which the concentration of cross-linking is 

incorporated. Before going on to the detailed polyline model setup, it should be 

acknowledged that a curved line model could be better in describing the real sample; 

however, it is unnecessary to use solid element instead of beam element in the 

simulation, as it would lead to enormous computational complexity, even when the 

number of fibres is around 10. Alternatively, extensive beam elements could be 

possible to fit the curvature of each curved lines. Given the huge number of elements, 

it would be too computationally expensive to generate the grid mesh for curved fibres 

and to carry out the analysis of mechanical behaviours. Simplification, by using 
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polylines to represent the structure, does not necessarily reduce the performance of the 

model, however, the innovative modelling method optimises the simulation both in 

efficiency and accuracy. 

 

Figure 3.5. The three-dimensional stochastic beam model with straight lines in which 

fibres are layered, one by one, with few intersections with others. The diameter of the 

fibres in this model ranges uniformly from 0.01 to 0.02. The beams are 3-D display in 

ANSYS. 

 

Figure 3.6. Polyline composed of more than one line segment with endpoints or 

vertexes on each of the segment. The vertexes represent the intersections in the fibrous 

material, and the number of vertexes is defined as the concentration of cross-linking 

in the network. The value of the slope of lines connecting each endpoint and its 

neighbouring vertex is assumed zero, and the length of the polyline is the same as that 

of the straight line connecting two endpoints, to simplify the calculation of relative 

density. 
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Figure 3.7. In the view of x-y plane, a fibre can intersect with the other fibre at two 

points due to the periodicity. 

 

As we know in computer graphics, a polyline is a continuous line composed of more 

than one line segment, with endpoints or vertexes on each of the segments, as shown 

in Figure 3.6. In the model with polylines, the vertexes excluding the two endpoints 

are used to represent the intersection points. Thus, the number of intersections is 

controllable and adjustable, according to the manufacturing materials, and it is defined 

as the concentration of cross-linking ,  𝑁𝑐 = 𝐿/𝑙𝑐 , where 𝑙𝑐  is the mean distance 

between any two intersection points along a fibre of length 𝐿. In the three-dimensional 

model with straight lines, shown in Figure 3.5, each line always has just one 

intersection, except for the case shown in Figure 3.7, where line 𝑖 intersects with line𝑗 

at two intersection points for the sake of periodicity. Fewer contacts among fibres lead 

to weaker inter-fibre bonding, which consequently reduces the mechanical rigidity and 

strength of the fibrous material. In contrast, in the three-dimensional model with line 

segments, the fibre can drop down to connect with more fibres below, in which case 

the fibre volume fraction of the representative volume element(RVE) can be increased 

dramatically to reach comparable values in real material by adjusting the concentration 

of the cross-linking. Figure 3.8 shows the three-dimensional stochastic beam model 

with polylines. 
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Figure 3.8. The three-dimensional stochastic beam model with polylines developed in 

this study 

 

In the numerical model, an innovation is introduced to deal with cross-linking in the 

three-dimensional random beam model. As shown in Figure 3.9, an additional beam 

with three nodes is inserted at the intersection point of two lines in the thickness 

direction (z direction). The inserted beams represent the cross-linker in the stochastic 

fibrous network. The three nodes in the inserted beam share the same x and y 

coordinate values with the two endpoint nodes on the two connected fibres/lines and 

the two midpoint nodes in the middle of the endpoint nodes vertically. A set of nodes

}{ i

jx , ( 𝑖 = 1,2, . . 𝑁; 𝑗 = 1,2, . . 𝐿/𝑙𝑐; where N is the number of fibres) indicates the 

endpoint nodes of all the cross-linkers. By inserting beam elements at the intersections, 

it can be identified as a freely rotating cross-linker. As the strength of the stochastic 

fibrous material is sensitive to the diameter of the cross section of the inserted beam, 

in the study of plasticity the inserted beam has been divided into three sections (and 

seven nodes), with different/same cross section diameters, as shown in Figure 3.10. 

The dimensions of the inserted beam can affect the rigidity and strength of the fibrous 

structure, especially in the z direction, which is parallel to the axial direction of the 
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inserted beams. In the industrial process, if two metal fibres overlapped because of, 

for instance, high temperature, the middle of the intersection may be thinner than the 

two ends. The dependence of plastic behaviour of stochastic fibrous structure on the 

dimension of the cross-linker will be elucidated in Chapter 5. 

 

Figure 3.9. The cross-linking of the network represented by the beam element inserted 

between intersected fibres. 

 

Figure 3.10. Three-section beam inserted between intersected fibres. The beams are 

3D display in ANSYS. 
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To construct a stochastic fibrous structure in 3-D, the distance  𝛿  between the central 

axes of any two intersected fibres should be larger than zero. The Overlap 

coefficient  𝑐, defined as below, describes the degree of overlap between any two 

crossed lines (fibres), 𝑐 = 𝛿 𝑑0⁄ , where  𝑑0  is the sum of radii of the two crossed 

lines/fibres. For a two-dimensional model, 𝛿  equals zero and  𝑐  is zero. The 

coefficient 𝑐 is a variable to describe the extent of overlap within the range of [0, 1]. 

When 𝑐 is zero, lines/fibres are completely overlapping, which is the same as two-

dimensional fibrous network. Without any doubt the overlap coefficient will affect the 

length of the inserted beam, which is equal to the distance 𝛿. The length of the inserted 

beam is a key parameter that determines the bearing capacity of a beam subjected to 

loads. Thus, the overlap coefficient is of significant importance in numerical 

modelling, especially when dealing with the cross-linkers as inserted beams. Also, the 

degree of overlap alters the thickness, 𝑡 of the cross-linked structure. 

Connections between fibres can be flexible cross-linkers which are represented by the 

additional inserted beams. Moreover, the two corresponding nodes in the set }{ i

jx can 

be constrained by coupling their degrees of freedom. For instance, by coupling all the 

translation displacements UX, UY, UZ and all the rotation displacements ROTX, 

ROTY, ROTZ, it can be identified as a rigid cross-linker. It is not hard to understand 

that an increase in cross-linker numbers will give rise to a decrease in size in the z 

direction, i.e., the thickness of the structure, since the line/fibre needs to fall down to 

intersect with other lines/fibres in the three-dimensional modelling process, so that 

more cross-linkers can be generated. 
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3.2.4 Periodicity of the out-of-plane  

Periodicity in the x-y plane has been described above, but periodicity in the z direction 

is conducted differently from that in the x and y directions, due to the different design 

and construction process. After building up the three-dimensional model with 𝑁 fibres, 

another 𝑁 fibres are continuously put up in the z direction, whose coordinates of x and 

y are the same as those of the previous 𝑁  fibres correspondingly, for instance, 

𝑥(𝑁 + 𝑖) = 𝑥(𝑖), 𝑦(𝑁 + 𝑖) = 𝑦(𝑖), (𝑖 = 1,2, . . 𝑁). In the establishment, 2𝑁 fibres are 

piled up progressively and the z coordinate of each fibre is decided by the ones below 

it. Note that it does not just double the previous RVE with 𝑁 fibres vertically, whereas, 

for example, fibre 𝑁 + 1  intersects with fibres which are under it with a given 

concentration of intersection, i.e., fibre 𝑁 + 1 is not like the first fibre in the model, 

which is an initial straight line lying on the x-y plane. When the number of fibres, 𝑁 

is sufficiently large, there is a one-to-one correspondence between all the intersections 

on line 𝑁 and line 2𝑁, of which the coordinate values in the x and y directions and the 

difference of z values of a pair of the intersection points are approximately the same. 

Figure 3.11 describes the construction of the periodicity in the z direction of the 

stochastic fibrous structure. Ideally, the shape of line 2𝑁 should be the same as that of 

line 𝑁, with the vertexes at the same position in the x and y directions. By taking the 

top 𝑁 fibres from 𝑁 + 1 to 2𝑁, the three-dimensional periodic RVE is obtained in 

terms of the elasto-plastic behaviour of the stochastic fibrous structure. It is important 

to note that there would exist some additional isolated vertexes, or intersection points, 

where the beam elements have been inserted, when the top 𝑁 fibres are taken away. 

For instance, as can be seen from Figure 3.11, there have been some inserted beam 

elements between line/fibre 𝑁 + 1 and lines/fibres below, whose numbers are smaller 

than 𝑁. To achieve the periodicity, the inserted beam elements are moved up and 
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inserted on the fibres whose numbers are added 𝑁 to the numbers of their previously 

intersected fibres. Nodes 𝐴, 𝐵, 𝐶, 𝐷  and nodes 𝐴′, 𝐵′, 𝐶′, 𝐷′  are constrained by 

applying periodic boundary conditions which will be illustrated in Section 3.3.   

 

Figure 3.11. Schematic diagram to show the periodicity in out-of-plane. Ideally the 

shape of line 𝑁 is the same as that of line 2𝑁, when the number of fibres is sufficiently 

large. When taking the top layer, consisting of 𝑁 fibres, which is the representative 

volume element to be considered in the investigation, there would exist isolated beam 

elements indicated by the blue dotted lines. The isolated beam elements are moved up 

and periodic boundary conditions are applied on their nodes. 

 

3.2.5 Relative density 

The relative density is a key parameter to delineate the mechanical behaviour of 

cellular materials including fibrous materials[1–3,10]. By calculating the average 

value of all the distances between the constrained top and bottom nodes in the z 

direction, the thickness, t is obtained. Based on the thickness, the relative density of 

the fibrous material is specified by: 

𝜌 =
∑ 𝐿𝑖 ∗ (

1

4
∗ 𝜋𝑑𝑖

2)𝑁
𝑖=1

(1 ∗ 1 ∗ 𝑡)
                                            (3.1) 

where 𝐿𝑖 are the fibre lengths, 𝑁 is the number of fibres and 𝑑𝑖 are the diameters of 

circular cross sections (in the model, the diameter is not uniform to maximally reveal 
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the industrial materials). Since the fibres are randomly distributed within the 

periodicity of w=1 in x and y directions, 1*1*t refers to the volume of the structure. 

Eq. (3.1) indicates the dependence of relative density on the geometry or the 

architecture of the structure, e.g., the length and the diameter of the line. Also, the 

thickness is a key parameter in determining the relative density of the structure. Note 

that the thickness t is an implicit function of the concentration of cross-linkers and the 

overlap degree, as well as the fibre diameters. 

3.2.6 Statistical analysis 

In this study periodical random structure has been constructed with the ranges of 

lengths, diameters and orientation of all the fibres taken into account. As the 

morphology of the fibrous network varies so much, one geometrical model alone is 

far from sufficient to describe the complexity of the stochastic fibrous structure in 

terms of its mechanical behaviours. The model is random, so in order to obtain the 

mechanical parameters, considerable calculation and statistical analysis are needed. 

 

3.3 Boundary conditions 

The geometry model of random beam has been developed above and some 

fundamentals are required in the finite element analysis. The type of element is 3 node 

beam element (BEAM 189) with circular cross section. BEAM 189 is an element 

suitable for analysing slender to moderately stubby/thick beam structures. This 

element is based on Timoshenko beam theory. Shear deformation effects are included. 

The constituting solid material of fibre is assumed to be elastic, perfectly plastic with 
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Young’s modulus 𝐸𝑠 = 210𝐺𝑃𝑎 and Poisson ratio 𝜈𝑠 = 0.3, and yield strength 𝜎𝑠 =

290𝑀𝑃𝑎.  

3.3.1 Periodic boundary conditions 

Choosing an appropriate boundary condition is very important in the numerical 

simulation. Chen et al analysed three types of boundary conditions: mixed boundary 

conditions, prescribed displacement boundary conditions and periodic boundary 

conditions[14]. The mixed boundary condition is representative of frictionless grips. 

The model with mixed boundary conditions has no tangential force and the bending 

moment at nodes on the boundary. The prescribed displacement boundary conditions 

are relatively strong restrictions, which are representative of sticking grips. The 

prescribed displacement boundary conditions constrain both the translation 

displacement and rotation of every node on the boundary. Since the stochastic fibrous 

structure is periodic, then periodic boundary conditions can be applied to the beam 

model. In addition, it has been suggested that periodic boundary conditions are more 

suitable than mixed boundary conditions and prescribed displacement boundary 

conditions for a periodic RVE [1, 2]. The periodic boundary conditions assume that 

the corresponding nodes on the opposite edge of the mesh have the same expansion in 

the normal direction, the same displacement in other directions, and the same rotations 

in all directions. According to the definition of the periodic boundary conditions, the 

constraint equations used in the simulations are specified as follows: 

𝑢𝑖
𝑙𝑒𝑓𝑡

− 𝑢𝑗
𝑙𝑒𝑓𝑡

= 𝑢𝑖′
𝑟𝑖𝑔ℎ𝑡

− 𝑢𝑗′
𝑟𝑖𝑔ℎ𝑡

                                                                    (3.2) 

𝑣𝑖
𝑙𝑒𝑓𝑡

− 𝑣𝑗
𝑙𝑒𝑓𝑡

= 𝑣𝑖′
𝑟𝑖𝑔ℎ𝑡

− 𝑣𝑗′
𝑟𝑖𝑔ℎ𝑡

                                                                    (3.3) 

𝑤𝑖
𝑙𝑒𝑓𝑡

− 𝑤𝑗
𝑙𝑒𝑓𝑡

= 𝑤𝑖′
𝑟𝑖𝑔ℎ𝑡

− 𝑤𝑗′
𝑟𝑖𝑔ℎ𝑡

                                                                  (3.4) 



Chapter 3. Geometrical Properties  

62 

 

𝜃𝑖
𝑙𝑒𝑓𝑡

= 𝜃𝑖′
𝑟𝑖𝑔ℎ𝑡

                                                                                     (3.5)             

𝑢𝑖
𝑡𝑜𝑝 − 𝑢𝑗

𝑡𝑜𝑝 = 𝑢𝑖′
𝑏𝑜𝑡𝑡𝑜𝑚 − 𝑢𝑗′

𝑏𝑜𝑡𝑡𝑜𝑚                                                             (3.6) 

𝑣𝑖
𝑡𝑜𝑝 − 𝑣𝑗

𝑡𝑜𝑝 = 𝑣𝑖′
𝑏𝑜𝑡𝑡𝑜𝑚 − 𝑣𝑗′

𝑏𝑜𝑡𝑡𝑜𝑚                                                             (3.7) 

𝑤𝑖
𝑡𝑜𝑝 − 𝑤𝑗

𝑡𝑜𝑝 = 𝑤𝑖′
𝑏𝑜𝑡𝑡𝑜𝑚 − 𝑤𝑗′

𝑏𝑜𝑡𝑡𝑜𝑚                                                            (3.8) 

𝜃𝑖
𝑡𝑜𝑝

= 𝜃𝑖′
𝑏𝑜𝑡𝑡𝑜𝑚                                                                                  (3.9)           

𝑢𝑖
𝑓𝑟𝑜𝑛𝑡

− 𝑢𝑗
𝑓𝑟𝑜𝑛𝑡

= 𝑢𝑖′
𝑏𝑎𝑐𝑘 − 𝑢𝑗′

𝑏𝑎𝑐𝑘                                                                   (3.10) 

𝑣𝑖
𝑓𝑟𝑜𝑛𝑡

− 𝑣𝑗
𝑓𝑟𝑜𝑛𝑡

= 𝑣𝑖′
𝑏𝑎𝑐𝑘 − 𝑣𝑗′

𝑏𝑎𝑐𝑘                                                                   (3.11) 

𝑤𝑖
𝑓𝑟𝑜𝑛𝑡

− 𝑤𝑗
𝑓𝑟𝑜𝑛𝑡

= 𝑤𝑖′
𝑏𝑎𝑐𝑘 − 𝑤𝑗′

𝑏𝑎𝑐𝑘                                                                 (3.12) 

𝜃𝑖
𝑓𝑟𝑜𝑛𝑡

= 𝜃𝑖′
𝑏𝑎𝑐𝑘                                                                                   (3.13)   

where 𝑖, 𝑗, 𝑖′, 𝑗′ are the boundary nodes, such as nodes 𝑚, 𝑛, in Figure 3.3, and nodes 

𝐴, 𝐴′  in Figure 3.11.  𝑖, 𝑗 are nodes on the left, top or front surface of the periodic 

random fibre model, and 𝑖′, 𝑗′ are the corresponding nodes on the right, bottom or back 

surface of the model. 𝑢, 𝑣 and 𝑤 indicate the displacement in the x, y and z directions 

respectively, and 𝜃  is the rotation in all directions collectively. Note that on each 

boundary, one pair of nodes is selected, serving as the reference nodes for the 

displacement constraints, i.e., all the other pairs of nodes are related to the same pair 

of nodes, for example in the x direction, and conform to Eq. (3.2) - (3.4). 

3.3.2 Loading  

We have set reference nodes on x-boundary, y-boundary and z –boundary, described 

above, to apply the periodic boundary conditions. For uniaxial loading, to take x-
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directional loading as an example, the reference node on the left x-boundary is fixed 

with  three displacements constrained, and to the corresponding node on the opposite 

boundary is applied a tensile or compressive strain in the x direction. For biaxial 

loading or triaxial loading, the proportional straining is applied on the reference nodes 

in two directions or three directions simultaneously, for instance, 휀𝑥: 휀𝑦 =

1: 1, 휀𝑥: 휀𝑧 = 1:−1, 휀𝑥: 휀𝑦: 휀𝑧 = 1: 1: 2. 

To obtain the Young’s modulus, for instance, in the x direction of the stochastic 

fibrous structure, a uniaxial strain 휀𝑥 is applied on the reference node in the x direction. 

In FE simulation, reaction forces can be accessed after solving the model. The reaction 

force and action force exerted on the pair of reference nodes have the same value 𝐹𝑟 , 

but with different signs. With the reaction force, the stress in the x direction can be 

calculated by  

𝜎𝑥 = 𝐹𝑟/𝐴                                                            (3.14) 

where 𝐴 is the area of the y-z plane of the stochastic fibrous structure whose normal 

direction is the x direction.  

Thus the Young’s modulus 𝐸𝑥 can be specified by 

𝐸𝑥 = 𝜎𝑥/휀𝑥                                                            (3.15) 

To determine the shear modulus, for instance 𝐺12, a shear strain 𝛾12 is applied along 

two directions of the RVE, as shown in Figure 3.12. One reference node on the x-

boundary is fixed with UY, UZ, ROTX, ROTY, ROTZ constrained, and to the 

corresponding node on the opposite x-boundary is applied a strain of 𝛾12 in the y 

direction. One reference node on the y-boundary is fixed with UX constrained and to 
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the corresponding node, on the opposite y-boundary, a strain of 𝛾12 is applied in the x 

direction. The displacement boundary conditions are expressed as 

𝑢𝑦(𝑥1, 𝑦, 𝑧) − 𝑢𝑦(0, 𝑦, 𝑧) = 𝛾12 ∗ 𝑥1                                              (3.16) 

𝑢𝑥(𝑥, 𝑦1, 𝑧) − 𝑢𝑥(𝑥, 0, 𝑧) = 𝛾12 ∗ 𝑦1                                              (3.17) 

In FE simulation, the shear stress, 𝜏12 can be obtained by 𝐹𝑦/𝐴𝑦𝑧 (or 𝐹𝑥/𝐴𝑥𝑧), where 

𝐹𝑦 is the reaction force extracted from the x-boundary reference nodes, and 𝐴𝑦𝑧 is the 

area of the y-z plane of the RVE. 

Thus the shear modulus 𝐺12 can be expressed as 

𝐺12 =
𝜏12

2𝛾12
                                                        (3.18) 

   

 

Figure 3.12. Shear displacement is applied along the x direction in the x-z plane, and 

along the y direction in the y-z plane to determine the shear modulus, 𝐺12. 
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3.4 Geometry transformation for shear loading 

Alternatively, to determine the shear modulus, an effective compressive strain in one 

direction and an effective tensile strain, with the same value, in the transverse direction 

are imposed simultaneously[1, 2]. As can be seen in the Mohr’s circle for two-

dimensional state of strain, shown in Figure 3.13, for the given coordinate system, the 

normal strain components, 휀1, 휀2 can be equivalent to the state of pure shear strain on 

a rotated coordinate system. The new coordinate system makes an angle, 𝜃 = 45° with 

the original coordinate system. By applying the normal strains in two transverse 

directions, the shear strain and stress through Mohr’s circle and then the shear modulus 

can be determined. However, it should be noted that this method can be applied only 

when the material is isotropic. For instance, since the random beam model developed 

in this study is transversely isotropic in the x-y plane, an effective compressive strain 

and tensile strain can be applied to obtain the shear modulus, 𝐺12, but not 𝐺13. 

 

Figure 3.13. Mohr’s circle for two-dimensional state of strain. 

 

Considering a two-dimensional material, the elastic response follows Hook’s law and 

can be written as 

𝜎1 =
𝐸1

1 − 𝜈12𝜈21
휀1 +

𝜈21𝐸1

1 − 𝜈12𝜈21
휀2                          (3.19) 

x

y

a b
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𝜎2 =
𝜈12𝐸2

1 − 𝜈12𝜈21
휀1 +

𝐸2

1 − 𝜈12𝜈21
휀2                          (3.20) 

If the x-y plane is isotropic with 𝐸1 = 𝐸2  and  𝜈12 = 𝜈21, when the material is subject 

to an effective tensile strain in the x direction and an effective compressive strain in 

the y direction(ε1 = −ε2), the stresses become 

𝜎1 =
𝐸1

1 + 𝜈12
휀1                                                       (3.21) 

𝜎2 = −
𝐸1

1 + 𝜈12
휀1                                                   (3.22) 

From Eq. (3.21) - (3.22), it can be seen that the normal stresses share the same value, 

but have a different sign. The Mohr’s circle for two-dimensional state of stress, as 

shown in Figure 3.14a, suggests that the state of pure shear stress can be found in the 

new coordinate system, which makes an angle, 𝜃 = 45°, with the original coordinate 

system.  Thus, the coordinate systems for the state of pure shear strain and the state of 

pure shear stress coincide. So we can determine the shear modulus, 𝐺12  by this 

approach. 

 

Figure 3.14. Mohr’s circle for two-dimensional state of stress. 

 

a b
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From the Eq. (3.19) - (3.20), it can be seen that if 𝐸1 ≠ 𝐸2, the normal stresses would 

not satisfy σ1 = −σ2 when the material is subject to an effective compressive and 

tensile strain (ε1 = −ε2) simultaneously. As can be seen from Figure 3.14b, the state 

of stress at the 45° rotated coordinate system is not the state of pure shear stress (𝜎 ≠

0). Therefore, the determination of shear modulus, 𝐺13 cannot use the above approach, 

as the stiffness of the stochastic fibrous structure in the x and z direction is different. 

The geometry transformation is required for shear loading. In the model developed in 

this study, as the fibres are layered one by one with cross-linkers inserted parallel to 

the z direction, the mechanical properties in the x direction are different from those in 

the z direction. In the new coordinate system, the properties of the stochastic fibrous 

material in the x′ direction are the same as those in the z′ direction, as shown in Figure 

3.15. A new geometry based on the original RVE has been developed. 

Firstly, control the thickness and make the x-z plane of RVE became a square. The 

new RVE in the x′z′ coordinate system is obtained by grouping four half old RVEs, 

as shown in Figure 3.15. An effective compressive strain in the z′ direction and an 

effective tensile strain in the x′  direction are imposed on the new geometry to 

determine the shear modulus, 𝐺13 of the stochastic fibrous material. 
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Figure 3.15. The geometry transformation for shear loading in the x-z directions. 

 

In summary, the general idea for the geometry transformation is to apply the effective 

normal compressive/tensile strain on the 45° rotated coordinate system, in which the 

properties of the model in the x′ direction are the same as those in the z′ direction. This 

state of strain is equivalent to the state of pure shear strain on the previous x-z 

coordinate system after rotating the x′- z′ coordinate system back 45° in the Mohr’s 

circle. 

 

3.5 Conclusions 

A three-dimensional random beam model has been developed to investigate the 

mechanical properties of stochastic fibrous materials. This introduces a novel way to 

deal with the connection between fibres by inserting an additional beam, which can be 

regarded as flexible cross-linker. Since the model is made of polylines, the relative 

density of the fibrous materials can be controlled by adjusting the concentration of 

intersections. To have more intersections, the fibre has to drop down to connect with 

others, which leads to a smaller thickness and a larger relative density. Apart from the 

x

z

'x

'z ① ②

③ ④



Chapter 3. Geometrical Properties  

69 

 

concentration of intersections, the coefficient of overlap can alter the thickness and 

relative density of the stochastic materials. Choosing an appropriate boundary 

condition is very important in the numerical simulation. Periodic boundary conditions 

have been applied to the periodic representative volume element (RVE). To determine 

the Young’s modulus, an effective uniaxial tensile strain is imposed. To determine the 

shear modulus, a pair of shear strains is applied in transverse directions. Also, by 

applying the normal strains in two transverse directions, the shear strain and stress can 

be worked out through Mohr’s circle and then the shear modulus is determined. 

However, it is worth noting that the rotated coordinate system of the state of pure shear 

strain and the state of pure shear stress coincides only when the material is isotropic. 

The beam model developed in this study shows anisotropy in the x-z plane. The 

approach to obtain the shear modulus, 𝐺13,  by imposing an effective compressive 

strain in the x direction and an effective tensile strain in the z direction, does not suit 

this random beam model. Thus geometry transformation is conducted to work out the 

shear modulus, 𝐺13.  
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Chapter 4 The Elastic Properties of 

Cytoskeletal Networks Based on a 3-D 

Stochastic Filament Model with FEA 

 

Many mechanical behaviours of cells are determined largely by the networks of 

filamentous proteins called collectively the cytoskeleton. However, very little is 

known about how the macroscopic stress and strain are transmitted in the cytoskeletal 

networks. A continuum mechanics-based, three-dimensional, random-beam model of 

the filamentous structure of the cytoskeleton has been developed to investigate its 

elasticity by finite element analysis (FEA). The objective of this work has been to 

delineate how key features in anisotropic structure affect its stiffness. The periodic 

representative volume element (RVE) has been constructed for a stochastic 

filamentous structure with different concentrations of cross-linkers, degree of overlap 

and varying relative density. The results indicate the dominant deformation 

mechanism in the x direction gradually changes from bending to stretching with 

increasing relative density. In addition, there is a power law relationship between the 

Young’s modulus in the z direction and the relative density. 

 

4.1 Introduction 

Cytoskeleton (CSK) is a network of filamentous proteins, composed of filamentous 

actin (F-actin), microtubules and intermediate filaments, within a cell’s cytoplasm. 

More detailed information about the cytoskeleton can be found in Section 2.3.1. The 
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mechanical stiffness of intracellular material, to a great extent, is governed by the 

cytoskeleton[44]. It is crucial to build quantitative mechanical models describing the 

complicated behaviour of the cytoskeleton and predicting the effects of network 

parameters. The different mechanical behaviour of the cell is largely determined by 

the cytoskeleton, thus the study of cytoskeletal networks will contribute to the 

understanding of cell mechanics. As the cytoskeletal network is filamentous or cellular 

material, the relative density is a key parameter to elucidate the mechanical properties 

of cellular materials[1,2,10]. However, the relative density (i.e. the ratio of the volume 

(mass) of the filament to that of the cytoskeletal structure) is difficult to control in the 

process of building the reconstituted networks in vitro. Finite element method (FEM) 

which was originally developed for solving solid mechanics problems is a numerical 

method that offers a means to find the approximate solution. Computer modelling of 

the simplified cytoskeleton provides the opportunity to experimentally regulate 

microstructural features of the model. With the assistance of finite element method 

(FEM), a mechanical model of the cytoskeleton can be developed to probe the 

macroscopic stresses and strains. It is suggested that macroscopic stresses and strains 

can be determined by microscopic stresses and strain over a representative volume 

element (RVE). To begin with, a three-dimensional strut numerical model for 

stochastic cross-linked filaments has been constructed to quantitatively show the 

relationship between the macroscopic and microscopic elastic parameters in the 

randomly distributed filamentous structure. The objective has been to investigate the 

role of cross-linker and how the relative density affects the elastic properties of the 

stochastic filamentous network. 
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4.2 Simulation methods 

 

Figure 4.1. Three-dimensional random strut numerical models with different degree 

of overlap: (a) 0.95, (b) 0.6, (c) 0.5, (d) 0.4. 

 

4.2.1 Periodical random beam model 

A three-dimensional random strut numerical model is developed as shown in 

Figure4.1. The geometrical microstructure of the random beam model is generated by 

piling up randomly distributed lines/fibres one by one. The three-dimensional model 

is established progressively with two-dimensional coordinates being considered first. 

As the fundamental constituent of continuum mechanics, representative volume 

element (RVE) is adopted due to computational limitation. The RVE, which could be 

called ‘unit cell’, must be periodic. By creating 3w x 3w regions simultaneously in x 

direction and y direction with periodicity of w, the central region is selected to be 

periodic. The coordinates in 3-D space of every key point on the lines/fibres can be 

a b

c d
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derived by the relative positions and 2-D coordinates. Further construction details 

relating to the 3-D random beam mode can be found in Chapter 3.  In addition, it has 

been suggested that the periodic boundary conditions are more suitable than the mixed 

boundary conditions and prescribed displacement boundary conditions[1, 2]. In the 

numerical simulation, the three-node beam element (BEAM189) based on the 

Timoshenko beam theory is utilized. The constituting solid material of a filament is 

assumed to be elastic with Young’s modulus of 1.0. The non-dimensional equivalent 

Young’s modulus is one of the main objectives of the study, with respect to the 

characteristic of fibrous structure. A stress-strain curve is given in Figure 4.2 for a 

filamentous network with the Young’s modulus of constituting solid material 𝐸𝑠 =

210𝐺𝑃𝑎. As can be seen in Figure 4.2, the structure behaves linearly when the strain 

is sufficiently small. Due to the linearity, it is worth noting that by assuming a unit 

modulus of the solid material, the Young’s modulus of the structure is equivalent with 

non-dimensional Young’s modulus of the structure which is Young’s modulus of the 

structure normalized against the Young’s modulus of the solid material. As it has been 

indicated, the Poisson ratio of isotropic solids mostly varies between 0.1 and 0.5[109], 

the Poisson ratio of the filaments is set at 0.3. To measure the Young’s modulus, or 

shear modulus, of the filamentous network, a uniaxial tensile or shear strain is applied 

across the periodic boundary conditions.  
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Figure 4.2. Stress-strain curves under uniaxial loading in the x direction. Red solid line 

was obtained from averaging the blue dashed lines.  

 

 

Figure 4.3. Two types of cross-linker in the three-dimensional random beam model: 

(a) flexible cross-linker by inserting an additional beam between intersected filaments; 

(b) comparatively firm cross-linker by constraining all the degrees of freedom of 

paired nodes. 

 

4.2.2 Cross-linker  

In the cytoskeletal networks of filamentous actin (F-actin), cross-linking proteins 

stabilize the network and strengthen the rigidity of the cytoskeleton. A myriad of 
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research publications have shown that the density or the concentration of cross-linkers 

largely determines the elastic properties of the filamentous actin networks in 

vitro[48,55,57,110–115]. The cross-linker concentration is defined by the ratio 𝐿/𝑙𝑐, 

where 𝑙𝑐 is the mean distance between cross-linkers along a filament of length 𝐿. In 

the numerical model, an innovative way to deal with the cross-linker is introduced in 

the three-dimensional random beam model. As shown in Figure 4.3, each filament is 

represented by a line of length 𝐿, and to effectively mimic the real F-actin network, 

the lengths are not uniform, ranging from 0.8 to 1.2, dimensionlessly. All the lines are 

deposited with random position and orientation with a range of 2π. An additional beam 

with three nodes is inserted at the intersection point of two lines in the thickness 

direction (z direction). The inserted beams represent the cross-linkers in the 

cytoskeletal networks. The three nodes on the inserted beam share the same x and y 

coordinate values, with the two endpoint nodes on the two connected lines, and the 

midpoint node in the middle of endpoint nodes vertically. A set of nodes }{ i

jx , ( 𝑖 =

1,2, . . 𝑁; 𝑗 = 1,2, . . 𝐿/𝑙𝑐; where 𝑁 is the number of filaments) indicates the endpoint 

nodes of all the cross-linkers. By inserting beam element at the intersections, it can be 

identified as the freely rotating cross-linker. Moreover, we can constrain the two 

corresponding nodes in the set }{ i

jx  , by coupling their degrees of freedom, as shown 

in Figure 4.3(b). For instance, by coupling all the translation displacements UX, UY, 

UZ, and all the rotation displacements, ROTX, ROTY, ROTZ, it can be identified as 

the comparatively firm cross-linker. It is not hard to understand that an increase in 

cross-linker numbers will give rise to a decrease in the size in the z direction, i.e., the 

thickness of the structure, since the line (beam) needs to fall down to intersect with 

other lines, in this three-dimensional model process, so that more cross-linkers can be 

generated. 
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4.2.3 Overlap coefficient 

To construct a stochastic filamentous structure in 3-D, the distance  𝛿  between the 

central axes of any two intersected beams should be larger than zero. The Overlap 

coefficient  𝑐  defined as below describes the degree of overlap between any two 

crossed lines (beams), 𝑐 = 𝛿 𝑑0,⁄  where  𝑑0 is the sum of radii of the two crossed lines. 

For a two-dimensional model, 𝛿  equals zero and 𝑐 is 0. The coefficient, 𝑐 is a variable 

to describe the extent of overlap within the range of [0, 1]. When 𝑐 is zero, lines are 

completely overlapping, which is the same as the two-dimensional model. Without 

any doubt that the overlap coefficient will affect the length of the inserted beam which 

is equal to the distance 𝛿. The length of a beam is a key parameter that determines the 

bearing capacity of the beam subjected to loads. Thus, the overlap coefficient is of 

significant importance in the numerical modelling, especially when dealing with the 

cross-linker as an inserted beam. Also, the degree of overlap alters the thickness 𝑡 of 

the cross-linked structure. Examples with different overlap coefficients have been 

shown in Figure 4.1. Even when coupling the intersection nodes instead of inserting 

beam element, the degree of overlap will make a difference to the elastic properties of 

the random beam model. 

4.2.4 Relative density 

It has been suggested that the macroscopic elasticity of cytoskeletal networks not only 

depends on the concentration of cross-linkers, but also upon the density of filaments 

in the networks[13]. Gibson and Ashby have shown that the simplest and most 

straightforward way to analyse the mechanical properties of cellular materials is to use 

dimensional analysis[4], which emphasises the dependence of mechanical properties 

on the relative density of the structure. By calculating the average value of all the 
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distances between the constrained top and bottom nodes in the z direction, the 

thickness 𝑡 is obtained. Based on the thickness, the relative density of the fibrous 

material is specified by: 

𝜌 =
∑ 𝐿𝑖 ∗ (

1

4
∗ 𝜋𝑑𝑖

2)𝑁
𝑖=1

(1 ∗ 1 ∗ 𝑡)
                                                       (4.1) 

where 𝐿𝑖  are the filament lengths, 𝑁  is the number of filaments and 𝑑𝑖  are the 

diameters of the circular cross sections. Since the filaments are randomly distributed 

within the periodicity of w=1 in the x and y directions, 1 ∗ 1 ∗ 𝑡 refers to the volume 

of the fibrous structure. From the Eq. (4.1), the dependence of relative density on the 

geometry or the architecture of the structure, e.g., the length and the diameter of the 

line is evident. Also, the thickness is a key parameter in determining the relative 

density of the structure. Note that the thickness of a fibrous network depends on the 

overlap coefficient, concentration of the cross-linkers, the filament diameter, and the 

number of the filaments. 

4.2.5 Statistical analysis 

As the morphology of cytoskeletal networks varies so much, one single geometrical 

model is inadequate to describe the complexity of the cytoskeleton. In this study 

periodical random structures have been constructed with a range of lengths, diameters 

and orientations of all the filaments taken into consideration. These random numbers 

are obtained from the function in MATLAB, which generates uniformly distributed 

pseudorandom numbers between 0 and 1. The model is random, so to get the 

mechanical parameters, massive calculation and statistical analysis are needed. Mean 

results and standard deviations are obtained from twenty independent, but similar 

structural models with the same set/combination of different parameters.  
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4.2.6 Mesh sensitivity 

A mesh sensitivity study has been performed by changing the total number of 

filaments, N for samples having the concentration of cross-linker, 𝐿/𝑙𝑐 = 6. Twenty 

random models were investigated for each different total number of filaments, N=50, 

75, 100, 150, 200, 400. Note that with more filaments, the cell size is getting larger in 

the thickness direction. Each fibrous structure was generated using a different list of 

random numbers, and had the same diameter range,𝑑 ∈ [0.01,0.02], and the same 

overlap coefficient, 𝑐 = 0.95. The statistical test of reaction force, Young’s modulus 

in the x direction, and the relative density, were conducted and shown in Table 4.1. 

The results presented below were obtained by using the finite element solver of 

ANSYS APDL software. As can be seen from Table 4.1, the mean densities and 

Young’s moduli in the x direction are almost the same in all the cases, N=50, 75, 100, 

150, 200, 400. While the standard deviations for both Young’s modulus and density 

are trending downward, i.e., the larger the number of filaments, the smaller will be the 

standard deviation. Theoretically, the reaction force of double layers should be twice 

as strong as that of a single layer (i.e., N=100 vs. N=50, N=200 vs. N=100…), when 

all the other conditions are completely the same. The ratio of the reaction forces of 

two corresponding cases are listed in Table 4.2, and the ratio is the mean value of 

twenty paired samples. It is worth noting that when the number of filaments increases, 

the ratio between the reaction forces of one and two layers approaches two. When 

N=200, the standard deviations of the density, the Young’s modulus in the x direction 

and the reaction force are very small. Also, in consideration of computational 

efficiency, the finite element results shown below are the mean results over twenty 

random samples having a total number of filaments fixed at N=200. 
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Table 4.1. The statistics of the density, Young’s modulus in the x direction and the 

reaction force over 20 samples for the number of filaments N=50, 75,100, 150, 200, 

400, with the concentration of cross-linker at 𝐿/𝑙𝑐 = 6, the overlap coefficient at 𝑐 =

0.95, and the mean slenderness ratio at 1.5%. 

 

Descriptive Statistics 

Density  

 
Mean Std. Deviation 95% Confidence Interval for Mean Minimum Maximum 

Lower Bound Upper Bound 

N=50 .06596645 .005283758 .06349358 .06843932 .058416 .073771 

N=75 .06513645 .003876645 .06332212 .06695078 .057409 .072516 

N=100 .06683480 .001796309 .06599410 .06767550 .064115 .070695 

N=150 .06661080 .002495420 .06544291 .06777869 .062340 .071749 

N=200 .06505695 .001890000 .06417240 .06594150 .062176 .068886 

N=400 .06609510 .001473404 .06540553 .06678467 .063357 .068021 

Young’s modulus 

 
Mean Std. Deviation 95% Confidence Interval for Mean Minimum Maximum 

Lower Bound Upper Bound 

N=50 1.7530E-03 3.97268E-04 1.5671E-03 1.9389E-03 1.04E-03 2.49E-03 

N=75 1.7964E-03 4.10587E-04 1.6042E-03 1.9886E-03 6.98E-04 2.60E-03 

N=100 1.8155E-03 3.00902E-04 1.6747E-03 1.9563E-03 1.37E-03 2.45E-03 

N=150 1.8214E-03 3.36228E-04 1.6641E-03 1.9788E-03 8.79E-04 2.42E-03 

N=200 1.7985E-03 1.65315E-04 1.7211E-03 1.8759E-03 1.48E-03 2.13E-03 

N=400 1.8225E-03 1.21952E-04 1.7654E-03 1.8796E-03 1.58E-03 2.10E-03 

Reaction Force 

 
Mean Std. Deviation 95% Confidence Interval for Mean Minimum Maximum 

Lower Bound Upper Bound 

N=50 2.4386E-07 5.01092E-08 2.2041E-07 2.6731E-07 1.50E-07 3.41E-07 

N=75 3.7608E-07 8.02353E-08 3.3853E-07 4.1363E-07 1.60E-07 5.40E-07 

N=100 5.0458E-07 8.73045E-08 4.6372E-07 5.4544E-07 3.89E-07 6.87E-07 

N=150 7.5251E-07 1.25882E-07 6.9359E-07 8.1142E-07 3.98E-07 9.83E-07 

N=200 1.0010E-06 8.92792E-08 9.5918E-07 1.0427E-06 8.26E-07 1.17E-06 

N=400 2.0143E-06 1.40250E-07 1.9487E-06 2.0800E-06 1.80E-06 2.36E-06 

 
 

 

Table 4.2. The mean ratio of paired reaction forces over twenty random samples. 
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 N100/N50 N150/N75 N200/N100 N400/N200 

     

Mean Ratio 2.162423 2.119755 2.045563 2.033126 

 

 

4.3 Numerical results 

4.3.1 Transversely isotropic properties 

The two-dimensional networks of isotropic, homogenously cross-linked actin have 

been presented[116]. One of the significant features incorporated into the three-

dimensional beam model is the anisotropic elasticity of the filamentous networks. 

Table 3 lists Young’s moduli, shear moduli and Poisson’s ratios of 20 models with the 

concentration of cross-linker 𝐿/𝑙𝑐 = 10, the overlap coefficient , 𝑐  of 0.95 and the 

number of filaments N=200, the diameter ranging from 0.010 to 0.020. 

It is shown that the mean values of Young’s modulus and the Poisson’s ratio for 20 

models are almost identical in the x and y directions. The results suggest the elastic 

properties of random fibrous structures are isotropic in the x-y plane. In addition, the 

observed values of Young’s modulus and Poisson’s ratio satisfy: 

𝐸𝑥

𝐸𝑦
∗

𝜈21

𝜈12
= 0.997155194 (The mean value)                                            (4.2) 

𝐸𝑥

𝐸𝑧
∗

𝜈31

𝜈13
= 1.004540088 (The mean value)                                            (4.3) 

𝐸𝑦

𝐸𝑧
∗

𝜈32

𝜈23
= 1.004046493 (The mean value)                                           (4.4) 

The above equations imply that the relationship between Young’s modulus and 

Poisson’s ratio is, 

𝐸𝑖

𝐸𝑗
=

𝜈𝑖𝑗

𝜈𝑗𝑖
                                                                         (4.5) 
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Table 4.3. The non-dimensional Young’s moduli, shear moduli and Poisson’s ratios 

of 20 periodic filamentous structures with 200 filaments, density of cross-linker 

 𝐿/𝑙𝑐 = 10, degree of overlap 𝑐 = 0.95 and the mean value of aspect ratio at 1.5%. 
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 Ex v12 v13 Ey v21 v23 

       

1 5.723E-03 0.285744 1.21925 5.795E-03 0.288937 1.57524 

2 6.316E-03 0.301886 1.11942 5.618E-03 0.270425 1.34235 

3 5.308E-03 0.333524 0.82134 4.765E-03 0.300303 0.82170 

4 5.604E-03 0.279462 0.83292 6.006E-03 0.293877 0.98153 

5 5.472E-03 0.273270 1.21001 4.926E-03 0.245830 1.09657 

6 5.238E-03 0.280950 1.12880 5.429E-03 0.291075 1.19702 

7 5.915E-03 0.323796 1.19239 5.347E-03 0.293300 0.88433 

8 5.242E-03 0.307554 0.82397 4.896E-03 0.282599 1.22579 

9 5.458E-03 0.240946 1.46975 5.079E-03 0.224540 1.51231 

10 5.230E-03 0.282815 0.94208 6.565E-03 0.354410 1.31206 

11 4.479E-03 0.298303 0.91895 5.003E-03 0.322426 0.86887 

12 5.176E-03 0.273343 1.43650 5.609E-03 0.295320 1.20214 

13 5.822E-03 0.263016 1.71740 5.647E-03 0.255191 1.13037 

14 5.618E-03 0.333085 1.14812 3.910E-03 0.231321 1.06922 

15 5.913E-03 0.327621 1.14331 5.407E-03 0.300466 1.05081 

16 5.331E-03 0.267546 0.92498 6.422E-03 0.323592 1.38776 

17 4.590E-03 0.295067 1.25848 4.608E-03 0.296369 1.04840 

18 5.529E-03 0.345179 1.55146 4.915E-03 0.306887 0.82896 

19 4.856E-03 0.252683 0.72066 6.960E-03 0.361404 1.71686 

20 5.569E-03 0.300357 1.83414 5.644E-03 0.304396 1.14066 

         

Mean 5.419E-03 0.29330735 1.17069665 5.427E-03 0.2921334 1.1696473 

Std. 4.318E-04 0.02796125 0.29972837 6.995E-04 0.0342564 0.2423874 

 

       

 Ez v31 v32 G12 G13 G23 

       

1 3.366E-05 0.00720060 0.00914950 2.236E-03 4.398E-05 4.070E-05 

2 3.811E-05 0.00709433 0.00921579 2.323E-03 4.598E-05 3.939E-05 

3 4.223E-05 0.00664811 0.00736513 1.919E-03 4.274E-05 4.506E-05 

4 5.005E-05 0.00738592 0.00810776 2.247E-03 4.445E-05 4.301E-05 

5 3.250E-05 0.00721327 0.00726901 2.066E-03 4.541E-05 4.065E-05 

6 3.790E-05 0.00816300 0.00835671 2.074E-03 4.071E-05 4.086E-05 

7 4.591E-05 0.00921959 0.00762749 2.152E-03 4.090E-05 4.200E-05 

8 3.674E-05 0.00589903 0.00890294 1.952E-03 3.995E-05 3.911E-05 

9 3.920E-05 0.01054560 0.01174210 2.138E-03 4.530E-05 3.952E-05 

10 5.501E-05 0.00989064 0.01143940 2.247E-03 4.068E-05 4.829E-05 

11 3.732E-05 0.00784442 0.00682279 1.798E-03 4.429E-05 4.007E-05 

12 3.655E-05 0.00968536 0.00787307 2.099E-03 4.079E-05 4.262E-05 

13 3.651E-05 0.01072680 0.00727374 2.277E-03 4.297E-05 4.144E-05 

14 4.315E-05 0.00880258 0.01188460 1.875E-03 4.103E-05 3.945E-05 

15 4.278E-05 0.00858839 0.00829631 2.156E-03 4.570E-05 4.482E-05 

16 4.709E-05 0.00814191 0.01018070 2.276E-03 3.867E-05 4.897E-05 

17 3.875E-05 0.01060450 0.00880013 1.770E-03 3.861E-05 4.397E-05 

18 4.629E-05 0.01300300 0.00766342 1.972E-03 4.607E-05 4.212E-05 

19 4.957E-05 0.00736959 0.01228270 2.284E-03 3.996E-05 4.907E-05 

20 3.809E-05 0.01253120 0.00770028 2.152E-03 4.588E-05 4.288E-05 

       

Mean 4.137E-05 0.00882789 0.00889768 2.101E-03 4.270E-05 4.270E-05 

Std. 5.829E-06 0.00187897 0.00166724 1.645E-04 2.534E-06 3.069E-06 

 

 

From the results it can be seen that the shear modulus, Young’s modulus and Poisson’s 

ratio in the x and y direction meet that, 

�̅�12 = 0.5�̅�𝑥/(1 + �̅�12)                                                         (4.6) 
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where 𝐸𝑥 can be replaced by  Ey, and  ν12 can be replaced by ν21. In addition, 𝐺13 =

𝐺23, 𝜈13 = 𝜈23, 𝜈31 = 𝜈32. These all suggest that the stochastic fibrous structure is 

transversely isotropic. Note that the means of 20 samples in Table 4.3 give an isotropic 

response in the x and y direction, but for a given cell, for instance, cell 19, it can be 

anisotropic. The isotropy of macro structure can be reached by assembling different 

cells such as those tabulated in Table 4.3, rather than periodically replicating a single 

cell. 

4.3.2 The dimension of inserted beam 

In this model, the relatively flexible cross-linkers in the cytoskeletal network can be 

represented by inserted beam, as delineated above. Apart from the length, 𝛿 of the 

inserted beam, which can be determined by the overlap coefficient , c = 𝛿 𝑑0⁄ , the 

diameter, 𝑑′of the inserted beam is of great importance. It could be half the diameter 

of the filaments, or a third, or fourth, depending on the biomaterials. Here, the diameter 

of the inserted beam is determined from the stand point of solid mechanics, by 

studying the stiffness of the inserted beam. It is assumed that two overlapped solid 

bodies can be equivalent to a spatial structure consisting of two crossed beams and 

one inserted beam. As can be seen from Figure 4.4, two models have been constructed 

in which the same boundary conditions and the same loading are applied. One is 

utilized for simulation in the finite element software, the other one is for the theoretical 

solution.  

The principle of virtual forces is one of the energy principles in structural mechanics. 

When the structure is subject to external force, the deflection, ∆, can be found by unite 

load method: 



Chapter 4. Elasticity  

84 

 

∆= ∑∫
𝑀𝑀

𝐸𝐼
𝑑𝑠 + ∑∫

𝑁𝑁

𝐸𝐴
𝑑𝑠 + ∑∫

𝑇𝑇

𝐺𝐼𝑃
𝑑𝑠 + ∑∫𝜇

𝑄𝑄

𝐺𝐴
𝑑𝑠           (4.7) 

where M, N, T and Q represent the bending moment, axial force, torsional moment 

and shearing force due to actual loading, respectively. �̅�, �̅�, �̅�, �̅� are the bending 

moment, axial force, torsional moment and shearing force due to virtual unit load, 

respectively. 𝜇 is 10/9. The materials of all the beams in Figure 4.4(b) are the same 

with the parameters: Young’s modulus 𝐸, shear modulus 𝐺. The diameters of circular 

cross section in beam AB and beam CD are the same at 𝑑, which is the mean value of 

all the beams (lines) in the periodical stochastic filamentous structure (the second 

moment of the filament cross-sectional area 𝐼 =
𝜋𝑑4

64
, polar second moment of area 

𝐼𝑃 =
𝜋𝑑4

32
, area of the cross section 𝐴 =

𝜋𝑑2

4
 ). The diameter 𝑑′ of the inserted beam BC 

is to be determined. 

 

Figure 4.4. The schematic diagrams of the intersected beams in the model: (a) 

represents two overlapped solid bodies used in the simulation, (b) indicates spatial 

structure consisting of two crossed beams and one inserted beam, and this equivalent 

structure can be used in the theoretical solution. 
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Figure 4.5. The internal force diagrams of the spatial structure shown in Figure 4.4(b) 

subjected to a force in the x direction. 
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For two interested beams/filaments AB and CD with AB in the x direction and CD in 

the y direction, as shown in Figure 4.4, end A is fixed (no displacement or rotation), 

and a force 𝐹𝑥 is applied at end D in the x direction.  The internal force diagrams are 

listed in Figure 4.5. 

Thus, the displacement of end D in the x direction, ∆𝑥, can be obtained using structural 

mechanics, and expressed as: 

∆𝑥=
𝐹𝑥𝑙3

3

3𝐸𝐼
+

10𝐹𝑥𝑙3
9𝐺𝐴

+
𝐹𝑥𝑙1
𝐸𝐴

+
𝐹𝑥𝑙1(𝑙2

2 + 𝑙3
2)

𝐸𝐼
+

10𝐹𝑥𝑙2
9𝐺𝐴′

+
𝐹𝑥𝑙2

3

3𝐸𝐼′
+

𝐹𝑥𝑙3
2𝑙2

𝐺𝐼𝑃′
    (4.8) 

Now, alternatively, we mesh the two connected filaments, shown in Figure 4.4(a), into 

a large number of tetrahedral elements and use commercial finite element software 

ANSYS to obtain the displacement of end D in the x direction.   With the force, 𝐹𝑥 and 

deflection, ∆𝑥 both known, the diameter, 𝑑′ can be obtained by substituting values of 

𝐹𝑥, ∆𝑥  from simulation into Eq.(4.8).  

In the simulation, a slenderness ratio sensitivity study has been performed, based on a 

simple solid undergoing a transverse loading, as shown in Table 4.4. It indicates that 

the accuracy of solid element solving the problem of beam is high.  

Table 4.4. The effect of slenderness ratio in the solid simulation and theory of beam 

with one end fixed and one free end applied a transverse displacement 0.1. 

      Ratio(L/d) 

Results 

5 10 20 30 40 60 

𝐹𝑠(Simulation) 2.3366e-5 

 

2.9494e-6 

 

3.6892e-7 

 

1.0927e-7 

 

4.6083e-8 

 

1.3649e-8 

 

𝐹𝑡(Theoretical) 2.3062e-5 

 

2.9294e-6 3.6766e-7 1.0902e-7 4.6004e-8 1.3633e-8 

Error 

(𝐹𝑠 − 𝐹𝑡)/𝐹𝑡 

1.32% 0.68% 0.34% 0.23% 0.17% 0.11% 
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It is not surprising that, with a fixed overlap coefficient, the overlapped volume 

between the two solid filaments would not alter with a change in the length of the two 

filaments. In Table 4.5, it can be seen that, when c is 0.4, the calculated diameter, 𝑑′ 

of inserted beam encompassed by two solids with different dimensions shows small 

changes. It is also true in the case of c=0.95.  

 

Table 4.5. The diameters of the inserted beam obtained from the combination of FEA 

simulation and theory of beam, with overlap coefficients at 0.4 and 0.95. In each case, 

the dimensions of the solids (beams) can be changed and show no significant effect 

on the value of diameter 𝑑′. 

 c=0.4(𝑙2 = 0.4𝑑) 

 

c=0.95(𝑙2 = 0.95𝑑) 

𝑙1 = 5𝑑; 𝑙3 = 20𝑑 
 

0.863d 0.671d 

𝑙1 = 5𝑑; 𝑙3 = 40𝑑 

 
0.887d 0.677d 

𝑙1 = 10𝑑; 𝑙3 = 40𝑑 
 

0.865d 0.674d 

 

Considering the possible errors that would occur in the simulation, the calibrations of 

Young’s modulus E have been conducted in terms of different dimensions of the solids 

(beams). A model has been built with two solid filaments completely overlapped, in 

which no inserted beam is needed at the intersection, as the length, 𝑙2  equals to zero 

(or c=0). Without any unknown variables, the results of FEA simulations can be 

compared with the theoretical results obtained from structural mechanics.  When end 

A is fixed and a force 𝐹𝑥 is applied at end D in the x direction, the displacement of the 

end D can be expressed as: 

∆𝑥=
𝐹𝑥𝑙3

3

3𝐸𝐼
+

10𝐹𝑥𝑙3
9𝐺𝐴

+
𝐹𝑥𝑙1
𝐸𝐴

+
𝐹𝑥𝑙3

2𝑙1
𝐸𝐼

                                          (4.9) 
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Table 4.6. The calibrated Young’s modulus, 𝐸∗  in three models with different 

dimensions of the beams.  

 𝑙1 = 5𝑑; 𝑙3 = 20𝑑 
 

𝑙1 = 5𝑑; 𝑙3 = 40𝑑 
 

𝑙1 = 10𝑑; 𝑙3 = 40𝑑 
 

𝐸∗ 
 

1.0390 1.0249 1.0195 

 

In the simulation, the diameter, d is set as 0.2, the Young’s modulus, E is 1, and 

Poisson’s ratio, 𝜈 is 0.3. The force 𝐹𝑥 or the deflection ∆𝑥 can be obtained from the 

simulation, by substituting the values into Eq.(4.9), the calibrated 𝐸∗ can be obtained 

as shown in Table 4.6. As can be seen from Table 4.7, with the calibration of Young’s 

modulus, the effect of dimensions of solids on the diameter 𝑑′ is smaller. It indicates 

that the introduction of calibrated Young’s moduli, which are based on the beam 

dimensions, can effectively offset the influence of dimensions. Thus, the 

determination of the diameter of inserted beam is more accurate. 

Table 4.7. The diameters of inserted beam, 𝑑′ with overlap coefficient 𝑐 = 0.4, and 

𝑐 = 0.95. Comparison between simulations with a normal Young’s modulus E and a 

calibrated Young’s modulus 𝐸∗ with different dimensions of solids. 

 𝑐 = 0.4 (𝑙2 = 0.4𝑑) 

 

𝑐 = 0.95 (𝑙2 = 0.95𝑑) 

with E 

 
with 𝐸∗ 

 

with E 

 
with 𝐸∗ 

 

𝑙1 = 5𝑑; 𝑙3 = 20𝑑 
 

0.863d 0.777d 0.671d 0.653d 

𝑙1 = 5𝑑; 𝑙3 = 40𝑑 

 
0.897d 0.798d 0.677d 0.661d 

𝑙1 = 10𝑑; 𝑙3 = 40𝑑 
 

0.865d 0.780d 0.674d 0.659d 

 

Apply a force at end D in the z direction, and end A is fixed with no displacement or 

rotation. The displacement of end D in the z direction, ∆𝑧, can be expressed as: 

∆𝑧=
𝐹𝑧𝑙3

3

3𝐸𝐼
+

10𝐹𝑧𝑙3
9𝐺𝐴

+
𝐹𝑧𝑙3

2𝑙1
𝐺𝐼𝑃

+
10𝐹𝑧𝑙1
9𝐺𝐴

+
𝐹𝑧𝑙1

3

3𝐸𝐼
+

𝐹𝑧𝑙2
𝐸𝐴′

+
𝐹𝑧𝑙3

2𝑙2
𝐸𝐼′

      (4.10) 
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Similarly, with the force 𝐹𝑧 or deflection ∆𝑧 obtained from the simulation, the only 

unknown variable 𝑑′  in Eq.(4.10) can be calculated. With a calibrated Young’s 

modulus 𝐸∗, the diameters of inserted beam 𝑑′ for different overlap coefficients are 

listed in Table 4.8. 

Table 4.8. The diameters of inserted beam, 𝑑′, with overlap coefficient 𝑐 = 0.4, and 

𝑐 = 0.95 with different dimensions of solids when the structure is subjected to a 

loading in the z direction. 

 𝑐 = 0.4 (𝑙2 = 0.4𝑑) 

with 𝐸∗ 

𝑐 = 0.95 (𝑙2 = 0.95𝑑) 

with 𝐸∗ 

𝑙1 = 5𝑑; 𝑙3 = 20𝑑 0.711d 0.588d 

𝑙1 = 5𝑑; 𝑙3 = 40𝑑 0.738d 0.597d 

𝑙1 = 10𝑑; 𝑙3 = 40𝑑 0.714d 0.594d 

 

As can be seen from Table 4.7 and 4.8, the diameter of inserted beam calculated from 

the equivalence of these structures shown in Figure 4.4 is slightly sensitive to the mode 

of loading. To have a values of 𝑑′ satisfied both equations, Eq.(4.8) and Eq.(4.10), 

another variable could be freed, for instance, the Young’s modulus of the inserted 

beam 𝐸′. Then two unknown variables related to the inserted beam BC, (𝐸′, 𝑑′) could 

be obtained by solving these simultaneous equations. However, the results were not 

reasonable with a negative value of 𝑑′2. Alternatively, 𝜇 could be freed, which was 

set as 10/9 in Eq.(4.8) in the part related to beam BC. Also no suitable value of the 

diameter 𝑑′ was achieved. 

When the loading is applied in the x direction, the inserted beam undergoes torsion, 

apart from the bending, which induces a relatively larger diameter 𝑑′ compared to the 

case when the structure is subjected to a loading in the z direction. Torsion is of great 

importance in the elasticity of the filamentous networks. Thus, the numerical results, 

with respect to the elastic behaviour of a cytoskeleton with flexible cross-linkers, are 
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based on the beam model with the diameter of inserted beam at 𝑑′ = 0.780𝑑(𝑐 = 0.4) 

and 𝑑′ = 0.659𝑑(𝑐 = 0.95), which were obtained when the loading was applied in 

the x direction and the torsion was incorporated. 

 

4.3.3 Five independent elastic constants 

Generalized Hooke’s law, which defines the most general linear relation between the 

stress and the strain, can be expressed as 

𝜎𝑖𝑗 = 𝐶𝑖𝑗𝑘𝑙휀𝑘𝑙                                                                            (4.11) 

where 𝜎𝑖𝑗 and 휀𝑘𝑙 are the components of stress tensor and strain tensor, and 𝐶𝑖𝑗𝑘𝑙 are 

the components of the fourth-order stiffness tensor of the material, respectively.  For 

orthotropic material, there are three mutually orthogonal planes of reflection 

symmetry. The number of independent stiffness coefficients is 9 and the stiffness 

tensor can be expressed as 

𝐶 =

[
 
 
 
 
 
𝐶1111 𝐶1122 𝐶1133

𝐶2222 𝐶2233

𝐶3333

𝑠𝑦𝑚𝑚

   

     0          0      0       
     0         0       0        
   0      0     0       
𝐶2323  0  0 

𝐶1313 0 
𝐶1212 ]

 
 
 
 
 

                    (4.12) 

For transversely isotropic material, the mechanical properties are symmetric about the 

z axis, which is normal to the plane of isotropy (x-y plane), in addition to the three 

mutually orthogonal planes of reflection symmetry. The properties in the x direction 

are identical to those in the y direction. The number of independent stiffness 

coefficients is then reduced to 5, and the stiffness tensor is given by 
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𝐶 =

[
 
 
 
 
 
𝐶1111 𝐶1122 𝐶1133

𝐶1111 𝐶1133

𝐶3333

𝑠𝑦𝑚𝑚

   

     0         0      0       
     0         0       0        
   0      0     0       
𝐶2323  0  0 

𝐶2323 0 
𝐶1212 ]

 
 
 
 
 

                        (4.13) 

where 𝐶1212 =
1

2
(𝐶1111 − 𝐶1122). 

It has been suggested that the random beam model developed to represent a stochastic 

filamentous structure, is transversely isotropic. All the five independent elastic 

constants of the material and their dependence on the relative density are investigated 

in this section. 

 

Figure 4.6. Effect of the concentration of cross-linkers, 𝐿/𝑙𝑐 , on the density (blue solid 

line), and thickness (red dashed line), of the stochastic filamentous structure. 

 

It is not surprising that the density of the stochastic filamentous structure is increasing 

and the thickness is decreasing with increasing concentration of cross-linker, based on 

the three-dimensional beam model developed. The results are illustrated in Figure 4.6, 

and it can be seen that as the concentration of cross-linker, 𝐿/𝑙𝑐 , increases, there is a 

negative exponential decay in the thickness of the filamentous network. In contrast, 
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the relative density increases almost linearly. Thus, the effects of the density of cross-

linker and the relative density on the elastic constants are equivalent, with the 

recognition that the former is in terms of geometry and the latter is an intrinsic 

parameter of the structure. 

First, an analysis of the Young’s modulus of the random beam model representing the 

cytoskeletal networks is given. As the structure is transversely isotropic in the x-y 

plane, i.e.,𝐸𝑥 = 𝐸𝑦, the Young’s modulus is only tested in the x and z directions by 

imposing an effective tensile strain of 1% in the x and z directions in separate analyses. 

Here, for computational efficiency, the frequency and nonlinearity are ignored and 

attention is focused on the static networks of filament in the linear elastic regime. The 

applied strain is quite small due to the fact that, for many biopolymer networks, the 

onset of stiff-stiffening will occur when the strain is on the order of 5%[110]. It is 

worth noting that the compressive modulus and the extensional modulus are the same 

in this model in which a compressive strain of -1% and a tensile strain of 1% are 

imposed, respectively. The non-dimensional effective Young’s moduli in the x and 

the z directions are obtained as functions of relative density by changing the 

concentration of cross-linker 𝐿/𝑙𝑐 with the degrees of overlap at 𝑐 = 0.4 and 𝑐 = 0.95, 

and are given in Figure 4.7. From the graphs, it can be seen that there is a discrepancy 

between the Young’s moduli in the x and z directions, also, the overlap coefficient 

plays a significant role. The different tendencies show different deformation 

mechanisms in the x and z directions. Strut bending is the dominant deformation 

mechanism in the x direction for low-density filamentous networks, whose effective 

Young’s modulus is proportional to 𝐸𝑠𝜌
3 , whereas for high-density filamentous 

networks, the mechanical properties and relative density follow a linear relationship, 

suggesting that strut stretching dominates the deformation. Since the relative density 
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is regulated by the concentration of cross-linkers, it implies that with more 

connectivity in the cytoskeleton, the deformation mechanism in the x direction is 

stretch-dominated, but with less connectivity; it is bending-dominated. The overlap 

coefficient can alter the critical value of density where the deformation mechanism 

transitions from strut bending to stretching as shown in Figure 4.7(a).  

 

 
Figure 4.7. Effect of relative density on the non-dimensional Young’s modulus in the 

x and z direction having a degree of overlap 𝑐 = 0.4(red) and 𝑐 = 0.95 (blue). 
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As for the deformation mechanism in the z direction of the random beam model, it 

shows distinctive features compared to that in the x direction. Bending-dominated 

deformation mechanism exists throughout the whole scale of relative density from low 

to high. In addition, the overlap degree does not affect the relationship between the 

elastic properties in the z direction and the relative density, as shown in Figure 4.7(b). 

When a material is stretched in one direction, it usually tends to shrink in the other 

two perpendicular directions. Poisson ratio, i.e., the ratio of relative expansion to 

relative contraction, typically ranges between 0.1 and 0.5 for isotropic solid materials. 

However, it also can reach much higher and much lower values for porous materials. 

Figure 4.8 and Figure 4.9 present the effective Poisson’s ratios as functions of relative 

density, by changing the concentration of cross-linkers, 𝐿/𝑙𝑐  with the degrees of 

overlap at 𝑐 = 0.4 and 𝑐 = 0.95. The Poisson’s ratio, ν12 of the filamentous structure 

keeps constant at around 0.3 with the varying degrees of overlap and relative densities. 

There is much variation in the Poisson’s ratio, ν13, when the relative density is small, 

which is due to the fact that it is hard to get the low-density or low connectivity random 

strut model isotropic in the x-y plane. The non-monotonic relation between ν13 and 

relative density could be attributed to the switch of dominant deformation mechanism 

from bending to stretching. The Poisson’s ratio,  ν31  is identical to the Poisson’s 

ratio ν32, which confirms again that the elasticity of the beam model is transversely 

isotropic in the x-y plane. Also, similarly, the overlap coefficient is of great importance 

for the contractile ability in the z direction. When the concentration of cross-linkers, 

𝐿/𝑙𝑐 is small, i.e., the relative density is small, the networks exhibits much greater 

lateral contraction in the z direction, when subjected to a tensile strain in the x direction. 

In contrast, when traction stress is exerted in the z direction, it triggers lower 

contraction in the two transverse directions (See Figure 4.9). 
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Figure 4.8. Effect of relative density on the Poisson’s ratios ν12 and ν13 

 

 

Figure 4.9. Effect of relative density on the Poisson’s ratios ν31 and ν32 
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To establish a good understanding of the elastic properties of a material, it is required 

to know all the independent elastic constants. A shear deformation is enforced by 

imposing an effective compressive strain of -1% in one direction and an effective 

tensile strain of 1% in its transverse direction, simultaneously. The non-dimensional 

effective shear moduli, as functions of relative density by changing the concentration 

of cross-linkers 𝐿/𝑙𝑐  with varying degree of overlap at  𝑐 = 0.4  and  𝑐 = 0.95,  are 

given in Figure 4.10. It can be seen from the figure that the shear moduli in different 

planes with different degrees of overlap have a similar tendency. The tendency of 

shear modulus, 𝐺12
∗  is in concert with that of the Young’s modulus,  𝐸𝑥

∗, which has 

strong agreement with the formula, 𝐺12
∗  =

0.5𝐸𝑥
∗

1+𝜈12
,  as the Poisson’s ratio, ν12  is a 

constant, with varying relative densities. 

 

Figure 4.10. Effect of relative density on the non-dimensional shear moduli 
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4.3.4 Dependence of stiffness on the concentration of cross-linker 

Concentration of cross-linkers plays a significant role in the stiffness of the 

cytoskeleton. In addition, by changing the concentration of cross-linkers, the relative 

density of cytoskeletal networks can be adjusted to vary over a wide range. As can be 

seen from Figure 4.11, relative density has been obtained by fixing the aspect ratio of 

filaments and changing the concentration of cross-linker 𝐿/𝑙𝑐 = 3, 4, 6, 8, 10, 15,

20, 25.  The non-dimensional Young’s modulus increases as the concentration of 

cross-linkers increases in the stochastic filamentous networks with different values of 

overlap coefficient and different aspect ratios of the filaments. For high-density 

filamentous networks, there is a linear relationship between the Young’s modulus in 

the x direction and relative density, irrespective of the change of aspect ratios, as all 

the curves with various aspect ratios collapse along a single master line, as shown in 

Figure 4.11. When the overlap coefficient is small, for instance, 𝑐 = 0.4 (Figure 

4.11a), the relative density is comparatively high and the dominant deformation 

mechanism is stretching, especially when the concentration of cross-linkers is larger 

than 8. In contrast, when the overlap coefficient is larger, for instance,  𝑐 =

0.95 (Figure 4.11b), the thickness of the networks is larger, which gives rise to a lower 

relative density (see Eq.(4.1)). Moreover, for the random beam model with a larger 

overlap degree, the inserted beams have a smaller diameter and a larger length; hence 

the main deformation mechanism of the stochastic filament network is bending. 
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Figure 4.11. Effect of concentration of cross-linkers on the non-dimensional Young’s 

modulus of stochastic filamentous networks having different values of overlap degree: 

(a) 𝑐 = 0.4, (b) 𝑐 = 0.95. 
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4.3.5 Dependence of stiffness on the aspect ratio of the networks 

Figure 4.12 presents the normalised Young’s modulus as a function of relative density 

for stochastic filamentous networks with different values of overlap degree. The 

relative density has been obtained by fixing the concentration of cross-linkers and 

changing the aspect ratio of the filaments 𝐿/𝑑 = 40, 50, 80, 100, 125. For varying 

degrees of overlap, the Young’s modulus increases with increasing relative density. 

Interestingly, the change of aspect ratio of the filaments does not affect the 

deformation mechanism of filamentous networks, as the tendency of the curve 

between Young’s modulus and relative density keeps almost consistent. However, 

concentration of cross-linker is the key factor in determining the deformation 

mechanism.   

 

10
-2

10
-1

10
0

10
-4

10
-3

10
-2

10
-1

10
0

 

 

L/l
c
=3

L/l
c
=10

L/l
c
=20

Relative density

N
o
rm

al
iz

ed
Y

o
u
n
g
’s

m
o
d
u
lu

s

a



Chapter 4. Elasticity  

100 

 

 

Figure 4.12. Effect of aspect ratio of filament on the non-dimensional Young’s 

modulus of stochastic filamentous networks having different values of overlap degree: 

(a) 𝑐 = 0.4, (b) 𝑐 = 0.95. 
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linkers’ (i.e. not deformable). Naturally, different mechanical properties of cross-

linkers will lead to different predictions of the elastic modulus of the cytoskeletal 

networks. The effects of cross-linker type on the Young’s moduli in the x and z 

directions have been shown in Figure 4.13 and Figure 4. 14 with the same overlap 

coefficient, 𝑐 = 0.95. With the beam elements inserted into the networks, the stiffness 

of the material is much lower than that when the intersections are treated as rigid 

connections. This is consistent with the findings of [55] concerning the stress-strain 

relationship of F-actin networks formed with different FLN mutants, especially when 

the strain is small. It is worth noting that, whether the cross-linkers are treated as 

deformable springs or rigid connections, increasing the concentration of cross-linkers, 

𝐿/𝑙𝑐  , greatly improves the stiffness of the networks. This applies not only in 

cytoskeletal networks, but also in ECM, such as the lamellar architecture of cornea, 

where the cross-linker is significant in improving the visible-light transmission and 

enhancing the mechanical properties[66]. With more crosslinking, the cornea is 

stronger, whereas with less crosslinking, the cornea becomes weaker and may then 

become susceptible to developing disease, such as keratoconus. Thus, the 

investigation of cross-linkers is essential to gain an understanding of the elasticity of 

a material. 
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Figure 4.13. The non-dimensional Young’s modulus in the x direction with two 

different types of cross-linker: hingeless (red) and hinged (blue). 

 

Figure 4.14. The non-dimensional Young’s modulus in the z direction with two 

different types of cross-linker: rigid intersections (red) and inserted beams (blue). 

 

4.4 Analytical models 

In this part, we aim to obtain the Young’s moduli using a simplified model shown in 

Figure 4.15 with dimensional analysis. All the fibres in the x direction are parallel to 
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each other and intersect with fibres lying in the y direction. At the intersection points, 

an additional beam is inserted in the z direction between any two intersected fibres. 

The concentration of intersections/cross-linkers is 𝑁𝑐 = 𝐿/𝑙𝑐 , where 𝐿 is the mean 

length of the fibres and 𝑙𝑐  is the mean distance between any two neighbouring 

intersections. In addition, all the fibres are uniform and have the same diameter 𝑑. It 

may be noted that this simplified model is not equivalent to the random beam model 

presented above, as fibres in this model have a preferred orientation. However, this is 

not expected to introduce significant errors in terms of the dominant deformation 

mechanism of the filamentous structure. Properties of the structure shown in 

Figure4.15(a) in the x direction are the same as those in the y direction. The 

superposition of these structure at different orientation can get an isotropic behaviour 

in the x-y plane. 

 

Figure 4.15. Simplified schematic program of the filamentous structure in (a) the plane 

of isotropy and (b) the plane of anisotropy for dimensional analysis. 
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4.4.1 The effect of relative density on the Young’s modulus in the x 

direction 

As shown in Figure 4.15a, each fibre segment can be regarded as a simply supported 

beam. When a simply supported beam is subject to a concentrated transverse load 𝑃 

in the x direction at the centre, the deflection can be expressed as, 

∆𝑥=
𝑃𝑙𝑐

3

48𝐸𝐼
                                                (4.14) 

where 𝐸 is the Young’s modulus of the solid material and 𝐼 is the second moment of 

area of the fibre. For a circular cross-section 𝐼 =
𝜋𝑑4

64
. 

The strain in the x direction is given by, 

휀𝑥 = ∆𝑥/𝑙𝑐                                             (4.15) 

The stress in the x direction is given by, 

𝜎𝑥 = 𝑃/𝐴                                              (4.16) 

where 𝐴 = 𝑙𝑐𝑑. 

The Young’s modulus in the x direction can be obtained as follows 

𝐸𝑥 =
𝜎𝑥

휀𝑥
=

3𝜋𝐸

4
(
𝑑

𝑙𝑐
)3                                         (4.17) 

Since the diameter 𝑑 and length 𝐿 have fixed values, it indicates that 𝑑/𝑙𝑐~𝐿/𝑙𝑐. As 

shown in Figure 4.6, the relative density of the filamentous structure has a linear 

correlation with the concentration of the intersections or cross-linkers 𝐿/𝑙𝑐; therefore, 

the Young’s modulus in the x direction of the filamentous structure takes the form, 
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𝐸𝑥/𝐸 = 𝛼𝜌3                                       (4.18) 

where 𝛼 is a coefficient. 

By dimensional analysis, the relationship between the Young’s modulus in the x 

direction and the relative density of the filamentous structure is revealed. This result 

shows good agreement with the FE simulation, as shown in Figure 4.7(a), when the 

relative density is low, proving that strut bending is the dominant deformation 

mechanism for low-density filamentous networks in the x direction. 

 

4.4.2 The effect of relative density on the Young’s modulus in the z 

direction 

In the random beam model, the cross-linkers are represented by inserted beams, based 

on which a simplified schematic diagram of the fibrous structure in the x-z plane is 

shown in Figure 4.15b. The inserted beams are parallel to the z direction (thickness 

direction). Similarly, each fibre segment can be regarded as a simply supported beam. 

When the beam is subject to a concentrated transverse load, 𝑃 in the z direction at the 

centre, the central deflection is given as, 

∆𝑧=
𝑃𝑙𝑐

3

48𝐸𝐼
                                                        (4.19) 

where 𝐸 is the Young’s modulus of the solid material and 𝐼 is the second moment of 

the beam cross-sectional area. For a circular cross-section, 𝐼 =
𝜋𝑑4

64
. 

The strain in the z direction is given by 

휀𝑧 = ∆𝑧/𝑑                                                    (4.20) 
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In considering the stress, it should be noted that the external force, 𝑃 is not undergone 

by only one fibre segment. In the x direction, the analysis unit could be treated as 

springs in series (see Figure4.15a), whereas in the z direction, the analysis unit could 

be treated as springs in parallel (see Figure4.15b). Considering an area of 𝐿 × 𝐿 in the 

x-y plane, the force 𝑃 is shared by  𝑁𝑐 × 𝑁𝑐 units of analysis, where 𝑁𝑐 = 𝐿/𝑙𝑐.  Thus, 

the stress in the x direction is given by 

𝜎𝑧 =
𝑃

𝐿2

𝑁𝑐
2⁄
   =

𝑃

𝑙𝑐
2                                         (4.21) 

Young’s modulus in the z direction is thus 

𝐸𝑧 = 𝜎𝑧/휀𝑧                                                     (4.22) 

By substituting Eq.(4.20) and Eq.(4.21) into Eq.(4.22), the Young’s modulus in the z 

direction can be specified as 

𝐸𝑧 =
3𝜋𝐸

4
(
𝑑

𝑙𝑐
)5                                                (4.23) 

As the relative density of the filamentous structure has a linear correlation with the 

concentration of the intersections or cross-linkers, 𝐿/𝑙𝑐, the Young’s modulus in the z 

direction of the filamentous structure takes the form, 

𝐸𝑧/𝐸 = 𝛽𝜌5                                          (4.24) 

where 𝛽 is a coefficient, which could be determined by data fitting. 

By dimensional analysis, the relationship between the Young’s modulus in the z 

direction and the relative density of the filamentous structure is revealed. This result 

is broadly consistent with the FE simulation, as shown in Figure 4.7(b). 
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4.5 Discussion 

In this study, the Poisson’s ratio of the solid filaments is set at 𝜈𝑠 = 0.3 . As 

demonstrated above, the Poisson’s ratio, 𝜈12  of the filamentous network remains 

constant at around 0.3 with the varying degrees of overlap and relative densities. To 

test if the value of ν12 is dependent on 𝜈𝑠, FE simulations are performed for stochastic 

filamentous networks with different values of 𝜈𝑠. As can be seen from Figure 4.16, 

Poisson’s ratio 𝜈12 remains almost the same for different intrinsic values of material, 

which implies that the Poisson ratio 𝜈12 of filamentous networks is around 0.3 and 

independent of the properties of the solid material. 

In this study, the flexible cross-linkers in the cytoskeletal network are represented by   

inserted beams. The determination of the diameter of the inserted beams is from the 

stand point of structural mechanics by studying the stiffness of the inserted beam, 

together with the two intersected fibres (beams). However, in the real biomaterial, the 

diameter of the cross-linkers could vary over a large range. Table 4.9 lists the 

normalized Young’s modulus in the x direction with different diameters of the cross-

linkers. Two types of overlap coefficient, i.e., 𝑐 = 0.5  and 𝑐 = 0.95  have been 

investigated, as the degree of overlap between the two intersected beams would affect 

the length of the cross-linkers, 𝛿 . As seen from Figure 4.17, the non-dimensional 

Young’s modulus in the x direction increases with an increase in the diameter of cross-

linker, 𝑑′. Moreover, the larger the overlap degree, the smaller the Young’s modulus 

in the x direction will be, which can be explained by the beam bending theory. When 

the overlap degree is larger, the length of the inserted beam is larger. As the inserted 

beam is parallel to the z direction, when it is subjected to an external force in the x 



Chapter 4. Elasticity  

108 

 

direction, the deflection is larger with a longer beam. Thus the strain is larger and the 

Young’s modulus is smaller for 𝐸 = 𝜎/휀. 

 

Figure 4.16. Dependence of Poisson ratio 𝜈12 on the intrinsic Poisson ratio of filament 

𝜈𝑠.  

 

Table 4.9. The non-dimensional Young’s moduli of the same periodic filamentous 

structures with 200 filaments, the same density of cross-linker  𝐿/𝑙𝑐 = 4,  mean aspect 

ratio 1.5%, and different diameters of inserted beams. 

𝑑′/𝑑 20% 22.2% 25% 28.6% 33.3% 40% 50% 66.7% 100% 
𝑐 = 0.5 1.21e-3 1.43e-3 1.69e-3 1.97e-3 2.30e-3 2.67e-3 3.10e-3 3.61e-3 4.12e-3 

          

𝑐 = 0.95 1.85e-4 2.37e-4 3.07e-4 3.97e-4 5.13e-4 6.60e-4 8.45e-4 1.08e-3 1.34e-3 
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Figure 4.17. The effect of the dimension of inserted beam on the Young’s modulus in 

the x direction. 

 

The five independent elastic constants of two cytoskeletal networks have been tested 

by FE simulation: one with  𝑐 = 0.5 , 𝑑′ = 0.667𝑑 , the other with 𝑐 = 0.95 , 𝑑′ =

0.333𝑑. The effects of relative density on the mechanical properties of a stochastic 

filamentous network with 𝑐 = 0.5, 𝑑′ = 0.667𝑑 are shown in Figure 4.18-4.22. 
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Figure 4.18. Effect of relative density on the non-dimensional Young’s modulus in the 

x direction of filamentous structure having a degree of overlap 𝑐 = 0.5, and diameter 

of cross-linker 𝑑′ = 0.667𝑑. 

 

Figure 4.19. Effect of relative density on the non-dimensional Young’s modulus in the 

z direction of filamentous structure having a degree of overlap 𝑐 = 0.5, and diameter 

of cross-linker 𝑑′ = 0.667𝑑. 
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Figure 4.20. Effect of relative density on Poisson’s ratios 𝜈12and 𝜈13 of filamentous 

structure having a degree of overlap c = 0.5, and diameter of cross-liker 𝑑′ = 0.667𝑑. 

 

Figure 4.21. Effect of relative density on Poisson’s ratios ν31and ν32 of filamentous 

structure having a degree of overlap c = 0.5, and diameter of cross-liker 𝑑′ = 0.667𝑑. 
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Figure 4.22. Effect of relative density on the non-dimensional shear moduli of 

filamentous structure having a degree of overlap c = 0.5, and diameter of cross-liker 

𝑑′ = 0.667𝑑. 

 

Note that the change of relative density is obtained by adjusting the concentration of 

cross-linkers. As can be seen from Figures 4.18 and 4.19, there is a discrepancy 

between the Young’s moduli in the x and z directions. The Poisson’s ratios in the 

thickness direction ν31 and ν32  are very small and close to zero, as shown in 

Figure4.21. 

The effects of relative density on the mechanical properties of filamentous structure 

having a degree of overlap 𝑐 = 0.95, and diameter of cross-liker 𝑑′ = 0.333𝑑  are 

shown in Figure 4.23- 4.27. 
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Figure 4.23. Effect of relative density on the non-dimensional Young’s modulus in the 

x direction of filamentous structure having a degree of overlap c = 0.95, and diameter 

of cross-linker 𝑑′ = 0.333𝑑. 

 

Figure 4.24. Effect of relative density on the non-dimensional Young’s modulus in the 

z direction of filamentous structure having a degree of overlap c = 0.95, and diameter 

of cross-linker 𝑑′ = 0.333𝑑. 
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Figure 4.25. Effect of relative density on Poisson’s ratios 𝜈12and 𝜈13 of filamentous 

structure having a degree of overlap c = 0.95 , and diameter of cross-liker 𝑑′ =

0.333𝑑. 

 

Figure 4.26. Effect of relative density on Poisson’s ratios ν31and ν32 of filamentous 

structure having a degree of overlap c = 0.95 , and diameter of cross-liker 𝑑′ =

0.333𝑑. 
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Figure 4.27. Effect of relative density on the non-dimensional shear moduli of 

filamentous structure having a degree of overlap c = 0.95, and diameter of cross-liker 

𝑑′ = 0.333𝑑. 

 

The dimensions of the cross-linkers can affect the elastic properties of the stochastic 

filamentous structure. However, the dominant deformation mechanism remains almost 

unchanged. In Session 4.4, dimensional analysis has been conducted to reveal the 

relationships between relative density and Young’s moduli in the x and z directions of 

the filamentous network.  For the Young’s modulus in the z direction, it shows  

𝐸𝑧/𝐸 ∝ 𝜌5. A log-log plot of the non-dimensional Young’s modulus in the z direction 

versus relative density is given in Figure 4.19 for network having an overlap degree 

𝑐 = 0.5  and in Figure 4.24 for network with 𝑐 = 0.95 . The relations are 
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of 𝐸𝑧/𝐸 ∝ 𝜌5 . The FE simulations with different diameters of cross-linkers are 
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consistent with the analytical models. The dominant deformation mechanism in the z 

direction remains the same for filamentous structures having diameters of cross-

linkers, 𝑑′ = 0.333𝑑,  and 𝑑′ = 0.667𝑑 , and for the previous model shown in 

Section4.3, in which the diameter of the inserted beam is determined by the method 

of stiffness equivalency.  

A log-log plot of the non-dimensional Young’s modulus in the x direction versus 

relative density, is given in Figure 4.18 for network having an overlap degree 𝑐 = 0.5, 

and in Figure 4.23 for network with 𝑐 = 0.95. The slopes of the lines are not constant, 

but decreasing with the increasing relative density. It implies that, with the increase of 

connectivity in the cytoskeleton, the dominant deformation mechanism in the x 

direction gradually changes from bending to stretching. The dimensions of the cross-

linkers does not affect the general deformation mechanism of the filamentous 

networks. However, it should be noted that the diameter of the cross-linkers and the 

overlap degree could change the point where the deformation mechanism of 

filamentous structure switches from bending-dominated to stretching-dominated. 

 

Focused on the zero-frequency, or static linearly-elastic properties of the filamentous 

structure, the complexities of the networks may be ignored. Instead, the study 

concentrates on the mechanical properties of the three-dimensional anisotropic 

systems with different types and concentration of cross-linkers. By massive numerical 

simulation, we could predict the elastic modulus of the filamentous structure, for 

instance, the extensional ability, the contractility and the response to shear stress, with 

different relative densities and overlap coefficients. 
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4.6 Conclusions 

In summary, this study has developed a three-dimensional random finite element 

model to describe the mechanical properties of the stochastic cytoskeletal networks. 

By creating a simplified geometry of the cytoskeleton with the aid of a computer, some 

key features in the cytoskeleton have been elucidated. Periodic samples and periodic 

boundary conditions have been used and the macroscopic stress and strain of the 

filamentous structure has been revealed over the representative volume element. A 

novel way to deal with the cross-linkers in the networks is put forward in which   beam 

elements are inserted into the filaments. This type of cross-linkers are treated as 

deformable springs. Another way is to simply treat the cross-linkers as rigid 

joints/connections.  Comparisons between the two types of cross-linkers show that the 

stiffness of the network material with deformable cross-linkers is lower than that with 

rigid cross-linkers. In addition, the higher the concentration of cross-linkers 𝐿/𝑙𝑐, the 

higher the Young’s modulus and shear modulus will be the network. The results show 

that this model is transversely isotropic in the x-y plane. The relationship, 𝐺12
∗  =

0.5𝐸𝑥
∗/(1 + 𝜈12) , holds for filamentous structures with different relative densities. 

The non-dimensional Young’s moduli and shear moduli increase with increasing 

relative density, when the overlap coefficient is fixed. The effective Poisson’s ratio 

can be up to 10 and can be very low, at round 10−4. Future investigations may address 

pre-stress applied to the networks and the nonlinear elasticity. 



Chapter 5. Plasticity  

118 

 

Chapter 5 The Yield Behaviour of a Three- 

Dimensional Stochastic Fibrous Network 

with Cross-linking 

 

Fibrous materials are a special type of porous materials with low density and high 

stiffness and strength; however, limited research has been carried out, especially on 

simulation models and analytical models. A continuum, mechanics-based, three-

dimensional, periodic beam model has been constructed to describe stochastic fibrous 

materials. In the stochastic model the concentration of intersection or cross-linking has 

been directly related to the relative density. An additional beam has been inserted 

between intersected fibres, which can be treated as a deformable cross-linker. The 

objective of this work was to delineate the yield behaviour of stochastic fibrous 

materials. Characteristic stress and strain, derived from the total strain energy density, 

have been adopted to reveal the yielding of the fibrous network. The results indicate 

that the in-plane stiffness and strength are much higher than those in the thickness 

direction. All the characteristic stress-strain curves, under various loading paths, 

collapse along one single line in the elastic regime. Also, the concentration of cross-

linking and the dimension of inserted beam show a significant effect on the stiffness 

and strength of stochastic fibrous networks. 
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5.1 Introduction  

Porous materials are promising for a wide range of engineering applications due to 

their attractive thermal, acoustic, electrical and mechanical properties. Foams and 

honeycombs, which can also be categorized as cellular materials, have been 

extensively studied[1,3–6,14]. With the same attractive properties as cellular materials, 

porous fibrous materials are less researched and less understood in comparison, 

because of their more complex geometry. More detailed information about the fibrous 

materials can be found in Section 2.1. 

Finite element method (FEM) offers a means to probe the mechanical properties of 

intricate stochastic fibrous materials, and by FEM it is easier and more convenient to 

control the relative density and other key parameters in the model. In Finite Element 

(FE) modelling, beams are mostly utilized to represent the fibres and the treatment of 

connections between beams is crucial. A comprehensive study on the modelling of 

stochastic fibrous materials by mathematical treatment, for instance, the possibility 

and distribution can be found in reference[37], however, the connection between fibres 

was not taken into consideration. Sastry and co-workers[21–23] proposed a technique 

for modelling fibre-fibre joints, in which connection realized by a torsion spring can 

be regarded as flexible. However, the mechanical properties of fibrous networks with 

flexible bonding were not given. The idea that the connectivity between fibres cannot 

be adequately described by single connection points in the beam modelling is very 

encouraging. In this study, the concentration of connections or intersections has been 

incorporated into the model. This is important because the concentration of 

intersections is directly related to the relative density in stochastic fibrous materials. 

In the network in this model, there is no fibre entanglement, which is commonly found 
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in woven fabrics[118]. It is found that the macroscopic stresses and strains can be 

determined by the microscopic stresses and strains over a representative volume 

element (RVE). RVE[38] was proposed to reveal the full-scale model by a 

representative ‘cell unit’ to significantly reduce the computation complexity. 

Traditionally the yielding of a solid metal material is defined according to the von 

Mises yield criterion. However, it cannot be used to describe the yielding of a porous 

material when it is subjected to hydrostatic loading, as the Mises criterion is based on 

the distortional part of strain energy, and disregards the hydrostatic loading. Some 

researchers have put forward characteristic stress and strain, which combine 

hydrostatic  energy density and deviatoric  energy density, as a probe for the yielding 

of two-dimensional isotropic foams[14], two-dimensional anisotropic cellular 

materials[41] and three-dimensional transversely isotropic foams[42].  

 

It has been suggested that there exists a significant difference between cellular 

materials, such as foams and honeycombs, and fibrous materials[17,20,24]. It is 

crucial to build quantitative mechanical models, describing complicated stochastic 

fibrous materials. Due to the computational limitation, a RVE has been adopted to 

represent the whole fibrous materials. Characteristic stress and strain are utilized, 

based on strain energy density, irrespective of loading path. The objective has been to 

investigate the initial yield surface of 3-D stochastic fibrous material under multi-axial 

loadings and the dependence of elastic-plastic behaviours on concentration of cross-

linkers and relative density.  
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5.2 Simulation methods  

5.2.1 Construction of three-dimensional stochastic periodic fibrous 

structure 

X-ray tomography has been utilized to extract the reliable architectural characteristics 

from the very complicated stochastic porous fibrous network and to reconstruct 

it[26,28], as shown in Figure 5.1(a). However, this technique is computationally 

challenging. Finite element models are an attractive approach to construct complex 

stochastic fibre networks, based on fundamental geometrical parameters extracted 

from x-ray computed tomography. A three-dimensional random beam model has been 

constructed by FEM as shown in Figure 5.1(b), which shows a similarity with the 

geometry from X-ray tomography. 

 

 

Figure 5.1. The architecture of stochastic fibrous material. (a) 3-D reconstruction from 

the X-ray computed tomography[28]; (b) 3-D random beam model 
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a b 

 

 

 

Figure 5.2. (a) The cross-linking of the network represented by the beam element 

inserted between intersected fibres; (b) three-section inserted beam in the study of 

plasticity 

 

Full details of the methodology to generate the stochastic fibrous structure can be 

found in Chapter 3. In the numerical model, an innovative way to deal with cross-

linking in the three-dimensional random beam model is introduced. As shown in 

Figure 5.2(a), an additional beam with three nodes is inserted between the intersected 

two fibres in the thickness direction (z direction). The inserted beams represent the 

cross-linkers in the stochastic fibrous network. In this chapter, the length of the 

inserted beam is set as the average of the diameters of the two intersected fibres. As 

the strength of the stochastic fibrous material is sensitive to the diameter of the inserted 

beams, in the study of plasticity, the inserted beams are divided into three sections, 

with the different/same diameters shown in Figure 5.2(b). The dimensions of the 

inserted beam can affect the rigidity and strength of the fibrous structure, especially in 

the z direction, which is parallel to the axial direction of the inserted beams. In an 

industrial process, if two metal fibres overlapped because of, for instance, high 

temperature, the middle of the intersection is usually thinner than the two ends. Thus, 
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a parameter study has been conducted in terms of the diameter, 𝑑1, 𝑑2 of the inserted 

beam, as detailed in Section 5.6.  

The number of intersections is controllable and adjustable, according to specifically 

manufactured materials, and is defined as 𝑁𝑐 = 𝐿/𝑙𝑐, where 𝑙𝑐 is the mean distance 

between any two neighbouring intersection points along a fibre of length 𝐿. In the 

three-dimensional model with line segments, the fibre can drop down to connect with 

more fibres below, in which the fibre volume fraction of the representative volume 

element(RVE) can be increased dramatically and related to comparable values in real 

material by adjusting the concentration of cross-linkers. The relative density is a key 

parameter to elucidate the mechanical behaviour of porous materials, including fibrous 

materials[1–4,10,119]. In this chapter, dimensional analysis has been conducted to 

reveal the relationship between the yield strength and relative density of a stochastic 

fibrous material, as detailed in Section 5.5. The relative density of the fibrous material 

is specified by: 

𝜌 =
∑ 𝐿𝑖 ∗ (

1

4
∗ 𝜋𝑑𝑖

2)𝑁
𝑖=1

(1 ∗ 1 ∗ 𝑡)
                                       (5.1) 

where 𝐿𝑖 is the fibre length, t is the thickness of the fibre structure, 𝑁 is the number of 

fibres and 𝑑𝑖 diameters of the circular cross sections (in the model, the diameters are 

different for different fibres). Since the fibres are randomly distributed with a 

periodicity of w=1 in x and y directions, 1*1*t refers to the volume of the structure. It 

is not surprising that the relative density of stochastic fibrous material increases with 

a rise in the concentration of cross-linkers based on the three-dimensional beam model 

developed in this study. To obtain more intersections or cross-linkers with other fibres, 

the fibre has to drop down to connect with more fibres below, thus resulting in a 

reduction in the thickness of the structure and an increase of the relative density. As it 
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can be seen from Figure 5.3, the relative density is linearly related to the concentration 

of cross-linkers, 𝐿/𝑙𝑐. The curve fitting result gives  

𝜌 = 0.9 × 10−2𝐿/𝑙𝑐                                                  (5.2) 

 

 

Figure 5.3. The effect of concentration of cross-linking on the thickness and relative 

density of stochastic fibrous structure. 

 

5.2.2 Mesh and boundary conditions 

The periodic geometrical model of fibrous network is made of a large number of 

randomly located and orientated beams with a circular cross-section and different 

diameters.  The structure is meshed into a large number of BEAM-189 elements.   This 

type of element (BEAM 189) has 3 nodes and is suitable for analysis of slender and 

moderately stubby/thick beam structures. This element is based on the Timoshenko 

beam theory and the shear deformation effect is included. The constituting solid fibres 

are assumed to be elastic and perfectly plastic with Young’s modulus, 𝐸𝑠 = 210𝐺𝑃𝑎, 

Poisson ratio, 𝜈𝑠 = 0.3, and yield strength, 𝜎𝑠 = 290𝑀𝑃𝑎.  
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Choosing an appropriate boundary condition is very important in the numerical 

simulation. It has been suggested that periodic boundary conditions are more suitable 

than mixed boundary conditions and prescribed displacement boundary conditions to 

analyse the mechanical properties of a periodic RVE[1, 2]. Periodic boundary 

conditions assume that the corresponding nodes on the opposite edge of the mesh have 

the same expansion in the normal direction, the same displacement in other directions, 

and the same rotations in all other directions. For uniaxial loading, to take the x-

directional loading as an example, the reference node on the left x-boundary is 

constrained in the x, y and z directions, and a tensile or compressive strain in the x 

direction is applied to the corresponding node on the opposite boundary. For biaxial 

loading, or triaxial loading, proportional strain is applied on the reference nodes in two 

or three directions simultaneously, for instance, 휀𝑥: 휀𝑦 = 1: 1 ,  휀𝑥: 휀𝑧 = 1:−1 , 

휀𝑥: 휀𝑦: 휀𝑧 = 1: 1: 2. 

It is necessary to determine the number of fibres, 𝑁  in the RVE, as 𝑁  should be 

sufficient so as to obtain the periodic stochastic fibrous structure. A mesh sensitivity 

study has been performed by changing the total number of fibres, 𝑁 for models having 

the concentration of cross-linkers, 𝐿/𝑙𝑐=6. Twenty random models were investigated 

for each different number of fibres, N=50, 75, 100, 150, 200, 400. Each fibrous 

structural model was generated using a different list of random numbers, and had the 

same diameter range, 𝑑 ∈ [0.01,0.02]. More details can be found in Chapter 4. Based 

on the mesh sensitivity study, the finite element results shown below are the mean 

results over twenty random models, having a number of fibres fixed at N=200. 
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5.3 Elasticity 

The three-dimensional stochastic fibrous model has been constructed with cross-

linkers inserted between fibres parallel to the out-of-plane direction, i.e., z direction. 

By finite element analysis, it was found that the model exhibits several distinctive 

properties, such as transverse isotropy and the same property under tension and 

compression, which lay the foundation for the plasticity study and the application of 

the energy-based yield criterion. 

5.3.1 Transversely isotropic properties 

One of the significant features incorporated into this new three-dimensional beam 

model is the anisotropic elasticity of the fibrous networks. It is shown that the mean 

values of the Young’s modulus and the Poisson’s ratio for 20 samples are almost 

identical in the x and y directions. From the results it is evident that the shear modulus, 

Young’s modulus and Poisson ratio in the x-y plane meet that the following 

relationship, 

𝐺12
̅̅ ̅̅̅ = 0.5𝐸𝑥

̅̅ ̅/(1 + 𝜈12̅̅ ̅̅ )                                                            (5.3)                                                                

where 𝐸𝑥 can be replaced by  𝐸𝑦 and  𝜈12 can be replaced by 𝜈21. In addition, 𝐺13
̅̅ ̅̅̅ =

𝐺23
̅̅ ̅̅̅, 𝜈13̅̅ ̅̅ = 𝜈23̅̅ ̅̅ , 𝜈31̅̅ ̅̅ = 𝜈32̅̅ ̅̅ . These all suggest that the stochastic fibrous structure is 

transversely isotropic. 

5.3.2 Uniaxial tension and compression 

It is interesting to note that the stochastic fibrous structure model shows completely 

the same stress strain relation up to a well-defined yield point under either uniaxial 

tension or compression in the x or z direction, and either equi-biaxial tension or equi-
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biaxial compression in the plane of isotropy or anisotropy, as shown in Figure 5.5. The 

model developed in this study therefore is pressure independent. 

 

5.4 Plasticity 

5.4.1 Characteristic stress and strain 

A three-dimensional stochastic beam model has been developed which is transversely 

isotropic. Ayyagari et al [42] developed yield criteria for three-dimensional 

transversely isotropic foams by hypothesizing that the yielding is driven by the total 

strain energy density. The uniaxial response of a transversely isotropic material (𝐸1 =

𝐸2) can be schematically represented by the stress-strain graphs in Figure 5.4. Hooke’s 

law for transversely isotropic materials can be expressed as, 

휀1 =          
𝜎1

𝐸1
− 𝜈12

𝜎2

𝐸1
   − 𝜈13

𝜎3

𝐸1
                                                   

휀2 = −𝜈21

𝜎1

𝐸1
       +

𝜎2

𝐸1
   − 𝜈13

𝜎3

𝐸1
                                                   

휀3 = −𝜈31

𝜎1

𝐸3
− 𝜈31

𝜎2

𝐸3
         +

𝜎3

𝐸3
                                                   

휀4 =                  
𝜎4

2𝐺13
                                                                           

휀5 =                  
𝜎5

2𝐺13
                                                                           

휀6 =                  
𝜎6

2𝐺12
                                                               (5.4) 

where the elastic moduli 𝐸1, 𝐸3 and the Poisson ratios have to satisfy the reciprocal 

relation: 

𝜈12 = 𝜈21(plane of isotropy)                                                   (5.5) 
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𝜈13

𝐸1
=

𝜈31

𝐸3
(plane of anisotropy)                                              (5.6) 

 

 

Figure 5.4. The elastic-plastic response of transversely isotropic materials under 

uniaxial loading and pure shearing. 

 

Also, the shear modulus 𝐺12 holds the relationship with Young’s modulus 𝐸1 due to 

the isotropy in the x-y plane: 

𝐺12 = 
𝐸1

2(1 + 𝜈12)
                                                                    (5.7) 

The total elastic strain energy density function, with shear stresses incorporated, is 

specialized as, 

𝑊 =
1

2
(𝜎1휀1 + 𝜎2휀2 + 𝜎3휀3 + 𝜎4휀4 + 𝜎5휀5 + 𝜎6휀6)                            (5.8) 

To obtain a scalar measure of the strain energy density, independent of the loading 

directions, the stresses and strains in Eq.(5.8) are normalized by the corresponding 

values at the yield points in the uniaxial tests, or pure shearing tests, as shown in 

Figure5.4. Thus the normalized strain energy density can be written as, 
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�̅� =
1

2
(�̅�1휀1̅ + 𝜎2휀2̅ + 𝜎3휀3̅ + 𝜎4휀4̅ + 𝜎5휀5̅ + 𝜎6휀6̅)                             (5.9) 

where 𝜎1, 𝜎2, 𝜎3, 𝜎4, 𝜎5, 𝜎6 and 휀1̅, 휀2̅, 휀3̅, 휀4̅, 휀5̅, 휀6̅ are the normalized stresses and 

strains and can be expressed as, 

𝜎1 = 𝜎1/𝑌11       휀1̅ = 휀1/𝑋11                                                         

𝜎2 = 𝜎2/𝑌11       휀2̅ = 휀2/𝑋11                                                         

𝜎3 = 𝜎3/𝑌33       휀3̅ = 휀3/𝑋33                                                         

𝜎4 = 𝜎4/𝑌13       휀4̅ = 휀4/𝑋13                                                         

𝜎5 = 𝜎5/𝑌13       휀5̅ = 휀5/𝑋13                                                         

𝜎6 = 𝜎6/𝑌12       휀6̅ = 휀6/𝑋12                                            (5.10) 

such that 𝑌11 ,  𝑌33 ,  𝑋11 ,  𝑋33  are the yield stresses and strains along, the x and z 

directions, for transversely isotropic materials subjected to uniaxial loadings, and 

𝑌13 , 𝑌12 , 𝑋13 , 𝑋12  are the shear stresses and strains at yielding along 1-3 and 1-2 

directions. 

Hooke’s law in Eq.(5.4) can be rewritten in the normalized form as 

휀1̅ =         𝜎1    − 𝜈12𝜎2   −
𝜈13

𝑟1
𝜎3                                                   

휀2̅ = −𝜈12𝜎1        + 𝜎2    −
𝜈13

𝑟1
𝜎3                                                   

휀3̅ = −𝜈31𝑟1�̅�1 − 𝜈31𝑟1𝜎2    + 𝜎3                                                   

휀4̅ =                      𝜎4                                                                           

휀5̅ =                      𝜎5                                                                           

휀6̅ =                      𝜎6                                                              (5.11) 

By solving for the normalized stresses from Eq.(5.11), the stresses take the forms 
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𝜎1 =
1

𝜈12 − 1 + 2𝜈13𝜈31
(     

𝜈13𝜈31 − 1

𝜈12 + 1
휀1̅ −

𝜈13𝜈31 + 𝜈12

𝜈12 + 1
휀2̅ −

𝜈13

𝑟1
휀3̅)                      

𝜎2 =
1

𝜈12 − 1 + 2𝜈13𝜈31
(−

𝜈13𝜈31 + 𝜈12

𝜈12 + 1
휀1̅ +

𝜈13𝜈31 − 1

𝜈12 + 1
휀2̅ −

𝜈13

𝑟1
휀3̅)                        

𝜎3 =
1

𝜈12 − 1 + 2𝜈13𝜈31
(−𝑟1𝜈31휀1̅          − 𝑟1𝜈31휀2̅        + (𝜈12 − 1)휀3̅)                     

𝜎4 =                          휀4̅                                                                                                            

𝜎5 =                          휀5̅                                                                                                            

𝜎6 =                          휀6̅                                                                                               (5.12) 

The normalized strain energy density can be expressed as a function of the normalized 

stresses by substituting Eq.(5.11) into Eq.(5.9) 

�̅� =
1

2
(𝜎1

2 + 𝜎2
2 + 𝜎3

2 + 𝜎4
2 + 𝜎5

2 + 𝜎6
2) 

 −𝜈12�̅�1�̅�2 −
1

2
(
𝑌11

𝑌33
+

𝑋33

𝑋11
) 𝜈31(�̅�1�̅�3 + 𝜎2�̅�3)                       (5.13) 

The normalized strain energy density, irrespective of the loading direction, can be 

decomposed into hydrostatic, �̅�ℎ and deviatoric,  �̅�𝑑 parts for transversely isotropic 

materials as follows, 

�̅� =  �̅�ℎ +  �̅�𝑑                                                       (5.14) 

Upon decomposition, the hydrostatic and deviatoric strain energy densities in terms of 

stresses are specialized as[42], 

 �̅�ℎ =
1

18
(3 − 2ν12 − 2ν31 (

Y11

Y33
+

X33

X11
)) (�̅�1 + 𝜎2 + 𝜎3)

2                                  (5.15) 

 �̅�𝑑 =
1

18
(6 + 2ν12 + 2ν31 (

Y11

Y33
+

X33

X11
)) (𝜎1

2 + 𝜎2
2 + 𝜎3

2 + 𝛹1𝜎1�̅�2

+ 𝛹2(�̅�1�̅�3 + 𝜎2𝜎3)) +
1

2
(𝜎4

2 + 𝜎5
2 + 𝜎6

2)                                  (5.16) 
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where 

𝛹1 = −

(6 + 14𝜈12 − 4𝜈31 (
𝑌11

𝑌33
+

𝑋33

𝑋11
))

(6 + 2𝜈12 + 2𝜈31 (
𝑌11

𝑌33
+

𝑋33

𝑋11
))

,𝛹2 = −

(6 − 4𝜈12 + 5𝜈31 (
𝑌11

𝑌33
+

𝑋33

𝑋11
))

(6 + 2𝜈12 + 2𝜈31 (
𝑌11

𝑌33
+

𝑋33

𝑋11
))

 .         

The normalized strain energy densities can   also be expressed in terms of strains by 

substituting Eq.(5.12) into Eq.(5.15) and Eq.(5.16),   and given as, 

 �̅�ℎ =
1

18

(3 − 2ν12 − 2ν31 (
Y11

Y33
+

X33

X11
))

(𝜈12 − 1 + 2𝜈13𝜈31)2
((1 + 𝜈31

𝑌11

𝑌33
) (휀1̅ + 휀2̅)

+ (1 − ν12 + 2𝜈13

𝑌33

𝑌11
) 휀3̅)

2

                                                             (5.17) 

 �̅�𝑑 =
1

18

(6 + 2ν12 + 2ν31 (
Y11

Y33
+

X33

X11
))

(𝜈12 − 1 + 2𝜈13𝜈31)2
(𝛩1(휀1̅

2 + 휀2̅
2) + 𝛩2휀3̅

2 + 𝛩3휀1̅휀2̅

+ 𝛩4(휀1̅휀3̅ + 휀2̅휀3̅)) +
1

2
(휀4̅

2 + 휀5̅
2 + 휀6̅

2)                                    (5.18) 

such that 

𝛩1 = (1 + 𝜈31

𝑌11

𝑌33

)
2

−

9(2(1 − 𝜈13𝜈31)(𝜈12 + 𝜈13𝜈31) + (2 + 𝜈31 (
𝑌11

𝑌33
+

𝑋33

𝑋11
)) (1 + 𝜈12)𝜈31

𝑌11

𝑌33
)

(6 + 2𝜈12 + 2𝜈31 (
𝑌11

𝑌33
+

𝑋33

𝑋11
)) (1 + 𝜈12)

 

𝛩2 = (1 − 𝜈12 + 2𝜈13

𝑌33

𝑌11

)
2

−

18𝜈13𝑌33 ((1 + 𝜈12) (𝜈13
𝑌33

𝑌11
) + (1 − 𝜈12) (2 + 𝜈31 (

𝑌11

𝑌33
+

𝑋33

𝑋11
)))

𝑌1 (6 + 2𝜈12 + 2𝜈31 (
𝑌11

𝑌33
+

𝑋33

𝑋11
))

 

𝛩3 = 2(1 + 𝜈31

𝑌11

𝑌33

)
2

−

18((1 − 𝜈13𝜈31)
2 + (𝜈12 + 𝜈13𝜈31)

2 + (2 + 𝜈31 (
𝑌11

𝑌33
+

𝑋33

𝑋11
)) (1 + 𝜈12)𝜈31

𝑌11

𝑌33
)

(6 + 2𝜈12 + 2𝜈31 (
𝑌11

𝑌33
+

𝑋33

𝑋11
)) (1 + 𝜈12)

 

𝛩4 = (2 + 2𝜈31

𝑌11

𝑌33
) (1 − 𝜈12 + 2𝜈13

𝑌33

𝑌11
) −

9(2𝜈13
𝑌33

𝑌11
(1 + 𝜈12) + (1 − 𝜈12 + 2𝜈13𝜈31) (2 + 𝜈31 (

𝑌11

𝑌33
+

𝑋33

𝑋11
)))

(6 + 2𝜈12 + 2𝜈31 (
𝑌11

𝑌33
+

𝑋33

𝑋11
))

 

The deviatoric part of strain energy density can be used to define the work conjugate 

effective stress 𝜎𝑒 and effective strain 휀�̅� in the following. 

The effective stress and effective strain are linearly related as 
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𝜎𝑒 = �̅�휀�̅�                                                             (5.19) 

Then the deviatoric strain energy density is given by 

 �̅�𝑑 =
1

2
𝜎𝑒휀�̅� =

1

2�̅�
𝜎𝑒

2 =
1

2
�̅�휀�̅�

2                                    (5.20) 

Equating the result in Eq.(5.20), with that in Eq.(5.16), the effective stress, 𝜎𝑒 can be 

derived as 

𝜎𝑒 = √𝜎1
2 + 𝜎2

2 + 𝜎3
2 + 𝛹1�̅�1�̅�2 + 𝛹2(�̅�1�̅�3 + 𝜎2𝜎3) + �̅�(𝜎4

2 + 𝜎5
2 + 𝜎6

2)       (5.21)     

The elastic constant �̅� is given by 

�̅� =
9

(6 + 2ν12 + 2ν31 (
Y11

Y33
+

X33

X11
))

                                               (5.22) 

Equating the result in Eq.(5.20 ) with that in Eq.(5.18) , the effective strain, 휀�̅� can be  

obtained as, 

휀�̅� = 𝐾1√𝛩1(휀1̅
2 + 휀2̅

2) + 𝛩2휀3̅
2 + 𝛩3휀1̅휀2̅ + 𝛩4(휀1̅휀3̅ + 휀2̅휀3̅) + 𝛩5(휀4̅

2 + 휀5̅
2 + 휀6̅

2)      (5.23) 

where 

𝐾1 =

(6 + 2ν12 + 2ν31 (
Y11

Y33
+

X33

X11
))

9(1 − 𝜈12 − 2𝜈13𝜈31)
, 𝛩5 =

1

𝐾1
2�̅�

 . 

 

The hydrostatic part of strain energy density can be used to define the work-conjugates: 

the mean stress 𝜎𝑚 and volumetric strain 휀�̅� in the following 

 �̅�ℎ =
1

2
𝜎𝑚휀�̅� =

1

2�̅�
𝜎𝑚

2 =
1

2
�̅�휀�̅�

2                                 (5.24) 

where 

𝜎𝑚 =
𝜎1 + 𝜎2 + 𝜎3

3
                                                  (5.25) 
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Equating the result in Eq.(5.24) with that in Eq.(5.15),  the elastic constant �̅� can be 

obtained as 

�̅� =
1

(3 − 2ν12 − 2ν31 (
Y11

Y33
+

X33

X11
))

                           (5.26) 

and the volumetric strain 휀�̅� can be derived as, 

휀�̅�  = 𝛫2 |(1 + 𝜈31

𝑌11

𝑌33
) (휀1 + 휀2) + (1 − 𝜈12 + 2𝜈13

𝑌33

𝑌11
) 휀3|           (5.27) 

where  

𝛫2 =

(3 − 2𝜈12 − 2𝜈31 (
𝑌11

𝑌33
+

𝑋33

𝑋11
))

3(1 − 𝜈12 − 2𝜈13𝜈31)
.  

 

By scaling back, the normalized effective stress and strain, mean stress and volumetric 

strain, the scalar measures of their counterparts denoted as �̂�𝑒, 휀�̂�, �̂�𝑚, 휀�̂�, respectively 

can be obtained. 

 

�̂�𝑒 = 𝜎𝑒 × 𝑌11 

= √𝜎1
2 + 𝜎2

2 + (
𝑌11

𝑌33

)
2

𝜎3
2 + 𝛹1𝜎1𝜎2 + 𝛹2 (

𝑌11

𝑌33

) (𝜎1𝜎3 + 𝜎2𝜎3) + �̅� (
𝑌11

𝑌13

)
2

(𝜎4
2 + 𝜎5

2) + �̅� (
𝑌11

𝑌12

)
2

𝜎6
2  

휀�̂� = 휀�̅� × 𝑋11 

= 𝐾1√𝛩1(휀1
2 + 휀2

2) + 𝛩2 (
𝑋11

𝑋33

)
2

휀3
2 + 𝛩3휀1휀2 + 𝛩4 (

𝑋11

𝑋33

) (휀1휀3 + 휀2휀3) + 𝛩5 (
𝑋11

𝑋13

)
2

(휀4
2 + 휀5

2) + 𝛩5 (
𝑋11

𝑋12

)
2

휀6
2 

�̂�𝑚 = 𝜎𝑚 × 𝑌11 

=
𝜎1 + 𝜎2 + (

𝑌11

𝑌33
) 𝜎3

3
                                                                                                                                           

휀�̂� = 휀�̅� × 𝑋11 

= 𝛫2 |(1 + 𝜈31

𝑌11

𝑌33

) (휀1 + 휀2) + (
𝑋11

𝑋33

) (1 − 𝜈12 + 2𝜈13

𝑌33

𝑌11

) 휀3|                                                                (5.28) 
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Accordingly, the deviatoric and hydrostatic parts of the normalized strain energy 

densities can be scaled back and expressed as 

�̂�𝑑 =  �̅�𝑑 × 
𝑌11

2

𝐸1
=

1

2�̅�
𝜎𝑒

2 × 
𝑌11

2

𝐸1
= 

1

2
�̅�휀�̅�

2 × 𝑋11
2𝐸1 

                                   =
1

2�̅�𝐸1

�̂�𝑒
2          =  

�̅�𝐸1

2
휀�̂�

2                                                       (5.29) 

�̂�ℎ =  �̅�ℎ × 
𝑌11

2

𝐸1
=

1

2�̅�
𝜎𝑚

2 × 
𝑌11

2

𝐸1
= 

1

2
�̅�휀�̅�

2 × 𝑋11
2𝐸1 

                                   =
1

2�̅�𝐸1

�̂�𝑚
2          =  

�̅�𝐸1

2
휀�̂�

2                                                     (5.30) 

where 𝐸1 is the Young’s modulus in the x direction of the stochastic fibrous material. 

The scalar measures of the deviatoric and hydrostatic strain energy densities compose 

the homogenized total strain energy density, irrespective of loading directions, or state 

of stresses. 

�̂� = �̂�𝑑 + �̂�ℎ                                                      (5.31)  

Further, by substituting Eq.(5.29) and Eq.(5.30) into Eq.(5.31), the homogenized total 

strain energy density can be given in terms of effective and mean stresses: 

�̂� =
1

2�̂�
(�̂�𝑒

2 + 𝜅2�̂�𝑚
2)                                                          (5.32) 

where 

�̂� = �̅�𝐸1                                                                        (5.33) 

𝜅2 =
�̅�

�̅�
                                                                          (5.34) 

Also, in terms of effective and volumetric strains, the homogenized total strain energy 

density can be specified as 

�̂� =
�̂�

2
(휀�̂�

2 +
휀�̂�

2

𝜅2
)                                                          (5.35) 

Based on the total strain energy density, the characteristic stress, �̂� and characteristic 

strain, 휀̂ can be defined as 
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�̂� = �̂�𝑒
2 + 𝜅2�̂�𝑚

2                                                        (5.36) 

휀̂ = 휀�̂�
2 +

휀�̂�
2

𝜅2
                                                            (5.37) 

In the elastic regime, the characteristic stress and strain satisfy  

�̂� = �̂�휀̂                                                                 (5.38) 

The introduction of the scalar measures of the characteristic stress and strain helps to 

reveal the elastic response of transversely isotropic materials under multiaxial loadings, 

in which all the characteristic stress and strain curves collapse along a master line 

whose slope is �̂�. Note that the characteristic stress and strain carry the information 

on stiffness and strength anisotropy, such as, 

𝑌11, 𝑌33, 𝑋11, 𝑋33, 𝑌13, 𝑌12, 𝑋13, 𝑋12 and 𝐸1, 𝐸3, 𝜈12, 𝜈31, which can be obtained from 

just the elastic-plastic response of uniaxial loading in the x and z directions, and pure 

shearing along 1-3 and 1-2 directions. The elastic properties and yield strength values 

(MPa) of the stochastic fibrous structure model, extracted from uniaxial and pure 

shearing FE simulations, are listed in Table 5.1.  

Table 5.1 Elastic properties and yield strength values (MPa) of the stochastic fibrous 

structure model extracted from uniaxial and pure shearing FE simulations. In the 

model of stochastic fibrous structure, the number of intersections, 𝐿/𝑙𝑐 = 10, and the 

fibre aspect ratio, 𝐿/𝑑 = 80, the number of fibres N = 200. 

 𝑌11 𝑋11 𝑌33 𝑋33 𝑌13 𝑋13 𝑌12 𝑋12 

 1.05 0.72e-3 0.035 0.87e-2 0.0453 0.0034 0.4511 8.633e-4 

 𝐸1 𝐸3 𝜈12 𝜈31     

 1503.31 4.26 0.228 0.856e-2     

 

5.4.2 Effect of scaling back directions 

As the von Mises criterion is only based on the deviatoric part of the strain energy, it 

is not sufficient to describe the yielding behaviour of a fibrous material when it is 
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subjected to hydrostatic loading. By combining both the deviatoric and hydrostatic 

parts of the strain energy, the characteristic stress and characteristic strain are defined 

to render the plastic response of stochastic fibrous materials.  

It is assumed that yielding of the stochastic fibrous structure occurs when the 

homogenized total strain energy density, �̂� reaches a critical value. Under uniaxial 

stress state in the x direction, yielding occurs when 𝜎1 = 𝑌11, then at yielding 

�̂�𝑚 =
𝑌11

3
; �̂�𝑒 = 𝑌11                                                        (5.39)  

The homogenized total strain energy density of the stochastic fibrous structure, subject 

to uniaxial loading in the x direction, can be specified as 

�̂�1 =
1

2�̂�
�̂�2 =

1

2�̂�
(�̂�𝑒

2 + 𝜅2�̂�𝑚
2) =

1

2�̂�
(1 +

𝜅2

9
)𝑌11

2                          (5.40) 

Therefore, the yield criterion of the stochastic fibrous structure, under any arbitrary 

stress state, becomes �̂� = �̂�1, that is 

�̂�𝑒
2 + 𝜅2�̂�𝑚

2 = (1 +
𝜅2

9
)𝑌11

2                                               (5.41) 

The elastic constants and yield strength values obtained from FE simulation of the 

stochastic fibrous structure (see Table5.1), are used in Eq.(5.41) to plot the yielding 

criteria in the plane of mean stress versus effective stress space, as shown in Figure5.6.  

One must note that the homogenized total strain energy density, �̂� is not exactly the 

total strain energy density, 𝑊, shown in Eq. (5.8). As the homogenized total strain 

energy density is obtained by scaling back the normalized stresses and strains, based 

only on the strength and stiffness in the x direction, �̂� can be rewritten as 

Ŵ =
1

2
(𝜎1휀1 + 𝜎2휀2 + (

𝑌11

𝑌33

𝑋11

𝑋33

) 𝜎3휀3 + (
𝑌11

𝑌13

𝑋11

𝑋13

) 𝜎4휀4 + (
𝑌11

𝑌13

𝑋11

𝑋13

) 𝜎5휀5 + (
𝑌11

𝑌12

𝑋11

𝑋12

) 𝜎6휀6)   (5.42)  

By comparing Eq.(5.42) with Eq.(5.8), it appears that there is a discrepancy between 

the total elastic strain energy density and its homogenized counterpart. Also, the 
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homogenized strain energy density depends on the way in which it scales back from 

the normalized stresses and strains.  

The dependence of the homogenized strain energy density, as well as the characteristic 

stress and strain, on the scaling back directions has been investigated. Scaling back 

the normalized effective stress and strain, mean stress and volumetric strain, with the 

strength in the z direction under uniaxial loading, the scalar measures of their 

counterparts can be given by 

�̂�𝑒 = 𝜎𝑒 × 𝑌33 

= √(
𝑌33

𝑌11

)
2

(𝜎1
2 + 𝜎2

2) + 𝜎3
2 + 𝛹1 (

𝑌33

𝑌11

)
2

𝜎1𝜎2 + 𝛹2 (
𝑌33

𝑌11

) (𝜎1𝜎3 + 𝜎2𝜎3) + �̅� (
𝑌33

𝑌13

)
2

(𝜎4
2 + 𝜎5

2) + �̅� (
𝑌33

𝑌12

)
2

𝜎6
2   

휀�̂� = 휀�̅� × 𝑋33 

= 𝐾1√𝛩1 (
𝑋33

𝑋11

)
2

(휀1
2 + 휀2

2) + 𝛩2휀3
2 + 𝛩3 (

𝑋33

𝑋11

)
2

휀1휀2 + 𝛩4 (
𝑋33

𝑋11

) (휀1휀3 + 휀2휀3) + 𝛩5 (
𝑋33

𝑋13

)
2

(휀4
2 + 휀5

2) + 𝛩5 (
𝑋33

𝑋12

)
2

휀6
2  

�̂�𝑚 = 𝜎𝑚 × 𝑌33 

=
(

𝑌33

𝑌11
) (𝜎1 + 𝜎2) + 𝜎3

3
                                         

휀�̂� = 휀�̅� × 𝑋33 

= 𝛫2 |(1 + 𝜈31

𝑌11

𝑌33

) (
𝑋33

𝑋11

) (휀1 + 휀2) + (1 − 𝜈12 + 2𝜈13

𝑌33

𝑌11

) 휀3|                                                                   (5.43) 

Accordingly, the deviatoric and hydrostatic parts of the normalized strain energy 

density can be scaled back and expressed as, 

�̂�𝑑 =  �̅�𝑑 × 
𝑌33

2

𝐸3
=

1

2�̅�
𝜎𝑒

2 × 
𝑌33

2

𝐸3
= 

1

2
�̅�휀�̅�

2 × 𝑋33
2𝐸3 

                                   =
1

2�̅�𝐸3

�̂�𝑒
2          =  

�̅�𝐸3

2
휀�̂�

2                                                  (5.44) 

�̂�ℎ =  �̅�ℎ × 
𝑌33

2

𝐸3
=

1

2�̅�
𝜎𝑚

2 × 
𝑌33

2

𝐸3
= 

1

2
�̅�휀�̅�

2 × 𝑋33
2𝐸3 

                                   =
1

2�̅�𝐸3

�̂�𝑚
2          =  

�̅�𝐸3

2
휀�̂�

2                                          (5.45) 
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where 𝐸3 is the Young’s modulus in the z direction of the stochastic fibrous material. 

By substituting Eq.(5.44) and Eq.(5.45) into Eq.(5.31), the homogenized total strain 

energy density can be obtained, and then the effective and mean stresses, the effective 

and volumetric strains can be given by Eq.(5.32-5.35). In the elastic regime, the 

characteristic stress and strain satisfy, �̂� = �̂�휀̂, where 

�̂� = �̅�𝐸3                                                                   (5.46) 

It is assumed that yielding of the stochastic fibrous structure occurs when the 

homogenized total strain energy density, �̂� , reaches a critical value. Under uniaxial 

stress state in the z direction, yielding occurs when 𝜎3 = 𝑌33, then at yielding 

�̂�𝑚 =
𝑌33

3
; �̂�𝑒 = 𝑌33                                                   (5.47)  

The homogenized total strain energy density of the stochastic fibrous structure, subject 

to uniaxial loading in the z direction, can be specified as 

�̂�3 =
1

2�̂�
(�̂�𝑒

2 + 𝜅2�̂�𝑚
2) =

1

2�̂�
(1 +

𝜅2

9
)𝑌33

2                               (5.48) 

Therefore, the yield criterion of the stochastic fibrous structure, under any arbitrary 

stress state, becomes �̂� = �̂�3, that is 

�̂�𝑒
2 + 𝜅2�̂�𝑚

2 = (1 +
𝜅2

9
)𝑌33

2                                 (5.49) 

From Eq.(5.49) and Eq.(5.41), it can be seen that the scaling back direction can affect 

the size of the yield space of mean stress versus effective stress. In addition, in the 

elastic regime, the slope, �̂� of the characteristic stress-strain curve is different, as 

shown in Eq. (5.46) and Eq.(5.33). 
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Similarly, if the normalized effective stress and strain, mean stress and volumetric 

strain are scaled back, with the yielding points under pure shearing along 1-3 and 1-2 

directions, the slope of characteristic stress-strain curve, �̂� , can be given by 

�̂� = 2�̅�𝐺13              (𝑠ℎ𝑒𝑎𝑟 𝑎𝑙𝑜𝑛𝑔 1 − 3 𝑑𝑖𝑟𝑒𝑐𝑡𝑖𝑜𝑛)                 (5.50) 

�̂� = 2�̅�𝐺12              (𝑠ℎ𝑒𝑎𝑟 𝑎𝑙𝑜𝑛𝑔 1 − 2 𝑑𝑖𝑟𝑒𝑐𝑡𝑖𝑜𝑛)                 (5.51) 

It is assumed that yielding of the stochastic fibrous structure occurs when the 

homogenized total strain energy density, �̂�  reaches a critical value, for example, 

yielding occurs when 𝜎4 = 𝑌13 under pure shearing along 1-3 direction, or when 𝜎6 =

𝑌12 under pure shearing along 1-2 direction. The yield surface in the space of mean 

stress versus effective stress can be specified as, 

�̂�𝑒
2 + 𝜅2�̂�𝑚

2 = �̅�𝑌13
2     (𝑠ℎ𝑒𝑎𝑟 𝑎𝑙𝑜𝑛𝑔 1 − 3 𝑑𝑖𝑟𝑒𝑐𝑡𝑖𝑜𝑛)                  (5.52) 

�̂�𝑒
2 + 𝜅2�̂�𝑚

2 = �̅�𝑌12
2     (𝑠ℎ𝑒𝑎𝑟 𝑎𝑙𝑜𝑛𝑔 1 − 2 𝑑𝑖𝑟𝑒𝑐𝑡𝑖𝑜𝑛)                  (5.53) 

 

The above analysis has suggested that the energy-based anisotropic yield criterion for 

stochastic fibrous structure is a combination of the deviatoric and hydrostatic parts and 

can be used to render the plastic response of transversely isotropic fibrous materials. 

However, it should be emphasised that the homogenized total strain energy density is 

dependent on the way in which the normalized stresses and strains are scaled back.  

 

Characteristic stress-strain curves can be used to determine the yield point for 

stochastic fibrous material in a unique manner, even under various stress states, as all 

these curves fall on the same line before yielding. Before describing the yield surface 

from FE simulation, a critical strain value should be defined for the yield point. The 

strain offset method has been widely used in determining the yield strength of 

materials which do not have a clear yield point.  The traditional offset strain for mild 
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steel is 0.2% in experimental studies[14,17]. Usually, it is preferable to use a relatively 

larger offset value in experimental studies and a smaller value in the numerical 

simulations. In addition, a small characteristic strain, 0.02%, is adopted, rather than 

the traditional 0.2%, so as to exclude the effect of hardening by minimizing the 

difference between the proportional limit and the yield point. It is not hard to 

understand that adopting different characteristic strain values would trigger different 

yield points for various stress states and different yield surfaces. Figure 5.6(c) reveals 

the different yield surfaces with different characteristic strain values. For the yield 

criterion presented above in Eq.(5.41) and yield surfaces shown in Figure 5.6(c), the 

characteristic strain  value can be calculated as follows, 

휀̂ =
�̂�

�̂�
=

𝑌1

�̂�
√(1 +

𝜅2

9
)                                               (5.54) 

The characteristic strain value from the yield criterion Eq.(5.41) is ε̂ ≈ 0.06%. Thus, 

the adoption of the characteristic strain value at 0.02% to reveal the yielding for FE 

simulation, irrespective of the strain path or stress state, is reasonable. 

 

Note that, even if a characteristic strain value is adopted, the yield surface is still 

related to the scaling back directions. For instance, if the characteristic strain value is 

set at 휀̂ = 0.02% and because 

�̂�𝑒
2 + 𝜅2�̂�𝑚

2 = (�̂�ε̂)2 ,                                           (5.55) 

 

with different scaling back directions, the slope, �̂� is different. Thus the sizes of the 

yield surface are not the same. 
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Figure 5.5. Characteristic stress-strain plot under biaxial loading in plane of isotropy(a) 

and plane of anisotropy(b). 
 

In this study, the homogenized strain energy density is obtained by scaling back the 

normalized stresses and strains, with yielding under uniaxial tension in the x direction. 

With the energy-based yield criterion, the yield function can be fully calibrated in 
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terms of the uniaxial tension (or compression) responses in the x and z directions, and 

pure shearing responses along the 1-3 and 1-2 directions, rather than complex 

multiaxial loading responses. 

5.4.3 Multiaxial normal stress states 

Stress-strain curves of the stochastic fibrous structure under normal stress states were 

obtained from FE simulation. With the theory given in Section 5.4.1, the characteristic 

stresses and characteristic strains can be worked out.  The characteristic stress-strain 

curves for various biaxial strain paths in both the plane of isotropy and the plane of 

anisotropy, are plotted in Figure 5.5. All the data points on the graphs are from the 

same stochastic fibrous structure with the concentration of intersection 𝐿/𝑙𝑐 = 10, the 

fibre aspect ratio𝐿/𝑑 = 80 and the number of fibres  𝑁 = 200. As it can be seen from 

Figure 5.5, for biaxial loadings in both the plane of isotropy (x-y plane) and plane of 

anisotropy(x-z plane), all the characteristic stress-strain curves collapse on a single 

master line in the elastic regime. It has been mentioned above that the stochastic 

fibrous structure model shows completely the same properties under uniaxial tension 

and compression in the x and z directions. In addition, when this material is subjected 

to equi-biaxial tension in the plane of isotropy (εx: εy = 1: 1), the response is the same 

as that of equi-biaxial compression (εx: εy = −1:−1). This conclusion is applicable 

for the plane of anisotropy, as shown in Figure 5.5(b). In the plane of anisotropy for 

stochastic fibrous structure, the characteristic stress-strain curves under proportional 

biaxial loadings, such as εx: εz = 1: 1, 1: −2, 1: 2, show significant similarities. This 

is mainly attributed to the much larger strength and stiffness in the x direction than in 

the z direction. As properties of the structure are dominated by the axial loading in the 
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x direction in the plane of anisotropy, slight changes of loading in the z direction 

hardly affect the plastic response of the stochastic fibrous structure. 

The elastic constants and yield strength values obtained from uniaxial FE simulation 

of the stochastic fibrous structure (see Table5.1), are used in Eq.(5.41) to plot the 

yielding criteria in the plane of isotropy (Figure5.6a), plane of anisotropy (Figure5.6b) 

and mean stress versus effective stress space (Figure5.6c). The strength anisotropy (i.e. 

Y1/Y3) determines the significant change in the tilt of the yield surface in the plane of 

anisotropy, as shown in Figure 5.6b. 
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Figure 5.6. Yield surface in the plane of isotropy (a), plane of anisotropy (b) and mean-

effective stress space(c). In the space of mean-effective stress, the yield surface shows 

the same shape, but different size under different characteristic strain offset values.  

 

For the yield points in the plane of isotropy under biaxial proportional loading, for 

example 휀1: 휀2 = 1: 𝑝, the stochastic fibrous structure is subjected to loadings in the x 

and y direction, so 𝜎3 is zero. The elastic response can be written as 

[
휀1

휀2
] =

[
 
 
 

1

𝐸1

−𝜈12

𝐸1

−𝜈12

𝐸1

1

𝐸1 ]
 
 
 

 [
𝜎1

𝜎2
] = 𝐶1 [

𝜎1

𝜎2
]                                               (5.56) 

 

휀3 =
−𝜈31

𝐸3
𝜎1 +

−𝜈31

𝐸3
𝜎2                                                                 (5.57) 

After getting the inverse matrix of 𝐶1, then the stresses 𝜎1, 𝜎2 can be expressed by 

strains 휀1 휀2 

[
𝜎1

𝜎2
] =

𝐸1

1 − 𝜈12
2
[

1 𝜈12

𝜈12 1
] [

휀1

휀2
]                                                    (5.58) 
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Assuming that 휀1 = 𝑘, then 휀2 = 𝑝 ∗ 𝑘, the stresses take the forms 

𝜎1 =
𝐸1

1 − 𝜈12
2
(1 + 𝑝𝜈12)𝑘                                                          (5.59) 

𝜎2 =
𝐸1

1 − 𝜈12
2
(𝜈12 + 𝑝)𝑘                                                             (5.60) 

We can obtain 휀3 as a function of 𝑘 and 𝑝 by substituting Eq.(5.59-5.60) into Eq.(5.57) 

휀3 =
𝜈13(1 + 𝑝)

𝜈12 − 1
𝑘                                                                  (5.61) 

For a specific loading path, the proportion ratio, 𝑘 is known, by substituting the three 

principal strains, 휀𝑖 (𝑖 = 1,2,3) into the characteristic strain 휀̂, where 휀̂=0.02%, all the 

strain values can be solved under the condition of initial yielding. With Hooke’s law, 

the principal stresses, and further, the effective stress and mean stress can be obtained. 

The yield data from FE simulation, when the stochastic fibrous model is subject to 

biaxial loading in the plane of isotropy, are tabulated in Table 5.2. 

 

Table 5.2. The yield data of transversely isotropic stochastic fibrous material from FE 

simulation under biaxial loading in the plane of isotropy (1-2 plane) with the 

characteristic strain offset value at 0.02%. 

ε1: ε2 σ1(MPa) σ2(MPa) σ3(MPa) σe(MPa) σm(MPa) 

1:1 0.2714 0.2714 0 0.2599 0.1809 

-1:-1 -0.2714 -0.2714 0 0.2599 -0.1809 

1:-0.5 0.3032 -0.0931 0 0.3622 0.0701 

1:0.5 0.3173 0.2074 0 0.2691 0.1749 

1:-2 0.0931 -0.3032 0 0.3622 -0.0701 

1:2 0.2074 0.3173 0 0.2691 0.1749 
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The yield point under biaxial loading in the plane of anisotropy, can be derived as 

follows. When the stochastic fibrous structure is subject to loadings in the x and z 

directions, so 𝜎2 is zero. The elastic response can be written as 

[
휀1

휀3
] =

[
 
 
 

1

𝐸1

−𝜈13

𝐸1

−𝜈31

𝐸3

1

𝐸3 ]
 
 
 

 [
𝜎1

𝜎3
] =  𝐶2 [

𝜎1

𝜎3
]                                           (5.62) 

휀2 =
−𝜈12

𝐸1
𝜎1 +

−𝜈13

𝐸1
𝜎3                                                             (5.63) 

After getting the inverse matrix of 𝐶2, then the stresses 𝜎1, 𝜎3 can be expressed by 

strains 휀1 휀3 

[
𝜎1

𝜎3
] =

𝐸1

1 − 𝜈13𝜈31
[

1 𝜈31

𝜈31

𝐸3

𝐸1

] [
휀1

휀3
]                                        (5.64) 

Assuming that 휀1 = 𝑘, then 휀3 = 𝑝 ∗ 𝑘, the stresses take the forms 

𝜎1 =
𝐸1

1 − 𝜈13𝜈31

(1 + 𝑝𝜈31)𝑘                                                       (5.65) 

𝜎3 =
𝐸1

1 − 𝜈13𝜈31
(𝜈31 + 𝑝

𝐸3

𝐸1
) 𝑘                                                   (5.66) 

We can obtain  휀2 as function of 𝑘 and 𝑝 by substituting Eq.(5.65-5.66) into Eq.(5.63) 

휀2 =
𝜈12(1 + 𝑝𝜈31) + 𝜈31(𝑝 + 𝜈13)

𝜈13𝜈31 − 1
𝑘                                           (5.67) 

For a specific loading path, the proportion ratio 𝑘 is known, by substituting the three 

principal strains 휀𝑖 (𝑖 = 1,2,3) into the characteristic strain 휀̂ , where 휀̂=0.02%, all the 

strain values can be solved under the condition of initial yielding. With Hooke’s law, 

the principal stresses, and further, the effective stress and mean stress can be obtained. 
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The yield data from FE simulation, when the stochastic fibrous model is subject to 

biaxial loading in the plane of anisotropy, are tabulated in Table 5.3. 

Table 5.3. The yield data of transversely isotropic stochastic fibrous material from FE 

simulation under biaxial loading in the plane of anisotropy (1-3 plane) with the 

characteristic strain offset value at 0.02%. 

ε1: ε3 σ1(MPa) σ2(MPa) σ3(MPa) σe(MPa) σm(MPa) 

1:1 0.3379 0 0.0038 0.3003 0.1509 

-1:-1 -0.3379 0 -0.0038 0.3003 -0.1509 

1:-2 0.3409 0 9.8943e-04 0.3277 0.1235 

1:2 0.3325 0 0.0047 0.2924 0.1575 

1:-10 0.2618 0 -0.0057 0.3756 0.0300 

1:10 0.2600 0 0.0089 0.2687 0.1755 

 

For uniaxial loadings in the x and z directions, the yield point can be derived as follows, 

based on the fixed characteristic strain value at 0.02%. Once the principal 

strains , 휀𝑖 (𝑖 = 1,2,3) are solved , with Hooke’s law we can obtain the principal 

stresses. Then by substituting the principal stresses and strains into Eq.(5.28), the 

effective stress and  strain,  mean stress and volumetric strain can be acquired. For 

uniaxial loading in the x direction, it is assumed that 휀1 = 𝑘, and 휀2 = −𝜈12𝑘,  휀3 =

−𝜈13𝑘 ; for uniaxial loading in the z direction, assuming that  휀3 = 𝑘 , and  휀1 =

−𝜈31𝑘, 휀2 = −𝜈31𝑘.  

When the transversely isotropic material is subjected to triaxial proportional loading, 

for example, 휀1: 휀2: 휀3 = 1: 𝑝1: 𝑝2 , the characteristic strain can be obtained from 

Eq.(5.37). By solving the formula 휀̂ = 0.02%, the principal strains 휀𝑖 (𝑖 = 1,2,3) are 

acquired. Table 5.4 lists the yield data when the stochastic fibrous material is subjected 

to uniaxial and triaxial loadings. The yield data of transversely isotropic stochastic 
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fibrous material from FE simulation under multi-aixal loading are plotted in Figure5.7, 

in the space of effective stress and mean stress. 

Table 5.4. The yield data of transversely isotropic stochastic fibrous material from FE 

simulation under uniaxial and triaxial loadings with the characteristic strain offset 

value at 0.02%. 

ε1: ε2: ε3 σ1(MPa) σ2(MPa) σ3(MPa) σe(MPa) σm(MPa) 

1:0:0 0.3370 0 0 0.3367 0.1125 

0:0:1 0 0 0.0112 0.3370 0.1121 

1:1:10 0.2420 0.2420 0.0087 0.0282 0.2486 

1:1:-10 0.2599 0.2599 -0.0014 0.2908 0.1593 

1:10:1 0.1238 0.3516 0.0042 0.2248 0.2000 

1:-10:1 -0.0577 -0.3520 -0.0034 0.2748 -0.1707 

1:-2:-5 0.0722 -0.3047 -0.0042 0.3312 -0.1194 

1:-4:-4 -0.0076 -0.3397 -0.0039 0.2956 -0.1548 

1:-4:7 0.0031 -0.3406 -0.0012 0.3268 -0.1245 

1:1:0.5 0.2796 0.2796 0.0051 0.1152 0.2372 
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Figure 5.7. The yield data of transversely isotropic stochastic fibrous material from FE 

simulation under multiaixal loading in the space of effective stress and mean stress. 

The stresses are normalised against the yield strength of the solid material 𝜎𝑠. 

 

5.4.4 Combined axial loading and shearing 

It should be noted that the introduction of shear component does not affect the form 

of yield criterion in Eq.(5.41), or in Eq.(5.55) where characteristic strain value 휀̂ is 

adopted. When the homogenized strain energy density is obtained by scaling back the 

normalized stresses and strains, with the yielding under uniaxial tension in the x 

direction, the slope, �̂� of the characteristic stress-strain curve has no relation to shear 

terms. Thus, the yield surface in the space of effective stress and mean stress is 
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independent of the shearing. In contrast, the size of the yield surface in the plane of 

anisotropy can be adjusted by changing the shear along the 1-3 directions. As can be 

seen from Figure5.8, when the shear is absent, the size of yield surface in the plane of 

anisotropy arrives at its maximum. With the increasing of shear, the size decreases. 

 
Figure 5.8. Yield surface in the plane of anisotropy with shearing under the yield 

criterion shown in Eq.(5.41) 

 

5.5 Results 

5.5.1 Effect of relative density on plastic properties 

As can be seen from Figure 5.3, the relative density is linearly related to the 

concentration of cross-linkers, 𝐿/𝑙𝑐. Thus, the effects of the density of cross-linkers 

and the relative density on the elastic constants are equivalent with the recognition that 
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the former is in terms of geometry and the latter is an intrinsic parameter of the 

structure. 

Firstly, the strength of stochastic fibrous materials in the x direction has been 

investigated. A bilinear constitutive model has been used in the finite element 

simulation to study the plastic response of the fibrous structure. The stress-strain 

behaviour of the solid material (fibre itself) in the model is assumed to be bilinear and 

can be defined by four parameters as shown in Figure 5.9. The solid material of fibre 

is isotropic with an initial elastic modulus, 𝐸𝑠 = 210𝐺𝑝𝑎 , Poisson ratio, 𝜈𝑠 = 0.3 and 

initial yield stress,  𝜎𝑠 = 290𝑀𝑃𝑎 . The tangent modulus after yield is set as 𝐸𝑡 =

4.2𝐺𝑝𝑎. Based on the nonlinear constitutive model of solid material, the stress-strain 

behaviour of stochastic fibrous materials has been obtained from the simulation, as 

shown in Figure 5.10. To determine the yield strength of stochastic fibrous materials, 

for instance, with concentration of cross-liner at 𝐿/𝑙𝑐 = 10, under uniaxial tension in 

the x direction, curve fitting and interpolation techniques are utilized, together with 

elasticity analysis. The data on the stress-strain curve are limited, attributed to the 

number of iterations in the simulation. By drawing a straight line with the slope of 

Young’s modulus 𝐸𝑥, which has been obtained from the study of elasticity, the turning 

point on the stress-strain curve can be roughly observed. More interpolated values are 

added on the curve. The yield point (𝑋11, 𝑌11) is determined when the error, 𝛾𝑥 is less 

than 5%. The error, 𝛾𝑥 takes the form, 

𝛾𝑥 =
𝐸𝑥 −

𝜎𝑖
휀𝑖

⁄

𝐸𝑥
                                                      (5.68) 

where  𝜎𝑖 and 휀𝑖 are the data on the fitting curve of stress and strain with interpolation. 
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Figure 5.9. The stress-strain behaviour of the bilinear elastic isotropic constitutive 

model. 

 

 

Figure 5.10. Determination of the yield strength of stochastic fibrous structure with 

concentration of cross-linker at 10 under uniaxial tension in the x direction. 
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The relative density can be adjusted by changing the concentration of intersections, as 

mentioned above. The simulation indicates that there is a quadratic function 

relationship between the yield strength in the x direction and the relative density of the 

stochastic fibrous structure, as shown in Figure 5.11. 

  

Figure 5.11. The effect of relative density on the yield strength of stochastic fibrous 

materials in the x direction. 

 

Similarly, in the z direction the yield point (𝑋33, 𝑌33) is determined when the error, 𝛾𝑧 

is less than 5%. The error, 𝛾𝑧 takes the form, 

𝛾𝑧 =
𝐸𝑧 −

𝜎𝑖
휀𝑖

⁄

𝐸𝑧
                                                           (5.69) 

where  𝜎𝑖 and 휀𝑖 are the data on the fitting curve of stress and strain with interpolation, 

𝐸𝑧 is the Young’s modulus in the z direction obtained from the study of elasticity. 

A cubic function relationship between the yield strength in the z direction and the 

relative density of the stochastic fibrous structure is displayed in Figure 5.12. 
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Figure 5.12. The effect of relative density on the yield strength of stochastic fibrous 

materials in the z direction. 

 

5.5.2 Dimensional analysis of the effect of relative density on the yield 

strength 

It has been suggested that the stochastic fibrous model is transversely isotropic with 

properties in the x direction the same as those in the y direction. The model is 

simplified in the x-y plane to conduct the dimensional analysis. As shown in 

Figure5.13, an external force, 𝑃 is applied in the x direction. It is assumed that bending 

dominates the plastic deformation mechanism of the stochastic fibrous structure. As 

each fibre segment can be regarded as simply supported beam, the maximum bending 

moment is given by 

𝑀𝑚𝑎𝑥 =
1

4
𝑃𝑙𝑐                                                               (5.70) 
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Considering the yield strength locally, i.e., with respect to the solid material, the 

yielding can be expressed in terms of the maximum internal force, i.e., maximum 

bending moment, 

𝜎𝑠 =
𝑀𝑚𝑎𝑥𝑑

2𝐼
                                                                (5.71) 

where 𝑑 is the diameter of the fibre and 𝐼 is area moment of inertia. For circular cross-

section, 𝐼 =
𝜋𝑑4

64
. 

By substituting Eq.(5.70) into Eq.(5.71), we can get 

𝜎𝑠 =
4𝑃𝑙𝑐
𝜋𝑑3

                                                                 (5.72) 

Considering the yield strength globally, i.e, with respect to the fibrous structure, the 

yielding can be expressed as, 

𝑌11 =
𝑃

𝐴
                                                                    (5.73) 

where 𝐴 is the area of the fibre segment, and takes the form, 

𝐴 = 𝑙𝑐𝑑                                                                    (5.74) 

So 

𝑃 = 𝑌11𝑙𝑐𝑑                                                                 (5.75) 

By substituting Eq.(5.75) into Eq.(5.72), the yield strength of stochastic fibrous 

structure under uniaxial loading in the x direction can be specified as 

𝑌11 =
𝜋𝜎𝑠

4
(𝑑/𝑙𝑐)

2                                                             (5.76) 
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Since the diameter 𝑑 is a fixed value, as well as the length 𝐿, it implies that 𝑑/𝑙𝑐~𝐿/𝑙𝑐.  

As discussed above, the relative density is proportional to the concentration of cross-

linker, 𝐿/𝑙𝑐, the yield strength takes the form, 

𝑌11 = 𝛼𝜌2                                                                       (5.77) 

where 𝛼 is a coefficient. 

By dimensional analysis, the quadratic function relationship between yield strength in 

the x direction and the relative density of the stochastic fibrous structure is revealed, 

which indicates strong agreement with the FE simulation result shown in Figure 5.11. 

 

Figure 5.13. Simplified schematic diagram of the fibrous structure in x-y plane for 

dimensional analysis. 

 

 

Figure 5.14. Simplified schematic diagram of the fibrous structure in x-z plane for 

dimensional analysis. 
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In the random beam model developed in this study, the cross-linkers are represented 

by inserted beams, based on which a simplified schematic diagram of the fibrous 

structure in x-z plane is shown in Figure 5.14.  

When the fibrous structure is stretched in the z direction, the cross-sectional area of 

𝐿 × 𝐿 in the x-y plane can be partitioned into  𝑁𝑐 × 𝑁𝑐 units of area 𝑙𝑐
2
.  Thus, the 

yielding in the z direction can be expressed by 

𝑌33 =
𝑃

𝐿2

𝑁𝑐
2⁄
   =

𝑃

𝑙𝑐
2                                                       (5.78) 

Based on the beam bending theory, by substituting Eq.(5.78) into Eq.(5.72), the yield 

strength of stochastic fibrous structure under uniaxial loading in the z direction can be 

specified as 

𝑌33 =
𝜋𝜎𝑠

4
(𝑑/𝑙𝑐)

3                                                             (5.79) 

Hence, the relationship between yield strength in the z direction, and the relative 

density of the stochastic fibrous structure takes the form, 

𝑌33 = 𝛽𝜌3                                                                       (5.80) 

where 𝛽 is a coefficient. 

The cubic function from the dimensional analysis has good agreement with the FE 

simulation, as shown in Figure 5.12. 

The relationship between yielding strength and relative density of stochastic fibrous 

materials indicates the bending dominated deformation mechanism. In contrast, Jin et 

al[10] suggest that the deformation mechanism of porous metal fibre sintered 

sheets(MFSSs) is stretching dominated. 
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5.6 Discussion 

The yield strength and yield surface have been demonstrated for a stochastic fibrous 

structure with a number of intersections, 𝐿/𝑙𝑐 = 10, a fibre aspect ratio, 𝐿/𝑑 = 80,  

with a number of fibre s, 𝑁 = 200  and the dimensions of inserted beams, 𝑑1 =

2

3
𝑑; 𝑑2 =

1

3
𝑑 , as shown in Figure 5.2(b). The stiffness and the strength of this 

stochastic fibrous structure in the z direction are much lower than those in the x 

direction, as shown in Table 5.1, which gives rise to a significant change in the tilt of 

the yield surface in the plane of anisotropy, as shown in Figure 5.6(b). The stiffness 

and strength in the z direction are associated with the cross-linkers between any two 

intersected fibres, dependent upon the concentration and dimensions of the inserted 

beams that are utilized to represent the cross-linkers. Not surprisingly, the strength and 

stiffness in the z direction of the stochastic fibrous structure would improve by 

increasing the dimensions of the inserted beam and the concentration of cross-linking. 

 

5.6.1 Dependence of yielding on the dimensions of inserted beams  

The parameter study has been conducted in terms of the diameters, 𝑑1, 𝑑2  of the 

inserted beams, as shown in Table 5.5, in an attempt to investigate the dependence of 

yielding on the dimensions of inserted beams in the stochastic fibrous structure. Note 

that both the Young’s modulus in the x and z directions increase with an increase in 

the dimensions of the inserted beams, whereas the yield strength shows little 

fluctuation between case 2 and case 3. The mean diameter (2/3𝑑) of the inserted 

beams in case 2 is lower than that in case 3 (5/6𝑑), but since the dimension is uniform 

in case 2, it is stronger when the material is subjected to uniaxial loading. As can be 



Chapter 5. Plasticity  

159 

 

seen from Figure 5.15, the overlapping occurs on the yield surface in the plane of 

anisotropy between case 2 and case 3. The size of the yield surface on the space of 

mean-effective stress grows consistently upon raising the dimensions of inserted 

beams, as shown in Figure 5.16.  

 

Table 5.5. Elastic properties and yield strength values (MPa) of the stochastic fibrous 

structure model, extracted from uniaxial FE simulations with different dimensions of 

inserted beams. In the model of stochastic fibrous structure, the number of 

intersections,  𝐿/𝑙𝑐 = 10 , and the fibre aspect ratio,  𝐿/𝑑 = 80 , the number of 

fibres 𝑁 = 200. 

 z direction x direction 

 𝐸3 𝑋3 𝑌3  𝐸1 𝑋1 𝑌1 

Case1: 𝑑1 =
2

3
𝑑; 𝑑2 =

1

3
𝑑 4.26 0.87e-2 0.035  1503.31 0.72e-3 1.05 

Case2: 𝑑1 =
2

3
𝑑; 𝑑2 =

2

3
𝑑 5.45 0.11e-1 0.059  1776.50 0.87e-3 1.53 

Case3: 𝑑1 = 𝑑; 𝑑2 =
1

2
𝑑 5.54 0.88e-2 0.048  1843.77 0.80e-3 1.47 

Case4: 𝑑1 = 𝑑; 𝑑2 = 𝑑 6.96 0.12e-1 0.082  2102.28 0.10e-2 2.09 
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Figure 5.15. Yield surface in the plane of anisotropy for stochastic fibrous structures 

with different dimensions of inserted beam. 

 

Figure 5.16.Yield surface on the space of mean-effective stress for stochastic fibrous 

structures with different dimensions of inserted beam. 
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5.6.2 Dependence of yielding on the concentration of cross-linking 

The concentration of cross-linking, 𝐿/𝑙𝑐 is a key feature incorporated into the fibrous 

model. To obtain more intersections or cross-linkers with other fibres, each fibre has 

to drop down and this thus results in a reduction in the thickness of the structure and, 

simultaneously, increases the relative density, as shown in Figure 5.3. With more 

inserted beams the stiffness of the stochastic fibrous structure improves dramatically. 

The elastic properties and yield strength values (MPa) of the stochastic fibrous 

structure model, extracted from uniaxial FE simulations with different concentration 

of cross-linkers, are tabulated in Table 5.6. As can be seen from Figure 5.17-5.18, the 

strength of the stochastic fibrous structure rises when the concentration of cross-

linkers increases. In addition, the yield surface, for the case with concentration of 

cross-linking at 3, can hardly be seen properly when all the graphs are plotted in one 

figure, as the discrepancy between sizes of the yield surface with different 

concentration of cross-linking is significantly large. The strengths in both the x and z 

directions increase with 𝐿/𝑙𝑐 and the magnitude in the x direction is constantly much 

larger than that in the z direction, however, strength anisotropy (i.e. Y1/Y3) reduces 

gradually. The tilt of the yield surface in the plane of anisotropy becomes larger with 

the increase of the concentration of cross-linkers. As can be seen from Figure 5.17, 

the angle of tilt in the plane of anisotropy for a stochastic fibrous structure with  𝐿/𝑙𝑐 =

25 , 𝜑2 , is larger than 𝜑1 for the case of 𝐿/𝑙𝑐 = 15. This indicates that, by increasing 

the concentration of cross-linkers in the stochastic fibrous structure, the effect of 

anisotropy can be weakened with respect to the yield strength. 
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Table 5.6. Elastic properties and yield strength values (MPa) of the stochastic fibrous 

structure model, extracted from uniaxial FE simulations with different concentration 

of cross-linkers. In the model of stochastic fibrous structure, the fibre aspect 

ratio , 𝐿/𝑑 = 80 , the number of fibres,  𝑁 = 200  and the dimension of inserted 

beam, 𝑑1 =
2

3
𝑑; 𝑑2 =

1

3
𝑑 . 

 z direction x direction 

 𝐸3 𝑋3 𝑌3  𝐸1 𝑋1 𝑌1 

𝐿/𝑙𝑐 = 3 0.12e-1 0.30e-1 0.34e-3  54.16 0.39e-3 0.021 

𝐿/𝑙𝑐 = 6 0.32 0.15e-1 0.46e-2  469.20 0.50e-3 0.223 

𝐿/𝑙𝑐 = 10 4.26 0.87e-2 0.35e-1  1503.31 0.72e-3 1.05 

𝐿/𝑙𝑐 = 15 27.19 0.40e-2 1.10e-1  3144.77 0.74e-3 2.22 

𝐿/𝑙𝑐 = 25 250.64 0.19e-2 4.56e-1  5619.92 0.87e-3 4.76 

 

 

Figure 5.17. Yield surface in the plane of anisotropy for stochastic fibrous structures 

with different concentration of cross-linkers. 
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Figure 5.18. Yield surface on the space of mean-effective stress for stochastic fibrous 

structures with different concentration of cross-linkers. 

 

5.7 Conclusion 

In this study, a three-dimensional periodic beam model has been developed to 

investigate the elasto-plastic properties of stochastic fibrous materials with cross-

linking. Periodic boundary conditions have been applied to the model and the 

macroscopic stress and strain of the stochastic fibrous structure have been described 

over the representative periodic volume element. The concentration of cross-linkers, 

which have been incorporated into the beam model, plays a significant role in both the 
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suggested that stochastic fibrous material is transversely isotropic, with properties in 

the x direction identical to those in the y direction. Interestingly, the stochastic model 

developed in this study is pressure independent, as the response under tension is the 

same as that under compression. Based on the total strain energy density, the scalar 

measures of characteristic stress and strain are applied to reveal the mechanical 

behaviour. The elastic regimes of the characteristic stress-strain curves collapse along 

a single master line, irrespective of loading path. A critical characteristic strain has 

been adopted to determine the yield strength of the stochastic fibrous material and it 

indicates that, with different values of the critical characteristic strain, the yield surface 

grows or shrinks in the self-similar manner. The yield function can be fully calibrated 

in terms of the uniaxial tension (or compression) response in the x and z direction, 

instead of complex multiaxial loading responses. The in-plane stiffness and strength 

are much higher than those in the out-of-plane direction. By changing the 

concentration of cross-linkers in the model, the effect of strength anisotropy can be 

adjusted in terms of the tilt of the yield surface in the plane of anisotropy. The relative 

density shows a linear relationship with the concentration of cross-linkers. Thus, the 

dependence of the stiffness and strength of stochastic fibrous materials on relative 

density is the same as that on concentration of cross-linkers. In addition, it has been 

showed that the dimension of the inserted beams can also affect the stiffness and 

strength of stochastic fibrous materials especially in the thickness direction. The effect 

of relative density on the uniaxial yield strength of stochastic fibrous materials shows 

a quadratic function in the x direction and a cubic function in the z direction, which 

have strong agreement with the dimensional analysis. 
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Chapter 6 Size-dependent and Tunable 

Elastic Properties of Micro- and Nano-sized 

Stochastic Fibrous Structures 

 

The effects of strain gradient at the micro-meter scale and the effects of surface 

elasticity and initial stresses/strains are incorporated into all the deformation 

mechanisms in the analysis of stochastic fibrous structures. A periodic random beam 

model with cross-linking has been developed to describe the fibrous networks whose 

relative density can be adjusted to vary by changing the concentration of cross-linkers. 

The size-dependent effects on the relationships between the relative density and all the 

five independent elastic constants of micro- and nano-sized fibrous structures are 

investigated. In addition, the mechanical and geometrical properties of nano-sized 

stochastic fibrous networks are tunable and controllable, due to the effects of initial 

strain, which can be adjusted to vary by the application of external electric/chemical 

potential. 

 

6.1 Introduction 

Fibrous materials are a special type of porous materials with low density and high 

stiffness and strength with promise for a wide range of engineering applications. 

Fibrous structure can be widely found in biomaterials at micron- and nano-scales.  For 

instance, a typical extra-cellular matrix (ECM) is composed of structural protein 

nanofibres, such as collagen fibres, with diameters in the order of micrometer[7,60]. 
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Increasing evidence has shown that the mechanical stiffness of ECM plays a 

significant role in regulating cellular behaviours, including adhesion, proliferation and 

differentiation of mesenchymal stem cells (MSCs)[52,61,62]. The cytoskeleton (CSK) 

is a network of filamentous proteins within a cell’s cytoplasm, consisting of 

filamentous actin (F-actin), microtubules and intermediate filaments, with diameters 

in the order of nanometers[8,120]. The mechanical stiffness of intracellular material, 

to a great extent, is governed by the cytoskeleton[44].  In industrial engineering, micro 

and nano-structured fibrous materials can be used in micro-electro-mechanical 

systems (MEMS) and nano-electro-mechanical systems (NEMS) devices, which are 

of great interest to scientists and engineers[121]. 

An understanding of the mechanical properties of macro-sized fibrous materials has 

been established[10,17]. However, when the dimensions of fibrous structures are 

reduced to micro- or nano-scale, the stiffness or rigidity is very different from their 

macro-sized counterparts. In conventional theories, the dimensionless stiffness and 

strength of fibrous materials are dependent on the relative density, the orientation of 

the fibres and the slenderness of the fibres, but not on the absolute size. Extensive 

experimental investigations have shown that the deformation behaviours of 

metals[67–69] and polymers[70,71] at the micron and sub-micron are size dependent. 

Some plasticity phenomena have suggested that the smaller is the size, the stronger is 

the response. Some researchers have been engaging in the development of mechanism-

based strain gradient (MSG) theory of plasticity, in which an intrinsic material length 

scale, 𝑙𝑚 is introduced to model the size-dependent effect in the micron to submicron 

range[79–83]. The strain gradient theory of plasticity assumes that the yield stress 

depends on not only the strain, but also the strain gradient, which fits the couple stress 

framework with higher order stress[72–76]. 
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Size-dependence in the nano-sized structural element, in terms of the mechanical 

properties has also been investigated[89–91,108,122–126]. It has been found that the 

elastic moduli of silver and lead nanowires of diameter 30nm are almost twice the 

elastic moduli of bulk Ag and Pb[90]. An intrinsic material length scale 𝑙𝑛 , which is 

defined as the ratio of the surface elastic modulus to the bulk elastic modulus, has been 

introduced for nano-sized structures[89]. Due to the very large surface-to-volume ratio 

in nanostructures, surface elasticity and initial surface stress/strain play a dominant 

role in their mechanical behaviors [89,107,122–126]. The effect of surface elasticity 

is size-dependent and increases with decreasing size of structure, but the initial surface 

stress effect can be retained at a constant level, for example, by the application of an 

electrical potential[101–105]. It is found that the surface stress and the charge in anion 

adsorption on Au are linearly correlated[104]. Experiments conducted by Biener et 

al[101] have shown that the initial surface stress of nanoporous gold can be controlled 

to reach 17-26N/m from 1.13N/m, by adjusting the chemical energy. 

It is crucial to incorporate the strain gradient effects at the micro-meter scale, and the 

surface elasticity and initial stress effects at the nano-meter scale into the deformation 

mechanism of fibrous materials.  If the diameter of the fiber is at the nano scale, the 

elastic properties of a filamentous network are not only size-dependent, but also 

tunable. To the best of current knowledge, the effect of size dependence on the 

mechanical behaviour of fibrous materials has not been reported. The objective of this 

chapter is to investigate the effects of relative density on the size-dependent 

mechanical properties of micro- and nano-sized fibrous structures. This study could 

provide fundamental information for scientists in tissue engineering and serve as a 

guide in the design of MEMS and NEMS. 
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6.2 Methodology 

The relative density is a key parameter to elucidate the mechanical behaviour of 

cellular materials, including fibrous materials[1–3,10]. Gibson and Ashby have put 

forward that the simplest and most straightforward way to analyse the mechanical 

properties of cellular materials is to use dimensional analysis[4], which emphasises 

the dependence of mechanical properties on the relative density of the structure. Finite 

element method (FEM), which was originally developed for solving solid mechanics 

problems, offers a means to probe the mechanical properties of stochastic fibrous 

materials, and by FEM it is easier and more convenient to control the relative density 

and other key parameters in the model. However, there are no types of elements that 

could directly incorporate the size-dependent effects into the simulations in 

commercial finite element software, such as ANSYS. Thus, it is necessary to first work 

out the equivalent parameters, for instance, diameter , 𝑑𝑒 , Young’s modulus , 𝐸𝑒 , 

Poisson’s ratio, 𝜈𝑒, for the solid beam whilst taking into account the different size-

dependent effects.  

6.2.1 Construction of three-dimensional stochastic fibrous structures 

A continuum mechanics-based, three-dimensional, periodic beam model has been 

constructed to describe stochastic fibrous materials. Nanofibrous structure, produced 

by electrospinning technology, as shown in Figure 6.1(a), displays a great similarity 

to the random beam model generated, as shown in Figure 6.1(b). In the stochastic 

model the concentration of intersection or cross-linking has been incorporated, which 

directly relates to the relative density. As can be seen from Figure 6.2, the cross-linkers 

between intersected fibres are represented by inserted beams. Full details of the 

construction of the three-dimensional random beam model with periodicity can be 
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found in Chapter 3. For the sake of completeness, a brief description of the 

construction procedure is given as below. 

(a) (b) 

 
 

Figure 6.1. (a) SEM images of electrospun HAp/CTS nanocomposite nanofibers[11] 

and, (b) three-dimensional stochastic fibrous structure generated by ANSYS. 

 

 

Figure 6.2. Random beam model of the stochastic fibrous structure, in which the fibres 

are represented by the polylines and the cross-linking of the network is represented by 

the beam element inserted between intersected fibres. 

 

The establishment of the three-dimensional model is deduced progressively with two-

dimensional coordinates being considered first. A representative volume element 

(RVE) is adopted to investigate the mechanical properties due to computational 
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limitation. The RVE, which could be called ‘unit cell’, must be periodic. By creating 

3w x 3w regions simultaneously in x direction and y direction with periodicity of w (w 

is taken to be 1 for simplification), the central region is selected to be periodic. The 

coordinates in 3-D space of every key point on lines can be derived by the relative 

positions and 2-D coordinates. In the stochastic model, the length 𝐿 is not uniform, 

randomly ranging from 0.8 to 1.2, as we set w as 1. And the orientation, 𝜃 ranges from 

0 to 𝜋.  All the fibres represented by beams with a circular cross-section have the same 

uniform diameter 𝑑. The relative density of the fibrous material is specified by: 

𝜌 =
1

4
∗ 𝜋𝑑2

∑ 𝐿𝑖
𝑁
𝑖=1

(1 ∗ 1 ∗ 𝑡)
                                                        (6.1) 

where 𝑡 is the thickness of the fibrous structure, 𝑁 is the number of filaments. Since 

the filaments are randomly distributed within the periodicity of w=1 in x and y 

directions, 1 ∗ 1 ∗ 𝑡  refers to the volume of the structure. The cross-linker 

concentration is defined by the ratio 𝑁𝑐 = 𝐿/𝑙𝑐, where 𝑙𝑐 is the mean distance between 

two neighbouring cross-linkers along a filament of length 𝐿 . To obtain more 

intersections or cross-linkers with other fibres, each fibre has to drop down, this thus 

will decrease the thickness of the structure and meanwhile increase the relative density. 

The relative density is linearly related to the number of cross-linkers. Therefore, the 

relative density of the stochastic fibrous structure can be adjusted by changing the 

concentration of cross-linkers.   

In addition, it has been suggested that the periodic boundary conditions are more 

suitable than the mixed boundary conditions and prescribed displacement boundary 

conditions[1,2]. In the numerical simulation, the three-node beam element (BEAM189) 

is utilized, based on the Timoshenko beam theory. The constituting solid material of 

filament is assumed to be elastic, with a Young’s modulus 𝐸𝑠 = 200𝐺𝑃𝑎. The non-
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dimensional equivalent Young’s modulus is one of the main objects of study with 

respect to the characteristic of fibrous structure. As it has been indicated, the Poisson’s 

ratio of most solid materials varies between 0.1 and 0.5[109], the Poisson’s ratio of 

the filament is set at 0.3. To measure the Young’s moduli or shear moduli of the 

filamentous network, a uniaxial tensile or shear strain is applied across the periodic 

boundary conditions. 

 

6.2.2 Size-dependent effects at micro-scale 

At micro scale, the strain gradient has a dominant effect on the mechanical behaviour 

of the stochastic fibrous material. The bending, torsion and axial stretching or 

compression rigidities of micro-sized structures have been obtained as follows. 

For uniform beams with circular cross section at micro-meter scale, 

the bending rigidity is given by[122], 

𝐷𝑏 =
𝐸𝑠𝜋𝑑4

64
(1 + 8(1 + 𝜈𝑠) (

𝑙𝑚
𝑑

)
2

)                                                (6.2) 

the torsion rigidity is obtained by [77], 

𝐷𝑡 =
𝐺𝑠𝜋𝑑4

32
(1 + 24 (

𝑙𝑚
𝑑

)
2

)                                                          (6.3) 

the axial stretching or compression rigidity is presented by[122], 

𝐷𝑐 =
𝐸𝑠𝜋𝑑2

4
                                                                                        (6.4) 

where 𝑙𝑚  is the material length parameter at the micro-meter scale (which can be 

experimentally measured and is usually in the range between submicron and microns, 
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and different for different materials), 𝑑 is the diameter of the circular cross-section. 

𝐸𝑠, 𝐺𝑠, 𝜈𝑠 are the Young’s modulus, shear modulus and Poisson’s ratio of the solid 

material, respectively. 

Since there is no type of elements that could directly incorporate the size-dependent 

effects into the simulations in commercial finite element software, thus an equivalent 

solid beam, with diameter 𝑑𝑒, Young’s modulus 𝐸𝑒, Poisson’s ratio 𝜈𝑒 , is used for the 

beam element in the finite element simulation [126]. These three equivalent values 

can be obtained from the following three equations, in which the three rigidities, 𝐷𝑏, 

𝐷𝑡, 𝐷𝑐 have been presented in Eq.(6.2-6.4). 

𝐸𝑒𝜋𝑑𝑒
4

64
= 𝐷𝑏                                                          (6.5) 

𝐸𝑒𝜋𝑑𝑒
4

64(1 + 𝜈𝑒)
= 𝐷𝑡                                                       (6.6) 

𝐸𝑒𝜋𝑑𝑒
2

4
= 𝐷𝑐                                                        (6.7) 

By solving the Eq.(6.5-6.7), the equivalent three parameters for the BEAM 189 

element are given as 

𝐸𝑒 =
𝐷𝑐

2

4𝜋𝐷𝑏
                                                      (6.8) 

𝜈𝑒 =
𝐷𝑏

𝐷𝑡
− 1                                                   (6.9) 

𝑑𝑒 = 4√
𝐷𝑏

𝐷𝑐
                                                 (6.10) 
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We can obtain the equivalent parameters of the beam element, that could incorporate 

the size effect as functions of the intrinsic parameters of the solid material, by 

substituting Eq.(6.2-6.4) into Eq.(6.8-6.10). 

𝐸𝑒 =
𝐸𝑠

1 + 8(1 + 𝜈𝑠)(
𝑙𝑚

𝑑
)2

                                                    (6.11) 

𝜈𝑒 =
(1 + 𝜈𝑠)((1 + 8(1 + 𝜈𝑠)(

𝑙𝑚

𝑑
)2))

(1 + 24(
𝑙𝑚

𝑑
)2)

− 1                                   (6.12) 

𝑑𝑒 = 𝑑√(1 + 8(1 + 𝜈𝑠)(
𝑙𝑚
𝑑

)2)                                                  (6.13) 

To validate the applicability of the equivalent values of the Young’s modulus, 

Poisson’s ratio and the diameter for the beam element in the simulation, a single 

horizontal micro-sized beam cantilever structure is tested. The left hand side of the 

cantilever is fixed and a concentrated transverse load (a small load is assumed as 𝐹 =

1 × 106𝑁) is applied to the free end. The Young’s modulus and Poisson’s ratio of the 

solid material are set as 200 GPa and 0.3, respectively. The length and diameter of the 

cantilever are assumed as L=100µm and 1 µm. The parameter to describe the strain 

gradient effect, 𝑙𝑚/𝑑 , is set as 0.2. According to Eq.(6.11-6.13), the values of the 

equivalent Young’s modulus, Poisson’s ratio and the equivalent diameter of the 

circular cross-section beam are listed in Table 6.1. By applying these values into 

material properties of BEAM 189 in ANSYS, the deflection is 0.2402 µm. Whereas 

the theoretical result obtained by Eq.(6.14) for the cantilever beam, in which the size-

dependent effect has been incorporated, is 0.2398 µm, which is very close to the 

numerical result. It suggests that the adoption of the equivalent Young’s modulus, 𝐸𝑒, 

the equivalent Poisson’s ratio, 𝜈𝑒  and the equivalent diameter, 𝑑𝑒  can be used to 
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effectively involve the size effect into the finite element simulation.  Note that when 

the size-dependent effect is not incorporated, i.e., 𝑙𝑚/𝑑 = 0, the deflection of this 

cantilever beam is 0.3395µm. 

Δ =
𝐹𝐿3

3𝐷𝑏
=

64𝐹𝐿3

3𝐸𝑠𝜋𝑑4 (1 + 8(1 + 𝜈𝑠) (
𝑙𝑚

𝑑
)
2

)
                                       (6.14) 

Table 6.1. The equivalent Young’s modulus, Poisson’s ratio and equivalent diameter 

in the finite element simulation to incorporate the size-dependent effects in the micro-

scale. The Young’s modulus, Poisson’s ratio of the solid material are 200e3MPa, 0.3 

and the diameter of the fibre is 1 µm 

𝑙𝑚/𝑑 𝐸𝑒(MPa) 𝜈𝑒 𝑑𝑒 (µm) 

0.0 2.0000e5 0.3000 1.000 

0.2 1.4124e5 -0.0608 1.190 

0.5 5.5556e4 -0.3314 1.897 

1.0 1.7544e4 -0.4072 3.376 

 

Note that the equivalent Young’s modulus and Poisson’s ratio, and equivalent 

diameter, are based on the bending rigidity ,  𝐷𝑏 , torsion rigidity, 𝐷𝑡  and axial 

stretching (or compression) rigidity, 𝐷𝑐  ,without taking the shear rigidity , 𝐷𝑠  into 

consideration. Eq.(6.15) gives the deflection of the cantilever beam with shearing. As 

can be seen from Table 6.2, the effect of shear can be ignored, especially when the 

slenderness ratio, L/d is larger than 10. In the stochastic fibre model, the diameter of 

the fibre is uniformly set as 1 µm, while the length ranges from 80 µm to 120 µm, with 

the mean length at 100 µm, and the slenderness ratio at 100. It should be noted that, 

since the concentration of intersections, 𝑁𝑐 = 𝐿/𝑙𝑐 is incorporated, the fibre has been 

divided into 𝑁𝑐 + 1 sections, and the slenderness ratio for each beam section drops 
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down. However, the accuracy of the solution, calculated from Eq.(6.14) is sufficient, 

even when the slenderness ratio is as small as 4, in which the concentration of 

intersections in the fibrous structure is more than 20. Thus the equivalent parameters 

𝐸𝑒 ,  𝜈𝑒 ,  𝑑𝑒 , obtained from bending rigidity, torsion rigidity and stretching or 

compression rigidity, without taking shear rigidity into consideration, can be used in 

the finite element simulation to incorporate the size-dependent effects in micro-metre 

scale. 

Δ =
64𝐹𝐿3

3𝐸𝑒𝜋𝑑𝑒
4 +

10

9

8𝐹𝐿(1 + 𝜈𝑒)

𝐸𝑒𝜋𝑑𝑒
2                                              (6.15) 

Table 6.2. The comparison between solutions calculated from Eq.(6.14)(which is 

based on the bending rigidity) and from Eq.(6.15) (which is based on the bending and 

shear rigidity) as well as the simulation result, in terms of the deflection of the 

cantilever beam with different slenderness ratio, L/d. The Young’s modulus, Poisson’s 

ratio of the solid material are 200e3MPa, 0.3 and the diameter of the fibre is 1 µm 

𝐿/𝑑 
Eq.(6.14)/ 

µm 

Eq.(6.15)/ 

µm 

Simulation/ 

µm 

Error of 

Eq.(6.14) 

Error of 

Eq.(6.15) 

4 0.15346e-4 0.15877e-4 0.15935e-4 3.84% 0.36% 

10 0.23978e-3 0.24111e-3 0.24165e-3 0.78% 0.22% 

40 0.15346e-1 0.15351e-1 0.15382e-1 0.23% 0.20% 

100 0.23978 0.23979 0.24026 0.20% 0.20% 

 

6.2.3 Size-dependent effects at nano-scale 

It has been investigated that at the nanometre scale, the surface elasticity and initial 

strain (stress) effects are of great importance in determining the mechanical 

behaviour[122–126]. The bending, transverse shear, torsion and axial stretching or 

compression rigidities of nano-sized structures have been obtained as follows. 
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For uniform beams with circular cross section at nano-meter scale, 

the bending rigidity is given by[93], 

𝐷𝑏 =
𝐸𝑠𝜋𝑑4

64
(1 + 8

𝑙𝑛
𝑑

+
𝜈𝑠

1 − 𝜈𝑠
휀0

𝐿)                                     (6.16) 

the torsion rigidity is obtained by[125],  

𝐷𝑡 =
𝐺𝑠𝜋𝑑4

32
(1 + 8

𝑙𝑛
𝑑

)                                                    (6.17) 

the axial stretching or compression rigidity is presented by[125],  

𝐷𝑐 =
𝐸𝑠𝜋𝑑2

4
(1 + 4

𝑙𝑛
𝑑

)                                               (6.18) 

where 𝑙𝑛  is the material intrinsic length at the nano-meter scale, which can be 

expressed by 𝑙𝑛 = 𝑆/𝐸𝑠, and typically is in the order of 0.01-0.1nm[89,99], S is the 

surface elasticity modulus. 휀0
𝐿  is the initial strain in the length direction of the beam, 

whose amplitude can be controlled to vary by an applied electric potential[102,103]. 

An equivalent solid beam with diameter 𝑑𝑒, Young’s modulus 𝐸𝑒, Poisson’s ratio 𝜈𝑒 

is used for the beam element in the finite element simulation, which is the same 

approach as that used to deal with the size-dependent effects in the micro-scale. 

The equivalent parameters of the beam element, incorporating the size effect in the 

nano-scale, can be obtained by substituting Eq.(6.16-6.18) into Eq.(6.8-6.10). 

Here, the surface elasticity effect and the initial stress or strain effect are considered 

separately. When the initial stress (strain) is absent, i.e., 휀0
𝐿 = 0 , the equivalent 

Young’s modulus 𝐸𝑒, equivalent Poisson’s ratio 𝜈𝑒 and diameter 𝑑𝑒 can be expressed 

as 
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𝐸𝑒 =
𝐸𝑠(1 + 4

𝑙𝑛

𝑑
)2

1 + 8
𝑙𝑛

𝑑

                                                (6.19) 

𝜈𝑒 = 𝜈𝑠                                                                (6.20) 

𝑑𝑒 = 𝑑√
1 + 8

𝑙𝑛

𝑑

1 + 4
𝑙𝑛

𝑑

                                                  (6.21) 

The values of the equivalent Young’s modulus, Poisson’s ratio and the equivalent 

diameter of the circular cross-section beam, when the surface elasticity effect in the 

nano-scale is involved, are listed in Table 6.3. 

Table 6.3. The equivalent Young’s modulus, Poisson’s ratio and equivalent diameter 

in the finite element simulation to incorporate the surface elasticity effects in the nano-

scale. The Young’s modulus, Poisson’s ratio of the solid material are 200e3MPa, 0.3 

and the diameter of the fibre is 1 nm. 

𝑙𝑛/𝑑 𝐸𝑒(MPa) 𝜈𝑒 𝑑𝑒 (nm) 

0.0 2.0000e5 0.3000 1.000 

0.2 2.4923e5 0.3000 1.202 

0.5 3.6000e5 0.3000 1.291 

1.0 5.5556e5 0.3000 1.342 

 

When the surface elasticity effect is absent, i.e.,𝑙𝑛/𝑑 = 0 , and the initial stress or 

strain is incorporated into the finite element simulation, the equivalent Young’s 

modulus 𝐸𝑒, equivalent Poisson’s ratio 𝜈𝑒 and diameter 𝑑𝑒 can be expressed as 

𝐸𝑒 =
𝐸𝑠

1 +
𝜈𝑠

1−𝜈𝑠
휀0

𝐿
                                                      (6.22) 
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𝜈𝑒 = (1 + 𝜈𝑠) (1 +
𝜈𝑠

1 − 𝜈𝑠
휀0

𝐿) − 1                                   (6.23) 

𝑑𝑒 = 𝑑√1 +
𝜈𝑠

1 − 𝜈𝑠
휀0

𝐿                                            (6.24) 

When the initial strain effects are present, the actual beam diameter of the circular 

cross-section is 𝑑 = 𝑑0(1 + 휀0
𝑅), where 𝑑0 is the original diameter, 휀0

𝑅  is the initial 

strain in the radial direction 휀0
𝑅 =

1−3𝜈𝑠

2(1−𝜈𝑠)
휀0

𝐿[123,125]. Thus the equivalent diameter is 

written as 

𝑑𝑒 = 𝑑0 (1 +
1 − 3𝜈𝑠

2(1 − 𝜈𝑠)
휀0

𝐿)√1 +
𝜈𝑠

1 − 𝜈𝑠
휀0

𝐿                         (6.25) 

The amplitude of the initial strain, 휀0
𝐿 is set to -0.06, -0.03, 0, 0.03, 0.06, respectively. 

The values of the equivalent Young’s modulus, Poisson’s ratio and the equivalent 

diameter of the circular cross-section beam, when the initial strain effects in the nano-

scale are involved, are listed in Table 6.4. One thing that should be mentioned is that, 

when the effects of initial strain 휀0
𝐿 are present, the corresponding nodal coordinates 

(𝑥, 𝑦, 𝑧 ) in the geometry of the periodic fibre model are related to the original 

coordinates (𝑥0, 𝑦0, 𝑧0) by 

𝑥 = 𝑥0(1 + 휀0
𝐿)                                                                        (6.26) 

𝑦 = 𝑦0(1 + 휀0
𝐿)                                                                        (6.27) 

𝑧 = 𝑧0(1 + 휀0
𝑅)                                                                        (6.28) 

Thus, the length of the fibre is 𝐿 = 𝐿0(1 + 휀0
𝐿) , where 𝐿0 is the original length of the 

fibre in the structure, when the initial strain effects are present. 
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Table 6.4. The equivalent Young’s modulus, Poisson’s ratio and equivalent diameter 

in the finite element simulation to incorporate the initial strain effects in the nano-scale. 

The Young’s modulus, Poisson’s ratio of the solid material are 200e3MPa, 0.3 and the 

diameter of the fibre is 1 nm. 

휀0
𝐿 𝐸𝑒(MPa) 𝜈𝑒 𝑑𝑒 (nm) 

-0.06 2.0528e5 0.2666 0.9828 

-0.03 2.0260e5 0.2833 0.9914 

0 2.0000e5 0.3000 1.0000 

0.03 1.9746e5 0.3167 1.0086 

0.06 1.9499e5 0.3334 1.0171 

 

6.3 Numerical results 

It has been suggested that the random beam model, developed to represent stochastic 

fibrous networks, is transversely isotropic in the x-y plane, which is perpendicular to 

the thickness direction (z-axis). Note that the transverse isotropy is size-independent 

and could apply to micro- and nano-sized fibrous structures. The elastic moduli and 

the Poisson’s ratios of the transversely isotropic fibrous networks have to satisfy the 

reciprocal relations: 𝐸𝑥 = 𝐸𝑦 ; ν12 = ν21 ; ν13 = ν23 ; ν13/𝐸𝑥 = ν31/𝐸𝑧 ; ν31 =

ν32;𝐺12 = 0.5𝐸𝑥/(1 + ν12); 𝐺13 = 𝐺23 . All the five independent elastic constants, 

𝐸𝑥, 𝐸𝑧, ν12, ν13, 𝐺13 of micro- and nano-structured fibrous networks are obtained by 

computer simulation in this section. Since the model is built randomly with the ranges 

of lengths and orientations of all the filaments taken into consideration, all values are 

presented as means and standard deviations of twenty independent model calculations. 

The Young’s moduli and shear moduli are normalised against the Young’s modulus 

of the solid material 𝐸𝑠 = 200 GPa. 
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6.3.1 Effects of relative density on the size-dependent elastic properties 

of micro-sized fibrous structures 

At the micro scale, the strain gradient has a dominant effect on the mechanical 

behaviour of stochastic fibrous material. 𝑙𝑚/𝑑  is used to describe the strain gradient 

effects in micro-scale, where 𝑙𝑚 is the material length scale at the micro-meter scale 

(which can be experimentally measured and is usually in the range between submicron 

and microns, and different for different materials), d is the diameter of the circular 

cross-section. Simulations for different values of 𝑙𝑚/𝑑 ( 𝑙𝑚/𝑑 = 0, 0.2, 0.5,1.0) have 

been conducted to investigate the size-dependent effects in micro scale on the elastic 

properties of stochastic fibrous materials. It is noted that when  𝑙𝑚/𝑑 is 0, in which 

the diameter of the beam is very large compared to the intrinsic material length 

scale, 𝑙𝑚, the size-dependent effect vanishes and the elastic constants reduce to those 

of their conventional counterparts[122–126]. 

For the micro-sized fibrous networks, the size-dependent relationships between the 

relative density and the non-dimensional Young’s moduli in the x and z directions are 

plotted in Figure 6.3 and Figure 6.4. As can be seen, the smaller the fibre diameter, 

the larger the dimensionless Young’s moduli in the x direction and z directions; and 

the larger the relative density, the larger the dimensionless Young’s moduli. 

Figure 6.5 and Figure 6.6 give the size-dependent effects on the relationship between 

Poisson’s ratios, ν12 and ν13 and the relative density of stochastic fibrous materials at 

the micro-metre scale. The Poisson’s ratio, ν12 is almost unchanged, which indicates 

that ν12 is independent of relative density and size of fibre. By contrast, Poisson’s ratio, 

ν13 is sensitive to the relative density and the strain gradient effect. ν13,  which can be 
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up to 7, when the relative density is small and the strain gradient effect is absent 

(𝑙𝑚/𝑑 = 0), and decreases with increasing relative density and decreasing diameter.  

As can be seen from Figure 6.7, the shear modulus, 𝐺13 has a similar trend to the 

Young’s moduli. The smaller the diameter, the larger is the dimensionless shear 

modulus; and the larger the relative density, the larger is the dimensionless shear 

modulus. 

 

Figure 6.3. Size-dependent effect on the relationship between the non-dimensional 

Young’s modulus in the x direction and the relative density of stochastic fibrous 

materials at micro-metre scale. 
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Figure 6.4. Size-dependent effect on the relationship between the non-dimensional 

Young’s modulus in the z direction and the relative density of stochastic fibrous 

materials at micro-metre scale. 

 

Figure 6.5. Size-dependent effect on the relationship between Poisson’s Ratio 𝛎𝟏𝟐and 

the relative density of stochastic fibrous materials at micro-metre scale. 
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Figure 6.6. Size-dependent effect on the relationship between Poisson’s Ratio 𝛎𝟏𝟑and 

the relative density of stochastic fibrous materials at micro-metre scale. 

 

Figure 6.7. Size-dependent effect on the relationship between the non-dimensional 

shear modulus 𝑮𝟏𝟑 and the relative density of stochastic fibrous materials at micro-

metre scale. 
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6.3.2 Effects of relative density on the size-dependent elastic properties 

of nano-sized fibrous structures 

It has been investigated that at the nano-metre scale, the surface elasticity and initial 

strain (stress) effects are of great importance in the mechanical behaviour[122–126]. 

𝑙𝑛/𝑑  is used to describe the surface elasticity effects in nano-scale, where 𝑙𝑛 is the 

material intrinsic length at the nano-meter scale, which can be expressed by 𝑙𝑛 = 𝑆/𝐸𝑠 

(where S is the surface elasticity modulus), and may vary over a range from 0.01nm 

to 0.1nm for different materials. 휀0
𝐿  is the initial strain in the length direction of the 

beam, whose amplitude can be controlled to vary by an applied electric potential. 

Simulations in finite element software for different values of 𝑙𝑛/𝑑  ( 𝑙𝑛/𝑑 =

0, 0.2, 0.5,1.0 ) and 휀0
𝐿  (휀0

𝐿 = −0.06, −0.03, 0, 0.03, 0.06 ) have been conducted to 

investigate the surface elasticity and initial strain effects separately at nanometre scale 

on the elastic properties of stochastic fibrous materials. Note that when 𝑙𝑛/𝑑 = 0 and 

휀0
𝐿 = 0, the size-dependent effect in nano-scale vanishes and the elastic constants 

reduce to those of their conventional counterparts. 

For the nano-structured fibrous networks, when the effects of the initial stresses/strains 

are absent, the size-dependent relationships between the non-dimensional Young’s 

moduli and the relative density are shown in Figure 6.8 and Figure 6.9. As can be seen, 

the smaller the diameter, the larger is the dimensionless Young’s moduli; and the 

larger the relative density, the larger the dimensionless Young’s moduli. The trend for 

Young’s modulus is similar to that for shear modulus, as shown in Figure 6.12. The 

effects of surface elasticity on the relationships between the Poisson’s ratios and 

relative density are given in Figure 6.10 and Figure 6.11. 
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Figure 6.8. Size-dependent effect on the relationship between the non-dimensional 

Young’s modulus in the x direction and the relative density of stochastic fibrous 

materials at nano-metre scale. 

 

Figure 6.9. Size-dependent effect on the relationship between the non-dimensional 

Young’s modulus in the z direction and the relative density of stochastic fibrous 

materials at nano-metre scale. 
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Figure 6.10. Size-dependent effect on the relationship between Poisson’s Ratio 𝛎𝟏𝟐and 

the relative density of stochastic fibrous materials at nano-metre scale. 

 

Figure 6.11. Size-dependent effect on the relationship between Poisson’s Ratio 𝛎𝟏𝟑and 

the relative density of stochastic fibrous materials at nano-metre scale. 
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Figure 6.12. Size-dependent effect on the relationship between the non-dimensional 

shear modulus 𝑮𝟏𝟑and the relative density of stochastic fibrous materials at nano-

metre scale. 
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relationships between the non-dimensional Young’s moduli and the relative density 

are shown in Figure 6.13 and Figure 6.14. The plot of non-dimensional Young’s 

modulus in the z direction, versus the relative density, is in log-log scale. As can be 

seen from Figure 6.14, the lines are approximately straight and parallel, indicating a 

power law relationship between the Young’s modulus and the relative density. 

Moreover, the non-dimensional shear modulus and Poisson’s ratio  𝜈13  can be 

controlled to vary by adjusting the amplitude of an applied initial strain, as shown in 
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different initial strains, as shown in Figure 6.15. 
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Figure 6.13. Plot of the non-dimensional Young’s modulus𝑬𝒙 vs the relative density 

of nano-sized stochastic fibrous networks with the presence of effects of initial 

strains/stresses 

 

Figure 6.14. Logarithmic plot of the non-dimensional Young’s modulus𝑬𝒛  vs the 

relative density of nano-sized stochastic fibrous networks with the presence of effects 

of initial strains/stresses 
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Figure 6.15. Effects of initial strains/stresses on the relationships between the 

Poisson’s ratio 𝝂𝟏𝟐 and relative density of stochastic fibrous networks at nano-meter 

scale. 

 

Figure 6.16. Effects of initial strains/stresses on the relationships between the 

Poisson’s ratio 𝝂𝟏𝟑 and relative density of stochastic fibrous networks at nano-meter 

scale. 
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Figure 6.17. Effect of initial strains/stresses on the relationship between the non-

dimensional shear modulus 𝑮𝟏𝟑 and the relative density of nano-sized stochastic 

fibrous materials 
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𝑑1

𝑑0
= 1 + 휀0

𝑅      

𝐴1

𝐴0
= (1 + 휀0

𝐿)2 

𝑉1

𝑉0
= (1 + 휀0

𝑅 )(1 + 휀0
𝐿)2                                          (6.29) 

Therefore, the geometrical properties of the nano-sized stochastic fibrous networks 

can be tuned and controlled. 

 

6.4 Discussions 

Finite element models of periodic random beams were developed to investigate the 

size-dependent elastic properties of micro- and nano-structured stochastic fibrous 

networks. The intrinsic material length scales 𝑙𝑚 and 𝑙𝑛 are introduced to predict the 

size-dependence at the micron and nano scales respectively. When the diameter of 

fibres in the structure is sufficiently large, compared to the intrinsic length scales, i.e., 

𝑙𝑚/𝑑 = 0 or 𝑙𝑛/𝑑 = 0, the results reduce to those of the macro-sized counterparts.  

The intrinsic length scale, 𝑙𝑚 in the strain gradient plasticity is given by[80,88] 

𝑙𝑚 = 3𝛽2(
𝐺

𝜎𝑦
)2𝑏                                                                        (6.30) 

where 𝐺  is the shear modulus, 𝜎𝑦  is the yield strength,  𝑏  is the magnitude of the 

Burger’s vector and 𝛽 is an empirical coefficient in the range of 0.2 - 0.5. The intrinsic 

material length scale, 𝑙𝑚 carrying all the information of elasticity(𝐺), plasticity(𝜎𝑦), 

and atomic nature of solids(𝑏) varies from material to material. For typical metallic 
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materials, the magnitude of Burger’s vector, 𝑏 is in the order of 0.1nm, and 
𝐺

𝜎𝑦
 is in the 

order of 102. Thus, the intrinsic material length, 𝑙𝑚  is in the order of microns. The 

length scale obtained from the micro-bending test of nickel is in the range of 3-

5 μm[68]. If we take nickel fibrous structure, with relative density at 4% as an example, 

when the diameter of the fibre is about 3-5 𝜇𝑚(i.e., 𝑙𝑚/𝑑 = 1), the Young’s modulus 

in the x direction is about three times of that of nickel fibrous structure with diameter 

at millimetre, and the Young’s modulus in the z direction is more than nine times that 

of macro-sized nickel fibrous structures. 

For nano-sized fibrous networks, Figure 6.13 and Figure 6.14 have suggested that the 

smaller the diameter of fibre, the larger would be the dimensionless Young’s moduli. 

These results are consistent with the findings of nano-sized regular[122] and irregular 

honeycombs[126]. Wang et al[98] proposed that many properties at the nano-scale 

obey a simple scaling law. For the non-dimensional mechanical properties of 

homogeneous nano-structured materials, it is given by, 

𝐹(𝐿)

𝐹(∞)
= 1 + 𝛼

𝑙𝑖𝑛
𝐿

                                                                  (6.31) 

where 𝐹(𝐿)  denotes the mechanical property at nano scale, 𝐿 ; 𝐹(∞)  denotes the 

mechanical property of the bulk material, 𝑙𝑖𝑛 is an intrinsic length scale related to the 

surface property. It should be noted that 𝛼 could be different, even with the same effect 

of surface elasticity  𝑙𝑛/𝑑, as the elasticity of nano-sized fibrous networks is dependent 

on the relative density. For instance, if we analyse the Young’s modulus in the z 

direction with 𝑙𝑛/𝑑=0.5, the coefficient from the scaling law 𝛼 ≈ 7 when the relative 

density 𝜌 = 5.9%; and when 𝜌 = 17.5%, 𝛼 ≈ 6. The simulation results indicate that 

the non-dimensional Young’s modulus for nano-sized fibrous structure increases with 
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a rise in the relative density and a rise in 𝑙𝑛/𝑑. However, the increase in the relative 

density suppresses, to a certain extent, the effect of surface elasticity, as the coefficient, 

𝛼 is decreasing. For nanostructures, as the surface-to-volume ratio is large, surface 

effects play a dominant role in the mechanical behaviour, when the structure 

dimension is small. The two main factors relevant in surface effects are surface 

elasticity and initial surface stress/strain. The former is size-dependent and increases 

with decreasing size of structure; the latter is size-sensitive and can be retained at 

different constant levels depending on the size, for example, by the application of an 

electrical potential. Figure 6.13 shows that the dimensionless Young’s modulus in the 

x direction of the nano-sized stochastic fibrous network can be controlled, either to 

increase about 6%, or to reduce about 8%, when the initial strain is varied from -6% 

to 6%, respectively. The dimensionless Young’s modulus in the z direction for nano-

sized fibrous networks can be varied from 17% increment to 13% reduction, as shown 

in Figure 6.14. It should be noted that when the effect of surface elasticity is present 

(𝑙𝑛/𝑑 ≠ 0), the tunable range of the dimensionless Young’s moduli remains almost 

the same as that when the effect of surface elasticity is absent, as was discussed above. 

Thus, if the applied initial strain is controlled to vary over the same range, the non-

dimensional Young’s modulus of the nano-sized fibrous structure can be scaled up or 

down, on the basis of the values obtained from the analysis in the presence of surface 

elasticity [122–126]. 

 

6.5 Conclusion 

The effects of strain gradient at the micro-meter scale, and the effects of surface 

elasticity and initial stresses/strains at the nano-meter scale, are incorporated into all 
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the deformation mechanisms in the finite element simulations to predict the size-

dependent behaviours of micro- and nano-sized stochastic fibrous structures. The 

relationships between all the five independent elastic constants and the relative density 

are obtained with the size effects taken into account. The relative density is controlled 

by changing the concentration of cross-linker in the three-dimensional random beam 

model developed in this study. The simulation results suggest that the Poisson 

ratio, ν12 is irrespective of the size of the fibres and the relative density of the fibrous 

networks, as well as the initial stresses/strains. By contrast, the Poisson’s ratio, ν13 is 

sensitive to geometrical properties of the structure and the applied initial strains. For 

both micro- and nano-sized fibrous structures, the smaller the fibre diameter, the larger 

the non-dimensional Young’s moduli and shear moduli; and the larger the relative 

density, the larger the non-dimensional Young’s moduli and shear moduli. Generally 

speaking, the Young’s modulus and shear modulus of a nano-sized stochastic fibrous 

structure are larger than their micro-sized counterparts.  In addition, the elasticity of a 

nano-sized fibrous structure is not only size dependent, but also tunable and 

controllable, due to the initial stresses/strains. Moreover, when the effects of initial 

strain are present, the geometrical properties of the nano-sized stochastic fibrous 

networks can be tuned and controlled by adjusting the applied electric potential. 

Materials that can change their dimensions in response to an applied voltage can serve 

as actuators in various applications. The results obtained in this study could provide a 

guide in the design of MEMS and NEMS. Also, as the micro- and nano-sized 

stochastic fibrous networks are widely found in biomaterials, this study could give a 

good reference for scientists engaged in tissue engineering. 



Chapter 7. Conclusions and further work  

195 

 

Chapter 7 Conclusions and further work 

 

7.1 Conclusions  

This thesis has revealed the mechanical properties of macro-sized, micro-sized and 

nano-sized fibrous structures by using a three-dimensional periodic beam model 

developed in this study by the author. 

A novel way to deal with the connections between fibres by inserting additional beams 

has been introduced. By inserting the beam elements between the fibres the 

connections can be identified as elastic cross-linkers. It has shown that with the elastic 

cross-linkers included in the network, the stiffness of the material is 3-4 times lower 

than the network with rigid connections. 

Relative density is a key parameter to elucidate the mechanical properties of porous 

materials. The relative density of the beam model developed in this thesis can be 

adjusted by changing the concentration of cross-linkers, the aspect ratio of the fibre 

and the coefficient of overlap. Finite element models of cytoskeletal networks have 

been developed to investigate the effects of relative density on all the independent 

elastic constants. The results show that the model is transversely isotropic in the x-y 

plane, whose normal direction is the thickness direction. The relationship 𝐺12
∗  =

0.5𝐸𝑥
∗/(1 + 𝜈12) holds for filamentous structures with different relative densities. The 

non-dimensional Young’s moduli and shear moduli increase with increasing relative 

density. The Poisson’s ratio ν12 of the filamentous structure keeps constant at around 

0.3 with varying degrees of overlap and relative densities, and is irrespective of 

properties of the solid material. By dimensional analysis, the relationships between 
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the Young’s moduli and the relative density of the filamentous structure have been 

revealed. The analytical models show that Young’s modulus in the x direction of the 

filamentous structure takes the form, 𝐸𝑥/𝐸 = 𝛼𝜌3, and in the z direction, 𝐸𝑧/𝐸 = 𝛽𝜌5, 

which suggests that the strut bending is the dominant deformation mechanism for the 

stochastic fibrous network. The results from the analytical models are broadly 

consistent with the FE simulations. 

Interestingly, the stochastic model developed in this study is pressure independent, as 

the response under tension is the same as that under compression. Based on the total 

strain energy density, the scalar measures of characteristic stress and strain were 

applied to reveal the yielding of the stochastic fibrous material. The elastic regimes of 

characteristic stress-strain curves collapse along a single master line irrespective of the 

loading path. A critical characteristic strain has been adopted to determine the yield 

strength of the stochastic fibrous material and it indicates that with different critical 

values, the yield surface grows or shrinks in a self-similar manner. The yield function 

can be fully calibrated in terms of the uniaxial tension (or compression) response, in 

the x or z direction, rather than complex multiaxial loading responses. By changing 

the concentration of cross-linkers in the model, the effect of strength anisotropy can 

be adjusted in terms of the tilt of the yield surface in the plane of anisotropy. The 

relative density shows a linear relationship with the concentration of cross- linkers. 

Thus, the dependence of the stiffness and strength of stochastic fibrous material on 

relative density is the same as that on concentration of cross-linkers. In addition, it has 

been showed that the dimensions of the inserted beams can also affect the stiffness 

and strength of the stochastic fibrous material, especially in the thickness direction. 

The effect of relative density on uniaxial yield strength of stochastic fibrous material 
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shows quadratic function in the x direction and a cubic function in the z direction, 

which have strong agreement with the dimensional analyses. 

When the dimensions of the fibrous structures are reduced to the micro- or nano-scale, 

the stiffness or rigidity is much different from that of their macro-sized counterparts. 

The strain gradient effects at the micro-meter scale, and the surface elasticity and 

initial stress effects at the nano-meter scale have been incorporated into the 

deformation mechanisms of fibrous materials. Since there is no type of elements that 

could directly incorporate the size-dependent effects into the simulations in 

commercial finite element software, the equivalent Young’s modulus, Poisson’s ratio 

and cross-sectional size of the beam elements have been worked out. The intrinsic 

material length scale parameters, 𝑙𝑚  and 𝑙𝑛  were introduced to predict the size-

dependence at micron and nano scales, respectively. For both of the micro- and nano-

sized fibrous structures, the smaller the diameter, the larger the non-dimensional 

Young’s moduli and shear moduli; and the larger the relative density, the larger the 

non-dimensional Young’s moduli and shear moduli. When the diameter of the fibres 

in the structure is sufficiently large, compared to the intrinsic length scales, i.e., 

𝑙𝑚/𝑑 = 0 or 𝑙𝑛/𝑑 = 0, the results reduce to those of the macro-sized counterparts. 

Generally speaking, the Young’s modulus and shear modulus of nano-sized stochastic 

fibrous structures are larger than their micro-sized counterparts. In addition, the 

elasticity of nano-sized fibrous structures is not only size dependent, but also tunable 

and controllable, due to the initial stresses/strains. The results show that the 

dimensionless Young’s modulus in the x direction of the nano-sized stochastic fibrous 

networks can be controlled, either to increase about 6%, or to reduce about 8%,when 

the initial strain is controlled to vary from -6% to 6%, respectively. The dimensionless 

Young’s modulus in the z direction for nano-sized fibrous networks can be controlled 
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to vary from 17% increment to 13% reduction. Moreover, when the effects of initial 

strain are present, the geometrical properties of the nano-sized stochastic fibrous 

networks can be tuned and controlled by adjusting the applied electric potential. The 

size-dependent effects investigated in this thesis could provide good reference points 

for scientists in tissue engineering and serve as a guide in the design of MEMS and 

NEMS. 

 

7.2 Further work 

A three-dimensional random beam model has been developed to represent stochastic 

fibrous materials. This thesis has covered the geometrical properties, elasticity and 

plasticity, as well as size-dependent effects of a stochastic fibrous network, but there 

are a number of limitations and still more research to do in the future. 

Firstly, as the attention is focused on the zero-frequency, or static linearly elastic 

properties of fibrous structures, the complexities of the network may be ignored, 

especially when it is applied to biomaterials, for instance, the cytoskeleton. 

Secondly, in the beam model, all the fibres or filaments are assumed to be the same 

material. The fibrous structure made of one single material may not be suitable in some 

cases. 

Thirdly, one fibre does not have to connect with another in the cross-linked network. 

The overlap coefficient could be larger than 1, i.e., the distance between two 

intersected fibres could be larger than the sum of their radii. 

Last, for some stochastic fibrous materials, they have preferred orientations such as 

cornea.  
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All of the unexplored researches mentioned above could be done in further simulations. 

In addition, it will be interesting and productive to compare the data from experiments 

with the simulation results shown in this thesis. 
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