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We investigated the thermal properties of a photon gas in photonic crystals. Since the density of photon
states in photonic crystals is modified, thermal radiation of photonic crystals is suppressed inside forbidden
gaps and the heat capacity of photon gas is more enhanced than T 3 as temperature increases. The heat
capacities of phonons in periodic elastic composites and magnons in periodic ferromagnetic composites are
also enhanced at sufficiently low temperature. 关S0163-1829共99兲03040-4兴

I. INTRODUCTION

II. CALCULATION METHODS

Recently, there has been a lot of attention devoted to interesting properties of periodic dielectric composites 共photonic crystals兲.1–7 Photonic crystals can possess frequency regions in which electromagnetic waves cannot propagate in
any direction. The frequency regions are called the photonic
band gaps 共PBG’s兲, anologous to the electronic band gaps
for electron waves in natural crystals. This concept has been
rapidly extended to other materials; metals, ferromagnetic
materials, elastic materials, liquid crystals, and selfassembled materials.8–14 A defect can create an allowed frequency in a forbidden region by breaking locally the periodicity of artificial crystals such as semiconductors. However,
unlike semiconducting crystals, a defect frequency can be
selected by designing, in principle, the shape and the size of
a local defect in artificial crystals.15–19 It has been believed
that the periodic variation of the dielectric constant or refractive index can give rise to PBG’s. However, it was recently
demonstrated that the wave impedance plays an essential
role in the formation of PBG’s rather than the dielectric constant or the refractive index.20 This, especially, opens the
possibilities of the application of magnetic materials to photonic crystals. Photonic crystals can be used in highefficiency semiconductor lasers and LED, waveguides, optical filters, high-Q resonant cavities, efficient antennas, and
frequency-selective surfaces. The density of states 共DOS兲 of
an electromagnetic wave in a photonic crystal is very much
enhanced near the edges of the PBG’s and disappear inside
the gaps. The modification of the DOS can affect atomic
spontaneous-emission rates, that is, spontaneous-emission
rates are suppressed inside PBG’s and enhanced near PBG
edges.21 It is well known that electromagnetic thermal radiation 共free-photon gas兲 in thermal equilibrium with a heat
reservior at temperature T has a blackbody radiation and the
heat capacity of free-photon gas is proportional to T 3 . Since
the spectral energy density, i.e., the energy density per unit
frequency, of photon gas depends on the DOS, the thermal
properties of photon gas in photonic crystals with the modified DOS will be different from those of free-photon gases.
In this paper, we investigated numerically the thermal properties of photon gas in photonic crystals.
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In the numerical calculation, 821 plane waves were used
in order to obtain photonic band structures.2 From Maxwell’s
equations, the magnetic field H(r) is
ⵜ⫻ 关 ⑀ ⫺1 共 r兲 ⵜ⫻H共 r兲兴 ⫽

2
c2

共1兲

H共 r兲 ,

where ⑀ ⫺1 (r) is the inverse of the dielectric function and c
the velocity of photons in vacuum. Since ⑀ ⫺1 (r) is a real and
periodic function of r, we can use Bloch’s theorem to expand H(r). Because of the relation ⵜ•H(r)⫽0, H(r) is
2
h G, e e ı(k⫹G)•r,
transverse.
Therefore,
H(r)⫽ 兺 G兺 ⫽1
where k is a wave vector in the Brillouin zone that determines the propagation direction of photon, G a reciprocallattice vector, and e polarizations orthogonal to k⫹G. The
eigenvalue equation 共1兲 can now be expressed in the 2N
⫻2N matrix form
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where K⫽k⫹G, K⬘ ⫽k⫹G⬘ , and ⑀ ⫺1 (G) is the Fourier
transform of ⑀ ⫺1 (r). The linear tetrahedron method was employed in order to calculate the DOS.22 256 k points in the
irreducible sector of the Brillouin zone were used in the calculations and the DOS was calculated from the first band to
the 200th band.
III. RESULTS AND DISCUSSION

Figure 1 shows the photonic band structures, in units of
2  c/a, of a photonic diamond crystal which is constructed
with dielectric spheres in air and the DOS of a photon per
unit volume in arbitary units, where a is the lattice constant.
The calculation parameters are f ⫽0.34 and ⑀ s ⫽12.25,
where f is the volume fraction of dielectric spheres and ⑀ s the
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FIG. 1. Photonic band structures in a photonic diamond crystal
constructed with dielectric spheres in air in units of 2  c/a and the
DOS of a photon in arbitary units. The volume fraction of the
spheres is 0.34 and the dielectric constant of the spheres is 12.25.
The dashed line is the DOS in a homogeneous dielectric medium
with the dielectric constant 2.9. a is the lattice constant and c the
velocity of a photon in vacuum.

dielectric constant of dielectric spheres. In a long-wavelength
region  a/2 c⬍0.3, the DOS is proportional to  2 as in a
homogeneous medium. In this region, the photonic diamond
crystal can be treated as a homogeneous medium with an
effective dielectric constant. The effective dielectric constant
of the photonic diamond crystal with the above calculation
parameters is estimated to be 2.9.23 The dashed line denotes
the DOS of a photon in a homogeneous dielectric medium
with the dielectric constant 2.9. The DOS was also calculated
by the linear tetrahedron method. Both agree well in this
region. But, the DOS is greatly modified in the wavelength
region  a/2 c⬎0.3. The peaks in the DOS correspond to
the modes whose group velocities are zero. The frequency
 max in blackbody radiation, when the spectral energy density is maximum, satisfies Wien’s displacement law, i.e.,
ប  max⫽2.82 k B T, where k B is the Boltzmann constant.
However, it is easily expected that  max in photonic crystals
does not satisfy this relation.
Figure 2 shows the spectral energy density of photon gas
in a photonic diamond crystal 共solid line兲 in arbitary units
when k B Ta/hc⫽0.11, where h is the Planck constant. If a
⫽1  m, T⫽1580 K. The dashed line denotes the spectral
energy density of photon gas in a homogeneous dielectric
medium with the dielectric constant 2.9. So, the thermal radiation of a photonic crystal will be suppressed in forbidden
gaps and enhanced in edges of the gaps. Since the total energy density of photon gas in a photonic crystal is also
changed by the modification of the DOS, it is easily understood that the heat capacity of photon gas in a photonic crystal is not proportional to T 3 . The heat capacity of photon gas,
c V , is
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FIG. 2. Spectral energy density of photon gas in photonic diamond crystal in arbitary units when k B Ta/hc⫽0.11, where k B is the
Boltzmann constant and h the Planck constant. The dashed line is
the spectral energy density in the homogeneous dielectric medium
with the dielectric constant 2.9.
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where D(  ) is the DOS of a photon per unit volume.
Figure 3 shows the heat capacity of photon gas in a photonic diamond crystal 共filled circles兲 in arbitrary units as a
function of (k B Ta/hc) 3 . Since k B Ta/hc⭐0.11, the DOS below the tenth band, where  a/2 c⭐1.0, contributes mainly
to the heat capacity. The upper limit of integration, 2.2, in
units of 2  c/a gives the well converged value of c V . The
heat capacity of a homogeneous medium with the dielectric
constant 2.9 共open circles兲 is proportional to T 3 . However,
the heat capacity of photon gas 共filled circles兲 in the photonic
diamond crystal becomes enhanced as T increases, because
the contribution of the enhanced DOS to the heat capacity
increases as T increases.

FIG. 3. Heat capacity of photon gas 共filled circles兲 in the diamond photonic crystal in arbitary units as a function of
(k B Ta/hc) 3 . Open circles denote the heat capacity of photon gas in
the homogeneous dielectric medium with the dielectric constant 2.9.
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This is a general property of the heat capacity of photongas in a photonic crystal. Although there may be computational errors due to the truncation of an infinite basis, the
errors are estimated to be less than a few percent.24,25 In
order to investigate the delicate dependence of the heat capacity on a higher temperature range, a great number of
bases are required because the DOS of a higher frequency
range should be included in the calculation. This may hit the
limit of the machine. So, a more efficient method to calculate
the DOS of a photon in photonic crystals should be developed.
The DOS’s of phonons and magnons in periodic structures will behave very similarly to that of photons in photonic crystals,11,12 so that the heat capacity of phonons 共magnons兲 is larger than the T 3 (T 3/2) law at low temperatures.
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IV. CONCLUSION

In conclusion, we investigated the thermal properties of
photon gas in photonic crystals. Due to the modification of
the density of photon states in a photonic crystal, the thermal
radiation of a photonic crystal is suppressed in forbidden
gaps and enhanced in the edges of the gaps. The heat capacity of photon gas in photonic crystals becomes larger than T 3
as temperature increases. The heat capacities of phonons and
magnons in periodic structures are also enhanced.
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