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�p�2�`�i�B�+�2�b�- ���M�/nh = jHj �B�b �i�?�2 �M�m�K�#�2�` �Q�7 �?���M�/�H�2�b�X �6�Q�` �2���+�? �?���M�/�H�2hk 2 H �- �B�i
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�#�vW 2 Rn p � n h �i�?�2 �b�F�B�M�M�B�M�; �r�2�B�;�?�i�b�- �r�?�2�`�2W ph �B�b �i�?�2 �B�M�~�m�2�M�+�2 �i�?���i �i�?�2hth
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�Q�T�i�B�K�B�x���i�B�Q�M �#�2�H�Q�r�,

arg min
wk

n hX

k=1

1
2

Z

p 2P
k� wk k2dp

�b�m�#�D�2�+�i �i�Q:wk (p j ) = � jk

n hX

k=1

wk (p) = 1 8p 2 P

0 � wk (p) � 1; k = 1 ; : : : ; nh 8p 2 P

�U�R�V
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�i�?�2 �K�2�b�? �B�b �2�K�#�2�/�/�2�/�- ���M�/� jk �B�b �E�`�Q�M�2�+�F�2�`�ö�b �/�2�H�i�� �U� jk = 1 �B�7j = k ���M�/

�y �Q�i�?�2�`�r�B�b�2�V�X �h�?�B�b �B�b �+�Q�M�b�B�b�i�2�M�i �r�B�i�? �(�8�)�c �T�H�2���b�2 �`�2�7�2�` �i�Q �i�?�2 �T���T�2�` �7�Q�` �K�Q�`�2

�/�2�i���B�H�b�X

�l�b�B�M�; �H�B�M�2���` �#�H�2�M�/ �b�F�B�M�M�B�M�;�- �i�?�2i th �p�2�`�i�2�t �T�Q�b�B�i�B�Q�Mq i �Q�7 �i�?�2 �/�2�7�Q�`�K�2�/ �K�2�b�?

Q �B�b �;�B�p�2�M ���b �7�Q�H�H�Q�r�b�,

q i =
n hX

k=1

W ik T k

2

4
p i

1

3

5 �U�k�V

�h�Q �K�2���b�m�`�2 �i�?�2 �[�m���H�B�i�v �Q�7 �/�2�7�Q�`�K���i�B�Q�M�- �7�Q�H�H�Q�r�B�M�; �(�e�)�- �r�2 �m�b�2 ���M ���b�@�`�B�;�B�/�@

���b�@�T�Q�b�b�B�#�H�2 �U���_���S�V �2�M�2�`�;�v �(�k�d�)Earap �r�B�i�? �/�2�7�Q�`�K�2�/ �T�Q�b�B�i�B�Q�M�b �Q�#�i���B�M�2�/ �m�b�B�M�;

�1�[�M�X �k�X �h�Q �#�2�i�i�2�` �T�`�2�b�2�`�p�2 �U�M�2���`�V �T�B�2�+�2�r�B�b�2 �`�B�;�B�/�B�i�v ���M�/ ���p�Q�B�/ �Q�p�2�`�@�}�i�i�B�M�;�- �i�?�2

�b�?���T�2 �B�b �T���`�i�B�i�B�Q�M�2�/ �B�M�i�Q �� �b�2�i �Q�7 �`�2�;�B�Q�M�bG = fGgg�-g = 1 ; 2; : : : ; jGj ���M�/jGj �B�b

�i�?�2 �M�m�K�#�2�` �Q�7 �`�2�;�B�Q�M�b �U�i�`�2���i�2�/ ���b �2�/�;�2 �;�`�Q�m�T�b�V�X �h�?�2 �/�2�i���B�H�b �Q�7 �i�?�2 �T���`�i�B�i�B�Q�M�B�M�;

���H�;�Q�`�B�i�?�K �r�B�H�H �#�2 �B�M�i�`�Q�/�m�+�2�/ �B�M �a�2�+�X �j�X�j�X �� �H�Q�+���H �`�Q�i���i�B�Q�M �K���i�`�B�tR g �B�b ���b�b�B�;�M�2�/

�7�Q�` �2���+�? �`�2�;�B�Q�MGg �X �h�?�2 �2�M�2�`�;�v �+���M �#�2 �r�`�B�i�i�2�M ���b�,

Earap =
X

g

X

( i;j )2G g

~wij k(q i � q j ) � R g(p i � p j ))k2
2 �U�j�V

�r�?�2�`�2~wij �B�b �� �+�Q�i���M�;�2�M�i �r�2�B�;�?�i �(�j�j�) �r�?�B�+�? �B�b �m�b�2�7�m�H �7�Q�` �K�2�b�?�2�b �r�B�i�? �B�`�`�2�;�m�H���`

�i�`�B���M�;�m�H���i�B�Q�M�- ���M�/R g 2 �a�P�U�j�V �B�b �i�?�2 �`�Q�i���i�B�Q�M �Q�7 �i�?�2 �2�/�;�2 �;�`�Q�m�Tg�X�k�R�y

�R�y



�6�Q�` �b�Q�m�`�+�2 �K�2�b�?�2�b�- �b�B�M�+�2 �i�?�2 �/�2�7�Q�`�K�2�/ �K�2�b�?Q0 �B�b �F�M�Q�r�M�- �r�2 �7�m�`�i�?�2�` �B�M�i�`�Q�@

�/�m�+�2 ���M�Q�i�?�2�` �2�M�2�`�;�v �i�2�`�K �i�?���i �K�2���b�m�`�2�b �i�?�2 �/�B�z�2�`�2�M�+�2 �Q�7 �i�?�2 �K�2�b�? �Q�#�i���B�M�2�/

�#�v �i�?�2 �/�2�7�Q�`�K���i�B�Q�M ���M�/ �i�?�2 �F�M�Q�r�M �/�2�7�Q�`�K�2�/ �K�2�b�?�X �h�?�B�b �T�2�M���H�B�x�2�b �K�2�b�?�2�b �i�?���i

�/�2�p�B���i�2 �i�Q�Q �K�m�+�? �7�`�Q�K �i�?�2 �F�M�Q�r�M �`�2�b�m�H�i�b�X

Edif f =
n pX

i =1



 q i � q

0

i





2

2
�U�9�V

�h�?�2 �Q�p�2�`���H�H �2�M�2�`�;�v �B�b �Q�#�i���B�M�2�/ �#�v �� �H�B�M�2���` �+�Q�K�#�B�M���i�B�Q�M �Q�7 �#�Q�i�? �2�M�2�`�;�v �i�2�`�K�b�,

E = �E arap + Edif f ; �U�8�V

�r�?�2�`�2� �B�b �� �r�2�B�;�?�i �i�Q �#���H���M�+�2 �i�?�2 �i�r�Q �i�2�`�K�b�X �q�2 �b�2�i� = 0 :5 �B�M �Q�m�` �2�t�T�2�`�B�K�2�M�i�b�X�k�R�8

�h�?�2 �2�M�2�`�;�v ���B�K�b �i�Q �K���F�2 �i�?�2 �`�2�b�m�H�i�B�M�; �K�2�b�? ���b �+�H�Q�b�2 ���b �T�Q�b�b�B�#�H�2 �i�Q �i�?�2 �F�M�Q�r�M

�/�2�7�Q�`�K�2�/ �K�2�b�?�- �r�?�B�H�2 �F�2�2�T�B�M�; �i�?�2 �H�Q�+���H �b�?���T�2�b �#�v �`�2�/�m�+�B�M�; �i�?�2 ���_���S �2�M�2�`�;�v�X

���b �r�2 �r�B�H�H �b�?�Q�r �H���i�2�`�- �i�?�B�b �?�2�H�T�b �i�Q �B�/�2�M�i�B�7�v �#�2�i�i�2�` �i�`���M�b�7�Q�`�K���i�B�Q�M�b �i�Q �#�2�i�i�2�`

�`�2�T�`�Q�/�m�+�2 �i�?�2 �/�2�7�Q�`�K�2�/ �K�2�b�?�- ���M�/ �i�?�m�b �?�2�H�T�b �B�K�T�`�Q�p�2 �/�2�7�Q�`�K���i�B�Q�M �i�`���M�b�7�2�`

�`�2�b�m�H�i�b�X �h�?�2 �m�M�F�M�Q�r�M�b �B�M �i�?�B�b �7�m�M�+�i�B�Q�M �B�M�+�H�m�/�2 ���{�M�2 �i�`���M�b�7�Q�`�K���i�B�Q�MT k �Q�7 �2���+�?�k�k�y

�?���M�/�H�2hk �- ���M�/ �`�Q�i���i�B�Q�M �K���i�`�B�tR g �7�Q�` �2���+�? �2�/�;�2 �;�`�Q�m�Tg �Q�7 �i�?�2 �K�2�b�?�X �L�Q�i�2 �i�?���i

�i�?�2 �/�2�7�Q�`�K�2�/ �K�2�b�?Q �B�b �/�2�i�2�`�K�B�M�2�/ �Q�M�+�2 �i�?�2 ���{�M�2 �i�`���M�b�7�Q�`�K���i�B�Q�M�bT ���`�2 �;�B�p�2�M�X

�q�2 ���H�i�2�`�M���i�2�H�v �Q�T�i�B�K�B�x�2T ���M�/R �c �b�2�2 �a�2�+�X �j�X�9 �7�Q�` �/�2�i���B�H�b �Q�7 �i�?�2 �Q�T�i�B�K�B�x���i�B�Q�M�X

�j�X�j�X �*�H�m�b�i�2�`�B�M�; �r�B�i�? �a�F�B�M�M�B�M�; �q�2�B�;�?�i�b ���M�/ �_�Q�i���i�B�Q�M

���b �b�m�;�;�2�b�i�2�/ �#�v �(�e�)�- �r�2 �+���M �Q�#�i���B�M �� �b�2�;�K�2�M�i���i�B�Q�M �Q�7 �i�?�2 �K�2�b�? �#�v �m�b�B�M�;�k�k�8

�F�@�K�2���M�b �+�H�m�b�i�2�`�B�M�; �Q�M �i�?�2 �b�F�B�M�M�B�M�; �r�2�B�;�?�i �K���i�`�B�tW �- ���b �B�i �b�?�Q�r�b �?�Q�r �/�B�z�2�`�2�M�i

�?���M�/�H�2�b �+�Q�M�i�`�B�#�m�i�2 �i�Q �i�?�2 �/�2�7�Q�`�K���i�B�Q�M �Q�7 �2���+�? �p�2�`�i�2�t�X �h�?�2 �+�H�m�b�i�2�`�B�M�; �Q�7 �b�?���T�2�b

�B�b �/�2�`�B�p�2�/ �7�`�Q�K �i�?�2 �`�2�b�m�H�i �Q�7 �F�2�v �T�Q�B�M�i �b�2�H�2�+�i�B�Q�M�X �h�?�2 �M�m�K�#�2�` �Q�7 �+�H�m�b�i�2�`�b �B�b �i�?�2

�b���K�2 ���b �i�?�2 �M�m�K�#�2�` �Q�7 �F�2�v �T�Q�B�M�i�b�- �B�X�2�X �r�2 �b�2�i �i�?�2 �M�m�K�#�2�` �Q�7 �+�H�m�b�i�2�`�b �i�Qnh �X

�h�?�2 �+�H�m�b�i�2�`�B�M�; �?�2�H�T�b �B�/�2�M�i�B�7�v �`�2�;�B�Q�M�b �Q�7 �i�?�2 �K�2�b�? �r�B�i�? �+�Q�M�b�B�b�i�2�M�i �/�2�7�Q�`�K���i�B�Q�M�k�j�y

�i�`���M�b�7�Q�`�K���i�B�Q�M�X �6�Q�` �/�2�7�Q�`�K���i�B�Q�M �i�`���M�b�7�2�`�- �r�2 ���H�b�Q �?���p�2 �� �b�2�i �Q�7 �/�2�7�Q�`�K�2�/ �b�Q�m�`�+�2

�K�2�b�?�2�bA 0�X �A�i �B�b �i�?�2�`�2�7�Q�`�2 �T�Q�b�b�B�#�H�2 �i�Q �2�t�T�H�Q�B�i �i�?�2 �H�Q�+���H �`�Q�i���i�B�Q�M�b �Q�7 �i�?�2�b�2 �K�2�b�?�2�b�-

�i�Q �?�2�H�T �B�/�2�M�i�B�7�v �`�2�;�B�Q�M�b �r�B�i�? �+�Q�M�b�B�b�i�2�M�i �/�2�7�Q�`�K���i�B�Q�M�X �h�?�B�b �T�`�Q�p�B�/�2�b �m�b�2�7�m�H ���/�/�B�@

�i�B�Q�M���H �B�M�7�Q�`�K���i�B�Q�M �M�Q�i ���p���B�H���#�H�2 �7�`�Q�KW �X

�R�R



�U���V �U�#�V �U�+�V �U�/�V �U�2�V

�6�B�;�m�`�2 �9�, �E�@�K�2���M�b �+�H�m�b�i�2�`�B�M�; �Q�M �i�?�2 �#�B�?���`�K�Q�M�B�+ �r�2�B�;�?�i �K���i�`�B�tW ���M�/ �`�Q�i���i�B�Q�M�@���m�;�K�2�M�i�2�/

�r�2�B�;�?�i �K���i�`�B�tW 0�X �h�?�2 �M�m�K�#�2�` �Q�7 �+�H�m�b�i�2�`�bnc �B�b �b�2�i �i�Q13�X �U���V �b�?�Q�r�b �i�?�2 �?���M�/�H�2 �T�Q�B�M�i�b

�b�2�H�2�+�i�2�/ �#�v �i�?�2 �m�b�2�`�X �U�#�V �B�b �i�?�2 �`�2�b�m�H�i �Q�7 �F�@�K�2���M�b �+�H�m�b�i�2�`�B�M�; �Q�MW �- �U�+�V �B�b �i�?�2 �`�2�b�m�H�i �Q�7 �F�@�K�2���M�b

�+�H�m�b�i�2�`�B�M�; �Q�M�H�v �#���b�2�/ �Q�Mlogr ���M�/s �r�B�i�?�Q�m�iW �m�b�B�M�; �i�?�255th �K�Q�/�2�H �B�M �i�?�2 �a�*���S�1 �/���i���b�2�i

���b �i�?�2 �/�2�7�Q�`�K�2�/ �b�Q�m�`�+�2 �b�?���T�2�- �U�/�V �B�b �i�?�2 �`�2�b�m�H�i �Q�7 �F�@�K�2���M�b �+�H�m�b�i�2�`�B�M�; �Q�MW 0 �B�M�+�H�m�/�B�M�;W �-

logr ���M�/s �m�b�B�M�; �i�?�255th �K�Q�/�2�H �B�M �i�?�2 �a�*���S�1 �/���i���b�2�i�- �U�2�V �B�b �i�?�2 �`�2�b�m�H�i �Q�7 �F�@�K�2���M�b �+�H�m�b�i�2�`�B�M�;

�Q�MW 0 �Q�7 ���H�H �i�?�2 �d�R �K�Q�/�2�H�b �B�M �i�?�2 �a�*���S�1 �/���i���b�2�i �(�j�9�)�X

�h�Q ���+�?�B�2�p�2 �i�?�B�b�- �7�Q�` �2���+�? �K�2�b�?A 0 2 A 0�- �r�2 �}�`�b�i �+�Q�K�T�m�i�2 �i�?�2 �H�Q�+���H �/�2�7�Q�`�K���@

�i�B�Q�M �;�`���/�B�2�M�iD i �7�Q�` �i�?�2i th �p�2�`�i�2�t �Q�7A 0�- �r�?�B�+�? �B�b �+���H�+�m�H���i�2�/ �#�v �K�B�M�B�K�B�x�B�M�; �i�?�2

�7�Q�H�H�Q�r�B�M�; �2�M�2�`�;�v�,

E (D i ) =
X

j 2 N i

~wij

 eq

ij � D i e
p
ij
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�U�e�V

�r�?�2�`�2N i �B�b �i�?�2 �R�@�`�B�M�; �M�2�B�;�?�#�Q�`�b �Q�7 �i�?�2 �p�2�`�i�2�ti �-eq
ij := q i � q j ���M�/ep

ij := p i � p j �X�k�j�8

�h�?�2 �/�2�7�Q�`�K���i�B�Q�M �;�`���/�B�2�M�iD i �+���M �#�2 �/�2�+�Q�K�T�Q�b�2�/ �B�M�i�Q �i�?�2 �T�`�Q�/�m�+�i �Q�7 �� �`�Q�i���i�B�Q�M

�K���i�`�B�t ���M�/ �� �b�+���H�2�f�b�?�2���` �K���i�`�B�t �#�v �T�Q�H���` �/�2�+�Q�K�T�Q�b�B�i�B�Q�M �(�j�8�)�,

D i = U i N i �U�d�V

�r�?�2�`�2U i �B�b ��3 � 3 �`�Q�i���i�B�Q�M �K���i�`�B�t ���M�/N i �B�b ��3 � 3 �b�v�K�K�2�i�`�B�+ �K���i�`�B�t �i�?���i

�`�2�T�`�2�b�2�M�i�b �i�?�2 �b�+���H�B�M�;�f�b�?�2���` �Q�M �i�?�2 �i�?�`�2�2 �Q�`�i�?�Q�;�Q�M���H ���t�2�b�X �h�?�2�M �i�?�2 �`�Q�i���i�B�Q�M

�K���i�`�B�t �+���M �#�2 �K���T�T�2�/ �i�Q �b�T���+�2so(3) �#�v �i�?�2 �K���i�`�B�t �H�Q�;���`�B�i�?�K �Q�T�2�`���i�B�Q�M�,�U i =

logU �- �r�?�B�+�? �B�b �F�M�Q�r�M �i�Q �K���F�2 �i�?�2 �b�T���+�2 �K�Q�`�2 �H�B�M�2���`�X �"�2�+���m�b�2 �i�?�2 �K���i�`�B�t�U �B�b

�� �b�F�2�r�@�b�v�K�K�2�i�`�B�+ �K���i�`�B�t�- �r�2 �+���M �`�2�r�`�B�i�2 �i�?�2�U �B�M �i�?�2 �b�T���+�2so(3) �i�?���i �+�Q�M�b�B�b�i�b

�R�k



�Q�7 �i�?�`�2�2 �Q�`�i�?�Q�;�Q�M���H �#���b�B�b �p�2�+�i�Q�`�b �(�j�e�)�,

�U = u(1)
i e1 + u(2)

i e2 + u(3)
i e3 �U�3�V

�r�?�2�`�2

e1 =

2

6
6
6
4

0 1 0

� 1 0 0

0 0 0

3

7
7
7
5

e2 =

2

6
6
6
4

0 0 1

0 0 0

� 1 0 0

3

7
7
7
5

e3 =

2

6
6
6
4

0 0 0

0 0 1

0 � 1 0

3

7
7
7
5

�U�N�V

���M�/u(1)
i ; u(2)

i ; ���M�/u(3)
i 2 R�X �q�2 �i�?�2�M �Q�#�i���B�M �� �p�2�+�i�Q�`u i �7�Q�` �2���+�? �p�2�`�i�2�t�,

u i =
�

u(1)
i ; u(2)

i ; u(3)
i

�
�U�R�y�V

�a�B�K�B�H���`�H�v�- �i�?�2 �b�+���H�B�M�;�f�b�?�2���` �K���i�`�B�t �+���M �#�2 �`�2�r�`�B�i�i�2�M ���b �� �H�Q�M�; �p�2�+�i�Q�`
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g �X �A�7 �i�?�2 �`�2�b�m�H�i�B�M�;R g�k�d�y

�/�Q�2�b �M�Q�i �b���i�B�b�7�vdet R g > 0�- �r�2 �M�2�;���i�2 �B�i �i�Q �2�M�b�m�`�2 �i�?�2 �Q�#�i���B�M�2�/ �K���i�`�B�t �B�b ��

�`�Q�i���i�B�Q�M �K���i�`�B�t �U�`���i�?�2�` �i�?���M �� �K�B�`�`�Q�`�2�/ �K���i�`�B�t�V�X �q�2 ���H�i�2�`�M���i�2 �i�?�2 �:�H�Q�#���H �a�i�2�T

���M�/ �i�?�2 �G�Q�+���H �a�i�2�T �m�M�i�B�H �+�Q�M�p�2�`�;�2�M�+�2 �U�B�X�2�X �i�?�2 �2�M�2�`�;�v �b�i���v�b �b�i���#�H�2�V�X

�R�8



�6�B�;�m�`�2 �8�, �_�2�b�m�H�i�b �Q�7 �i�`���M�b�7�2�`�`�B�M�; �i�?�2 �/�2�7�Q�`�K���i�B�Q�M �Q�M �i�?�2 �b�Q�m�`�+�2 �K�2�b�? �U�� �?�m�K���M �7�`�Q�K �i�?�2

�a�*���S�1 �/���i���b�2�i�V �Q�M�i�Q �� �/�B�z�2�`�2�M�i �i���`�;�2�i �K�2�b�? �U�i�?�2 ���`�K���/�B�H�H�Q �K�Q�/�2�H�V �m�b�B�M�; �Q�m�` �K�2�i�?�Q�/ �r�B�i�?

���m�i�Q�K���i�B�+ �F�2�v �T�Q�B�M�i �b�2�H�2�+�i�B�Q�M�X �*�Q�`�`�2�b�T�Q�M�/�2�M�+�2�b ���`�2 �?�B�;�?�H�B�;�?�i�2�/ �m�b�B�M�; �+�Q�H�Q�`�2�/ �#���H�H�b �r�?�2�`�2 �i�?�2

�b���K�2 �+�Q�H�Q�` �B�M�/�B�+���i�2�b �+�Q�`�`�2�b�T�Q�M�/�B�M�; �T�Q�B�M�i�b�X �h�?�2 �}�`�b�i �+�Q�H�m�K�M �+�Q�M�i���B�M�b �i�?�2 �b�Q�m�`�+�2 ���M�/ �i���`�;�2�i

�K�2�b�?�2�b �r�B�i�?�Q�m�i �/�2�7�Q�`�K���i�B�Q�M�X �h�?�2 �}�`�b�i �`�Q�r �b�?�Q�r�b �i�?�2 �b�Q�m�`�+�2 �K�2�b�?�2�b ���M�/ �i�?�2 �b�2�+�Q�M�/ �`�Q�r �;�B�p�2�b

�i�?�2 �Q�m�i�T�m�i �K�2�b�?�2�b�X �h�?�2 �/�2�7�Q�`�K���i�B�Q�M�b �Q�7 �B�M�T�m�i �K�2�b�?�2�b ���`�2 �`�2�T�`�Q�/�m�+�2�/ �b�m�+�+�2�b�b�7�m�H�H�v �Q�M �i�?�2

�i���`�;�2�i �K�2�b�?�- �2�p�2�M �r�B�i�? �b�m�#�b�i���M�i�B���H �;�2�Q�K�2�i�`�B�+ �/�B�z�2�`�2�M�+�2 ���M�/ �H���`�;�2 �/�2�7�Q�`�K���i�B�Q�M�b�X

�j�X�8�X ���m�i�Q�K���i�B�+ �E�2�v �S�Q�B�M�i �a�2�H�2�+�i�B�Q�M

���m�i�Q�K���i�B�+ �F�2�v �T�Q�B�M�i �b�2�H�2�+�i�B�Q�M ���B�K�b �i�Q �}�M�/ �� �b�m�#�b�2�iS � C �7�`�Q�K �i�?�2 �+���M�/�B�/���i�2�k�d�8

�b�2�iC�X �h�Q �K���F�2 �i�?�2 �T�`�Q�#�H�2�K �i�`���+�i���#�H�2�- �r�2 �m�b�2 �� �;�`�2�2�/�v ���T�T�`�Q���+�?�X �h�?�2 ���H�;�Q�`�B�i�?�K

�r�Q�`�F�b �B�M �i�r�Q �b�i���;�2�b�X �A�M �i�?�2 �}�`�b�i �b�i���;�2�- �r�2 �B�M�+�`�2�K�2�M�i���H�H�v ���/�/ �M�2�r �+���M�/�B�/���i�2 �F�2�v

�T�Q�B�M�i �i�QS�- ���M�/ �B�M �i�?�2 �b�2�+�Q�M�/ �b�i���;�2�- �r�2 �i�`�v �i�Q �B�K�T�`�Q�p�2 �2�t�B�b�i�B�M�; �F�2�v �T�Q�B�M�i�b �B�MS�X

�A�M �i�?�2 �}�`�b�i �b�i���;�2�- �r�2 �b�i���`�i �#�v �b�2�i�i�B�M�;S = f c1g�X �a�B�M�+�2 �r�2 �r�B�H�H �H���i�2�` �m�T�/���i�2

�F�2�v �T�Q�B�M�i�b �B�M �i�?�2 �b�2�i�- �i�?�2 �+�?�Q�B�+�2 �Q�7 �i�?�2 �}�`�b�i �F�2�v �T�Q�B�M�i �/�Q�2�b �M�Q�i �m�b�m���H�H�v ���z�2�+�i �i�?�2

�`�2�b�m�H�i�b�X �q�2 �i�?�2�M �B�i�2�`���i�B�p�2�H�v ���/�/ �� �M�2�r �F�2�v �T�Q�B�M�ict �i�QS�- �r�?�B�+�? �B�b �i�?�2 �Q�M�2 �i�?���i

�H�2���/�b �i�Q �i�?�2 �K�B�M�B�K�m�K �2�M�2�`�;�v�,
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�`�2�T�2���i�b �m�M�i�B�H �i�?�2 �`�2�b�m�H�i�B�M�; �2�M�2�`�;�vÊ �B�b �b�m�{�+�B�2�M�i�H�v �b�K���H�H �U�m�M�/�2�` �� �i�?�`�2�b�?�Q�H�/

" = 0 :03�- �r�?�2�`�2 �i�?�2 �K�Q�/�2�H�b ���`�2 �b�+���H�2�/ �+�Q�M�b�B�b�i�2�M�i�H�v �i�Q �}�i �B�M�i�Q �� �m�M�B�i �b�T�?�2�`�2�V�X

�h�?�2 �M�Q�`�K���H�B�x���i�B�Q�M �K���F�2�b �i�?�2 �b���K�2 �2�`�`�Q�` �i�?�`�2�b�?�Q�H�/ ���T�T�H�B�+���#�H�2 �i�Q �� �r�B�/�2 �`���M�;�2

�R�e



1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18

Number of �V�H�O�H�F�W�H�G���N�H�\��point �V
0

0.05

0.1

0.15

0.2

0.25

0.3

E
uc

lid
ea

n 
E

rr
or

�6�B�;�m�`�2 �e�, �h�?�2 �1�m�+�H�B�/�2���M �/�B�b�i���M�+�2 �#�2�i�r�2�2�MA 0 ���M�/ �i�?�2 �/�2�7�Q�`�K�2�/A �m�b�B�M�; �i�?�2 �2�t���K�T�H�2 �B�M �6�B�;�X �8�X

�h�?�2 �1�m�+�H�B�/�2���M �/�B�b�i���M�+�2 �/�2�+�`�2���b�2�b �[�m�B�+�F�H�v ���M�/ �+�Q�M�p�2�`�;�2�b �r�B�i�? �� �b�K���H�H �M�m�K�#�2�` �Q�7 �F�2�v �T�Q�B�M�i�b�X

�Q�7 �/���i���b�2�i�b�X

�A�M �i�?�2 �b�2�+�Q�M�/ �b�i���;�2�- �r�2 �i�`�v �i�Q �`�2�T�H���+�2 �2���+�? �b�2�H�2�+�i�2�/ �F�2�v �T�Q�B�M�i �B�M �i�m�`�M�X �6�Q�`

�F�2�v �T�Q�B�M�ict 2 S�- �r�2 ���B�K �i�Q �}�M�/ �i�?�2 �#�2�b�i �`�2�T�H���+�2�K�2�M�i �r�?�B�H�2 �F�2�2�T�B�M�; �Q�i�?�2�` �F�2�v

�T�Q�B�M�i�b �m�M�+�?���M�;�2�/�,

c�
t = arg min

cj 2 C � S[f ct g

X

A 02A 0

kDS�f ct g[f cj g(A ) � A 0kF : �U�k�j�V

�q�2 �i�?�2�M �`�2�T�H���+�2ct �r�B�i�?c�
t �X �h�?�B�b �T�`�Q�+�2�b�b �;�m���`���M�i�2�2�b �i�?�2 �2�`�`�Q�` �B�b �M�Q�M�@�B�M�+�`�2���b�B�M�;�-�k�3�8

���b �B�7 �M�Q �#�2�i�i�2�` ���H�i�2�`�M���i�B�p�2 �2�t�B�b�i�b�-ct �r�B�H�H �`�2�K���B�M �m�M�+�?���M�;�2�/�X �h�?�B�b �`�2�T�2���i�b �m�M�i�B�H

�M�Q �7�m�`�i�?�2�` �B�K�T�`�Q�p�2�K�2�M�i �+���M �#�2 �7�Q�m�M�/�X

�h�?�2 �T�b�2�m�/�Q�+�Q�/�2 �Q�7 �i�?�2 ���H�;�Q�`�B�i�?�K �B�b �b�m�K�K���`�B�x�2�/ �B�M ���H�;�Q�`�B�i�?�K �R�X

�j�X�e�X �.�2�7�Q�`�K���i�B�Q�M �h�`���M�b�7�2�`

���7�i�2�` ���m�i�Q�K���i�B�+ �F�2�v �T�Q�B�M�i �b�2�H�2�+�i�B�Q�M�- �r�2 �m�b�2 �i�?�2 �K�2�i�?�Q�/ �(�e�) �i�Q �Q�#�i���B�M �i�?�2�k�N�y

�i�`���M�b�7�Q�`�K���i�B�Q�MT ���b�b�Q�+�B���i�2�/ �r�B�i�? �2���+�? �F�2�v �T�Q�B�M�i �i�Q �/�2�7�Q�`�K �i�?�2 �b�Q�m�`�+�2 �K�2�b�?A

�i�Q �B�i�b �/�2�7�Q�`�K�2�/ �b�?���T�2A
0
�X �h�?�2�M �r�2 ���b�F �m�b�2�`�b �i�Q �b�2�H�2�+�i �F�2�v �T�Q�B�M�i�b �Q�M �i�?�2 �i���`�;�2�i

�`�2�7�2�`�2�M�+�2 �K�2�b�?B �+�Q�`�`�2�b�T�Q�M�/�B�M�; �i�Q �i�?�2 ���m�i�Q�K���i�B�+���H�H�v �b�2�H�2�+�i�2�/ �F�2�v �T�Q�B�M�i�b �Q�MA �X

�R�d



���H�;�Q�`�B�i�?�K �R ���H�;�Q�`�B�i�?�K �7�Q�` ���m�i�Q�K���i�B�+ �E�2�v �S�Q�B�M�i �a�2�H�2�+�i�B�Q�M
�A�M�T�m�i�, �a�Q�m�`�+�2 �K�2�b�?A �- �b�Q�m�`�+�2 �/�2�7�Q�`�K�2�/ �K�2�b�? �b�2�iA 0�- �i�?�2 �b�2�i �Q�7 �+���M�/�B�/���i�2 �T�Q�B�M�i�b

�7�`�Q�K �7���`�i�?�2�b�i �T�Q�B�M�i �b���K�T�H�B�M�;C = f c1; c2; : : : ; cn c g�- �r�?�2�`�2nc �B�b �i�?�2 �M�m�K�#�2�`

�Q�7 �+���M�/�B�/���i�2 �T�Q�B�M�i�b�Xnc = 100 �B�b �m�b�2�/ �B�M �Q�m�` �2�t�T�2�`�B�K�2�M�i�b�Xnk � nc �B�b �i�?�2

�M�m�K�#�2�` �Q�7 �b�2�H�2�+�i�2�/ �F�2�v �T�Q�B�M�i�b�X" �B�b �i�?�2 �i�?�`�2�b�?�Q�H�/ �7�Q�` �i�2�`�K�B�M���i�B�Q�M �Q�7 ���/�/�B�M�;

�F�2�v �T�Q�B�M�i�b�X

�P�m�i�T�m�i�, �h�?�2 �b�2�i �Q�7 �b�2�H�2�+�i�2�/ �F�2�v �T�Q�B�M�i�bS�- �i�?�2 ���{�M�2 �K���i�`�B�tT �X

�R�,�A�M�B�i�B���H�B�x�2S = ?

�k�, �A�M�B�i�B���H�B�x�2error = 1

�j�, ���/�/ c1 �B�M�i�QS�-C = C � f c1g

�9�, �r�?�B�H�2error > " �/�Q . �}�`�b�i �Q�T�i�B�K�B�x���i�B�Q�M

�8�, �7�Q�`ci 2 C �/�Q

�e�, sumi = 0

�d�, �7�Q�À
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