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Comparative benchmark calculations are presented for coupled cluster theory in its standard formulation, as well as variational, extended, and unitary coupled cluster methods. The systems studied
include HF, N2 , and CN, and with cluster operators that for the first time include up to quadruple excitations. In cases where static correlation effects are weak, the differences between the predictions
of molecular properties from each theory are negligible. When, however, static correlation is strong,
it is demonstrated that variational coupled cluster theory can be significantly more robust than the
traditional ansatz and offers a starting point on which to base single-determinant reference methods
that can be used beyond the normal domain of applicability. These conclusions hold at all levels of
truncation of the cluster operator, with the variational approach showing significantly smaller errors.
© 2010 American Institute of Physics. [doi:10.1063/1.3520564]
I. INTRODUCTION

The coupled cluster (CC) method is now firmly established as the key approach for computing correlated molecular
electronic structure, so long as the underlying reference wavefunction is a reasonable zero-order approximation. Usually,
this is the case; for most molecules in most situations, singledeterminant Hartree–Fock suffices as the reference. However,
where there is strong static correlation, for example in dissociating molecules or excited states, Hartree–Fock is inadequate,
and often one would like to proceed using multideterminant
reference wavefunctions. Unfortunately, despite significant
progress, an unambiguous problem-free multireference coupled cluster theory is not yet available, and one is often forced
to use approximate methods that correct the lack of extensivity in the variational multireference configuration interaction
approach. Often, one can alternatively proceed using spinunrestricted Hartree–Fock (UHF) as a reference that includes
some static correlation, but it is well known that there are then
problems associated with spin contamination artefacts.
It is the purpose of this paper to examine through
benchmark calculations the performance of single-reference
coupled cluster theory in a few examples where static
correlation is strong. Although it is already well known that
the standard formulation of single-reference coupled cluster
fails to describe situations where, for example, multiple
bonds are broken, we investigate also the potential of other
formulations, such as variational CC (VCC),1 unitary CC
(UCC),2–5 and extended CC (ECC).6 These variants have
previously been asserted to be more accurate, although they
are in general much more expensive, and the numerical
results presented to date give some evidence to support
this assertion at the double-excitation level of theory. We
extend here the body of numerical evidence by considering
connected triple and quadruple excitations, and by consida) Author to whom correspondence should be addressed. Electronic mail:

KnowlesPJ@Cardiff.ac.uk.
0021-9606/2010/133(23)/234102/9/$30.00

ering other measures of incompleteness such as the artificial
derivative discontinuities in potential energy surfaces that are
introduced in spin-unrestricted theories.
II. METHODS

The coupled cluster wavefunction can be expressed as
| = exp(T̂ )|0,

(1)

where |0 is a suitable reference wavefunction, for example
the spin-restricted Hartree–Fock (RHF) wavefunction, and T̂
is the cluster operator given by
T̂ =

N


T̂I ,

(2)

I

T̂1 =



tai a † i,

(3)

ia

T̂2 =

1  ij † †
t a b j i,
4 i jab ab

(4)

T̂3 =

1  i jk † † †
t a b c k j i,
3!2 i jkabc abc

(5)

T̂4 =

1  i jkl † † † †
t
a b c d l k j i.
4!2 i jklabcd abcd

(6)

i, j, k, . . . denote spin-orbitals occupied in the reference function, and a, b, c, . . . are the virtual orthogonal complement.
The operators a † b† c† · · · and i, j, k, . . . are the corresponding second-quantized creation and annihilation operators.
ij
i jk
i jkl
tai , tab , tabc , and tabcd are the cluster amplitudes associated
with the expansion coefficients.
The exponential form of this trial wavefunction ensures
that it is multiplicatively separable for noninteracting subsystems, provided that the reference wavefunction is also separable. If the cluster operator T̂ is complete, that is it contains all
the possible excitations, then  is capable of coinciding with
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the exact wavefunction. In practice, T̂ is usually truncated to a
given excitation level, for example to single and double excitations only, for reasons of computational cost and complexity. We adopt the notation where acronyms such as VCC are
appended with one or more of S, D, T and Q to indicate the
presence of single, double, triple or quadruple excitation operators.
This trial wavefunction can be used to create expressions
for the energy in a variety of ways as discussed below. The
way that the different energy expressions are obtained can
lead to each of the coupled cluster methods having different
desirable properties.7
A. Traditional coupled cluster

The most widely used means of obtaining the correlation energy, E corr = E 0 − E, where E 0 = 0| Ĥ |0, and the
coupled cluster wavefunction, is to substitute the trial exponential wavefunction into Schrödinger’s equation and project
on the left with the reference wavefunction, and with the
manifold of excited determinants obtained by acting with
the individual cluster operators on the reference.8 Additionally, the Schrödinger equation is normally premultiplied by
exp(−T̂ ) before projection, introducing a similarity transformed Hamiltonian, exp(−T̂ ) Ĥ exp(T̂ ), and decoupling the
energy expression from the set of equations for determining
the cluster amplitudes:
0| exp(−T̂ ) Ĥ exp(T̂ )|0 = E,
† † †

0|i jk · · · c b a exp(−T̂ ) Ĥ exp(T̂ )|0 = 0.

(7)
(8)

The similarity transformation can be evaluated in closed form
through the Baker–Campbell–Hausdorff commutator expansion, and terminates at fourth order in T̂ . From this point onwards this method will be refered to as traditional coupled
cluster (TCC),9 and the term coupled cluster will be used to
refer to the whole family of methods that use Eq. (1) to generate the wavefunction.
The principal objection to TCC is that it is not variational,
that is it does not provide an upper bound to the exact energy.
We will see below that in some examples where electron correlation is strong, for example when multiple chemical bonds
are broken, TCCSD can give energies that are significantly
below those from full configuration interaction (FCI). It then
becomes desirable to examine alternatives to projection that
have the potential to be more robust.
B. Variational coupled cluster

An alternative ansatz is to calculate the energy as an expectation value:
E = min
T

0| exp(T̂ † ) Ĥ exp(T̂ )|0
0| exp(T̂ † ) exp(T̂ )|0

≡ min 0| exp(T̂ † ) Ĥ exp(T̂ )|0linked .
T

(9)
(10)

This method, termed here as VCC, provides an upper bound
to the exact energy. A related approach is the expectation
value coupled cluster (XCC) (Ref. 1) ansatz, in which the

amplitudes are derived by projection rather than variationally. VCC has not been widely implemented because factorial scaling of the computational cost makes it impracticable
except for small systems. Unlike TCC there is no convenient
truncation of terms in the energy expression, because of the
presence of the exp(T̂ † ) to the left of the Hamiltonian operator. This means that the energy expression does not terminate at fourth order as in TCC; for the first, quotient, form of
Eq. (9) one would have to include all terms up to T̂ N where
N is the number of electrons, while the many-body expansion in just linked diagrams (10) does not terminate at any
finite power of T̂ . Van Voorhis and Head-Gordon10 reported
a “brute-force” implementation of VCCD in the quotient formulation and applied it to several situations of strong correlation in small molecules. The present paper is similar in spirit,
but investigates cluster operators including for the first time
up to connected quadruple excitations.
There are several choices for truncating the number of
terms in the above expectation value coupled cluster functional to make approximate VCC methods. Bartlett and Noga1
have truncated the exponential to make a series of methods
that are correct to a given perturbation order. This truncation is done so that each approximation satisfies the General
Hellmann Feynmann theorem to aid the calculation of molecular properties. These truncated energy functionals are still
extensive, but have lost the property of being an upper bound
to the correct energy.1
C. Unitary coupled cluster

The UCC method uses an anti-Hermitian operator in the
exponential2–5 to generate a unitary transformation:
| = exp(σ̂ )|0,

(11)

σ̂ = T̂ − T̂ † ,

(12)

E = min 0| exp(−(T̂ − T̂ † )) Ĥ exp(T̂ − T̂ † )|0,

(13)

T

where the denominator in the variational quotient is unity,
since the wavefunction is normalized by construction. This
method has the disadvantage of a nonterminating Taylor series expansion as the unitary operator contains both an excitation operator T̂ and a deexcitation operator T̂ † , but the series
typically converges rapidly.3 If the contributions to the UCC
energy are grouped in terms of the powers of T̂ then it can be
shown that the zero, first, and second order terms are similar
to the variational coupled cluster. Beyond this level, the UCC
becomes more complicated in comparison to the VCC energy
expressions.9
A means of creating a truncation hierarchy is to require
that the energy is correct through to some order of perturbation theory.1, 11, 12 Hoffmann and Simons13 have developed a
UCC method by truncating the Hausdorff expansion of the
unitary coupled cluster energy functional to second order in
the t amplitudes:


(14)
H + [H, σ ] + 12 [[H, σ ], σ ] |0 ≈ E|0.
Pal14 has pointed out the advantage gained in property calculations through using a unitary ansatz.
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D. Extended coupled cluster
6

The energy expression for the ECC method again has its
starting point in the VCC energy Eq. (9):
E=

0| exp(T̂ † ) Ĥ exp(T̂ )|0

0| exp(T̂ † ) exp(T̂ )|0
= ω| exp(−T̂ ) Ĥ exp(T̂ )|0,

(15)

F. Implementation for benchmark calculations

(16)

For the purpose of benchmarking each of these coupled
cluster variants, the methods were implemented within the
FCI program in the MOLPRO package.32 Although previous
implementations of ECCSD have been through the use of diagrammatic methods to generate an efficient code,22, 23 such
an approach is not an option for VCC, where the diagram
series is in principle infinite, and in practice will terminate to
numerical precision only at high order. A diagrammatic approach would also be difficult for the higher excitation levels
that we consider in this work. For these reasons, we adopt a
general brute-force approach. The FCI method uses a complete set of Slater determinants that increases in dimension
factorially with the number of electrons. Thus, benchmarks
are possible only for relatively small systems and small orbital basis sets. However, because there is an explicit representation of the complete space from which wavefunctions
are constructed, arbitrary quantities can be constructed and
manipulated.
In standard FCI calculations, the ground-state wavefunction is found through an iterative approach to the lowest eigenvector of the Hamiltonian matrix using the Davidson algorithm,33 based on successive applications of the
Hamiltonian matrix on a Krylov sequence of trial vectors,

where the bra state is given by
ω| =

0| exp(T̂ † ) exp(T̂ )

0| exp(T̂ † ) exp(T̂ )|0
ˆ † ),
= 0| exp(

(17)
(18)

†

ˆ is an effective deexcitation operator. This leads to
where 
the following equation for the energy:
ˆ † ) exp(−T̂ ) Ĥ exp(T̂ )|0,
E = 0| exp(

together. QCCD was implemented in Ref. 31, and later
extended to include single excitation operators under the
acronym QECCSD.22–25

(19)

ˆ and T̂ are varied independently to make E stationwhere 
ary, although in fact the optimal  is uniquely defined by T̂ ,
and can be obtained as the solution of linear equations if T̂ is
known.15 Piecuch and Bartlett have presented an alternative
ansatz for obtaining the cluster operators16 by projecting the
double-similarity-transformed Hamiltonian against the manifold of singly and doubly excited determinants. Pal and
co-workers.17–21 have analyzed the computation of response
properties within the ECC formalism.
Extensive analysis, and benchmark calculations of the
performance, of ECCSD have been presented by Piecuch and
co-workers.22–25 Some of these calculations are precursors of
the computations that we present in Sec. III, for example the
stretching of the N2 molecule using TCCSD, ECCSD, and
these methods with perturbative corrections for the effects of
connected triple and quadruple excitations.
An important related approach in which the similaritytransformed Hamiltonian is projected against an alternative
space to the set of determinants that interact with |0 through
T̂ is the method of moments and related methods.26–30
Although we do not consider these methods explicitly in the
calculations described below, their numerical performance
at the single and double excitation level is already well
documented.26–30

vi = H ci .

(22)

H c is evaluated using resolution-of-the-identity methods34, 35
1 
(H c) I =
(i j|kl)I |i † j|K  K |k † l|J c J . (23)
2 K J i jkl
For the purpose of benchmarking coupled cluster theories, we
evaluate the action of the cluster operators on wavefunctions
in the same way as the Hamiltonian:




ij
T̂2
c J |J  =
|I  I |a † i|K  K |b† j|J  c J tab .
J

I J K i jab

(24)

E. Quadratic coupled cluster

The ECC method gives rise to a hierarchy of methods
can be derived by truncating exp(ˆ † ) to different powers of
ˆ † . Thus, the TCC energy expression can be written in the
form
E = 0|(1 + ˆ † ) exp(−T̂ ) Ĥ exp(T̂ )|0,
(20)
ˆ yields the projected
and variation with respect to 
Schrödinger equation governing T̂ . The next higher order of
exp(ˆ † ) to a quadratic expression gives the quadratic coupled
cluster (QCC) energy expression:31


ˆ † + 1
ˆ †2 exp(−T̂ ) Ĥ exp(T̂ )|0.
(21)
E = 0| 1 + 
2
This method leads to coupled amplitudes equations, that is
ˆ † and T̂ must be solved
the cluster amplitudes for both 

The other required quantity is the projection of the residual
vector on the manifold of excited determinants, which has the
form of a transition density matrix:

ij
|I c I .
(25)
Vab = 0|i † j † ba Ĥ
I

With these basic building blocks, each of the coupled
cluster variants (TCC, VCC, UCC, and ECC) can be constructed by multiple applications of the cluster operators. Theories that are in principle infinite series can in practice be
summed without difficulty to machine precision with a finite number of terms because of the inverse factorial factor in the expansion of the exponential. The implementation
supports closed- and open-shell reference wavefunctions, including different orbital sets for α and β spins, and cluster
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It is intuitive, and explicitly demonstrated in earlier
calculations,10 that when static electron correlation effects are
not strong, VCC, and the other variants, are expected to give
essentially the same results as TCC, at a given level of truncation of the cluster operator. We therefore focus on a number of examples of small molecules where static correlation is
strong, in order to address the question of whether there are
differences between the performance of the methods when,
for example, covalent bonds are broken.
A. Potential energy curve for hydrogen fluoride

As a first example of strong static correlation when a
chemical bond is broken, we examine hydrogen fluoride. Calculations performed on HF with TCC including up to octuple
excitations have shown that as the bond length is increased
higher orders of excitation are need to accurately describe the
potential energy curve.36, 37 Previous calculations on hydrogen fluoride comparing traditional, variational, and quadratic
coupled cluster methods with only double excitations have
shown that there is little difference between these methods.31
Calculations were performed using a cc-pVDZ basis,38
and with all ten electrons correlated. Table I gives the results
TABLE I. The potential energy curve of HF, FCI energies in hartrees,
and coupled cluster methods as differences from FCI values in millihartree
(mhartree).

3.0
2.5
2.0
1.5
1.0

-0.05

-0.1
FCI
TCCSD
QCCSD
ECCSD
UCCSD
VCCSD

-0.15
1

1.5

2
R/Å

FCI

TCCSD

VCCSD

UCCSD

ECCSD

QCCSD

− 0.000852
− 0.004682
− 0.023859
− 0.085758
− 0.176039

11.990
10.802
7.459
3.680
1.800

6.749
6.296
5.373
3.240
1.621

9.385
8.381
6.341
3.547
1.797

9.343
7.872
5.552
3.157
1.596

9.333
7.859
5.536
3.154
1.595

3

2.5

0.012
0.01
0.008
0.006
TCCSD
QCCSD
ECCSD
UCCSD
VCCSD

0.004
0.002

III. RESULTS AND DISCUSSION

R/Å

0

Energy/Hartree

operators up to and including T̂4 . Cluster operators and residual vectors are represented as instances of a single object
(implemented as a FORTRAN-90 module), with associated
methods that perform the operations described above. The
implementation details, and even the excitation level of the
operator, are hidden inside the object, and not exposed to
the higher-level code implementing a particular method, allowing that code to remain uncluttered. The approach is much
less elegant than other general code generators,36 but has the
advantage that it is highly modular, allowing each new theory
to be simulated in just a few lines of high-level code. For example, in the case of ECC (which includes QCC as a special
case), 30 FORTRAN statements are used to express the algorithm for the energy and residual.
We note that this implementation is highly effective in the
safe prototyping of new methods, but is not at all designed to
be computationally efficient. Except for ansätze such as TCC
where the series terminate at finite order, the resource scaling
(arithmetical operations and storage) is necessarily factorial
in the number of electrons since repeated application of the
cluster operator eventually visits the entire FCI space.

Energy Difference/Hartree

234102-4

1

1.5

2
R/Å

2.5

3

FIG. 1. Potential energy curve for HF, with differences from FCI below.

of these calculations with the FCI energy given as differences
from the asymptotic energy, and the CC results given as differences from the FCI values. Figure 1 shows the potential
energy curve of HF for each of the coupled cluster methods in
the range 1−3 Å, as well as differences from FCI values over
this range.
The results show that each of the CCSD methods perform comparably with VCCSD for single bond breaking. At
short distances, there is little difference between the coupled
cluster methods, all of which have small errors from FCI of
1–3 mhartree. At the longer bond lengths, differences start to
be seen between the different coupled cluster methods, where
TCCSD performs least well, with errors ten times larger than
at the equilibrium bond length. In contrast, VCCSD performs
significantly better with an error of 7 mhartree. Unitary, extended, and quadratic coupled cluster perform slightly worse
than VCCSD at long bond lengths, but somewhat better than
TCCSD.

B. Symmetric stretching of water

The simultaneous stretching of both OH bonds in water
has been extensively studied,10, 31, 37, 39–41 and provides a more
challenging case than single bond breaking. Previously10, 31
benchmarks have been performed on H2 O with variational
and quadratic coupled cluster methods with only double excitations in the cluster operator. These results showed much
better agreement with FCI results and both were a considerable improvement over TCCD results. Here these are
extended upon to include both single and double excitations
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TABLE II. The potential energy curve of H2 O, FCI energies in hartrees,
and coupled cluster methods as differences from FCI values in mhartrees.
TCCSD

VCCSD

UCCSD

ECCSD

QCCSD

0.967
1.450
1.933

− 0.351813
− 0.232412
− 0.124534

1.646
5.852
9.222

1.405
4.918
9.914

1.439
5.094
10.373

1.401
4.915
10.025

1.401
4.914
10.033

and also compared with unitary and extended coupled cluster
methods.
Energy calculations were performed at three points along
the symmetric stretching mode of a water molecule. The
points were at the equilibrium bond length re , 1.5re , and 2re .
The calculations were performed in the 6–21G basis set, with
all ten electrons correlated, and single and double excitations
in the cluster operator.
The results of these calculations are shown in Table
II, where the FCI values are given relative to the asymptotic energy of an oxygen atom and two hydrogen atoms,
and the coupled cluster values are differences from the FCI
values. The results show that all the CCSD methods perform well at the equilibrium bond length with errors between 1.4 and 1.7 mHartrees in comparison with the FCI
values. At this bond length, TCCSD has larger errors than
variational, unitary, extended, and quadratic coupled cluster. As the bonds are stretched, all CCSD methods show a
strongly increasing error, reflecting the fact that the static
correlation is increasing, and therefore it becomes harder
for approximate correlation methods to account for all the
static correlation present. Interestingly, TCCSD has slightly
smaller errors in comparison with VCCSD at 2re . This may
be a reflection of the fact that TCCSD is not variationally
constrained.
C. Potential energy curve of N2

The potential energy curve for the dissociation of N2 is
frequently studied,23, 27, 42–55 as it involves the breaking of a
triple bond. This is an extremely challenging problem for approximate methods for calculating correlation energies as it is
an example where there is strong static correlation at stretched
bond lengths.
Previous benchmarks with TCCSD using a RHF reference wavefunction have shown that this method does not accurate describe the breaking of the triple bond.51 TCCSD
calculations at stretched bond lengths lie below the FCI
values and the magnitude of the error can be more than
100 mhartree.56 Multireference configuration interaction and
coupled cluster methods perform much better across the potential energy curve in comparison with their single reference
counterparts and give more accurate equilibrium properties
such as vibrational frequencies for N2 .45, 47 There is strong evidence, however, that single-reference methods can be used.
The VCCD calculation in the STO-3G basis set10 demonstrated that the constraint of the variational principle prevents the catastrophe suffered by TCCD at long bond lengths,
but that at short bond lengths VCCD and TCCD are similar; the consequence is that the VCCD potential is close to

Energy/Hartrees

FCI

0

-0.1

-0.2
1

1.2

1.4

1.8

1.6

2

R/Å
0.015
Energy Difference /Hartree

R/Å

FCI
TCCSD
QCCSD
ECCSD
UCCSD
VCCSD

0.1

0.01

0.005

0

-0.005

TCCSD
QCCSD
ECCSD
UCCSD
VCCSD

1

1.2

1.4

1.6

1.8

2

R/Å
FIG. 2. Potential energy curve of N2 in hartrees, with single and double excitations in the cluster operator, with differences from FCI below.

FCI. Further calculations have shown that QCCD produces
similar results to VCCD;31 that QCCSD is a reasonable approximation to ECCSD, which itself reasonably approximates
FCI.22, 23 These conclusions hold in a larger DZ basis set,
where QCCSD is demonstrated to be a good approximation
to FCI.22
We have extended these earlier investigations by further
STO-3G, ten-active electron computations. The potential energy curves obtained when single and double excitations were
included in the cluster operator are shown in Fig. 2, and errors from FCI values shown in Table III; for TCCSD, ECCSD,
and QCCSD, these results are already known,22, 23 but are presented here for completeness. The VCCSD results are similar
to those of the earlier VCCD (Ref. 10) computations. Figure 3
shows the potential energy curve with quadruple excitations
in the cluster operator, as well as VCCSD and VCCSDT for

TABLE III. The potential energy curve of N2 , FCI energies in hartree, and
coupled cluster methods as differences from FCI values in millihartree.
R/Å
0.9
1.1
1.3
1.5
1.7
1.9
2.1

FCI

TCCSD

VCCSD

UCCSD

ECCSD

QCCSD

0.145308
− 0.215807
− 0.221133
− 0.143463
− 0.070611
− 0.028038
− 0.010584

1.70
3.92
8.54
13.78
3.75
− 59.09
− 135.75

1.23
2.19
3.60
4.43
3.47
3.70
6.53

1.24
2.24
3.96
5.60

1.22
2.11
3.30
3.93
3.43
5.90
13.43

1.22
2.12
3.31
4.01
3.71
6.58
14.99
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Energy/Hartree

0.1

0
FCI
TCCSDTQ
QCCSDTQ
ECCSDTQ
UCCSDTQ
VCCSDTQ
VCCSD
VCCSDT

-0.1

-0.2
1

1.2

1.4

1.6

1.8

2

1.6

1.8

2

R/Å

Energy Difference/Hartree

0.006
0.005
0.004

TCCSDTQ
QCCSDTQ
ECCSDTQ
UCCSDTQ
VCCSDTQ
VCCSD
VCCSDT

0.003
0.002
0.001
0
1

1.2

1.4
R/Å

FIG. 3. Potential energy curve of N2 in hartrees, with up to quadruple excitations in the cluster operator, with differences from FCI below.

comparison. Table IV shows the errors in comparison with
FCI for traditional and variational coupled cluster methods
with increasing level of excitation included in the cluster operator up to quadruple excitations. Full treatment of triples
and quadruples is new.
The results show that with single and double excitations
included in the cluster operator each of the coupled cluster
methods perform well at equilibrium bonds lengths, with errors in the range of 1−4 mhartree. However, Fig. 2 shows
the dramatic failure of TCCSD in breaking the triple bond
in nitrogen. The energies beyond 1.7 Å lie below the FCI values, and the TCCSD energy curve shows an energy barrier to
forming the nitrogen triple bond. The TCCSD method gives
errors at stretched bond lengths of tens and even hundreds of
mhartree.

TABLE IV. Differences from FCI for traditional and variational coupled
cluster methods with triple and quadruple excitations in the cluster operator
for N2 . Energy errors are given in mhartrees.
R/ Å

TCCSD

TCCSDT TCCSDTQ VCCSD VCCSDT VCCSDTQ

0.9
1.1
1.3
1.5
1.7
1.9
2.1

1.70
0.49
3.92
2.05
8.54
6.15
13.78
11.62
3.75
3.06
− 59.09 − 59.84
− 135.72 − 136.42

0.01
0.04
0.26
0.96
1.51
4.55
− 14.01

1.23
2.19
3.60
4.43
3.47
3.70
6.52

0.11
0.48
1.44
2.31
1.97
2.79
5.96

7.5×10−4
8.1×10−3
0.06
0.19
0.13
0.19
0.95

In contrast the VCCSD curve follows the FCI energy
curve more closely, and as expected does not dip below the
FCI results. The errors in comparison with FCI values for
VCCSD stay in the order of mhartrees, even when the bond
is quite stretched at 2.1 Å, the error is only 6.55 mhartree.
ECC and QCC also show better agreement with the FCI
and give similar curves to the VCCSD method, with errors
again a few mhartrees. QCCSD performs considerably better than TCCSD, with the maximum error in the range tested
of 14.99 mhartree, and the values for the energies do not go
below the FCI values. Unfortunately, our numerical procedures for solving the nonlinear equations for each method
have not proved sufficiently robust to achieve convergence
beyond 2.1 Å for any of the methods, and UCCSD fails to
converge after 1.5 Å.
Figure 3, where up to quadruple excitations are included
in the cluster operator for each of the coupled cluster methods,
shows that all the methods now give a qualitatively correct
potential energy curve, and there are no more fictious barriers to the formation of a triple bond. VCCSDTQ still outperforms TCCSDTQ, as the errors from FCI are still smaller for
VCCSDTQ, and the last point for TCCSDTQ still lies below
the FCI value although the error is now in the tens of mhartree
rather than over 100.
Table IV compares the effect of including higher excitations in the TCC and VCC methods. From these data, the
inclusion of triple excitations is clearly not enough to improve the quality of the TCC or VCC energy curves produced. While the errors at equilibrium are reduced by a factor
of around 4 in the VCC case, at long bond lengths the errors are comparable with those obtained with the inclusion
of up to double excitations only. For VCCSDT the error at
2.1 Å is just 0.56 mhartree smaller than with single and double
excitations only. Further inclusion of quadruple excitations,
however, leads to a dramatic reduction in the errors for both
methods. At equilibrium, errors are on the μHartree scale
with quadruple excitations included, however, at long bond
lengths the errors are much increased. With the inclusion of
quadruple excitations TCCSDTQ performs comparably with
VCCSD.
These results shows that for cases with strong static correlation, VCC and related methods are significantly better
than TCC, for a given level of excitation in the cluster operator. We have shown that QCCSD is a signficant improvement on TCCSD for cases with strong static correlation and
as it has been previously shown that the QCCD method scales
as n 7 with the system size,31 whereas there is a cost scaling of n 10 for TCCSDTQ (Ref. 57) using a method that
is on the way to being more variational may be preferable
to including higher levels of excitation when correlation is
strong.
We can also compare the VCCSDT and VCCSDTQ results with ECCSD with perturbative TQ corrections.22 At a
bond length of 2.1167 Å, the QCCSD(TQ) and ECCSD(TQ)
errors are 3.60, 2.95 mhartree, respectively,22 significantly
more than our VCCSDTQ error of 0.95 mhartree at 2.1 Å. The
QCCSD(T) and ECCSD(T) errors are slightly less, and are
smaller than with VCCSDT, indicating some overcorrection
that partially compensates for omitted higher-order terms.
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TABLE V. The size of the discontinuity in the first and second derivatives
of the energy for each of the coupled cluster methods, with single and double
excitations in the cluster operator.

0

Energy/Hartree

-0.05
-0.1
-0.15

FCI
TCCSD
QCCSD
ECCSD
UCCSD
VCCSD

-0.2
1

1.5

2
R/Å

TCCSD
QCCSD
ECCSD
ECCSD
UCCSD
VCCSD

0.012
Energy Difference/Hartrees

3

2.5

0.01
0.008
0.006
0.004
0.002
0

1

1.5

2
R/Å

2.5

3

FIG. 4. Potential energy curves for each of the coupled cluster method using
an UHF reference function for N2 and differences from FCI below.

An alternative to using the RHF wavefunction as
the reference is to adopt a spin-unrestricted UHF wavefunction. Then, at dissociation, the reference wavefunction can be a product of two 4 S N atom wavefunctions (although not with pure spin symmetry), and it is
hoped that the long range correlation will be described better across the whole geometry range when CC theory is
used.
Figure 4 illustrates the results of each of the coupled cluster methods for N2 with an UHF reference wavefunction. Calculations were performed with the minimal
STO-3G basis set. At long bond lengths all the coupled
cluster methods give good results, with the right dissociation energy, in contrast to where a RHF wavefunction was
used.
From these results it is clear that the largest errors
are seen at short and intermediate bond lengths between
1 and 2 Å. The smallest errors are seen with VCCSD
and ECCSD, with TCCSD performing considerably poorer.
There are missing data points in the UCCSD and ECCSD
graphs as in this region our numerical procedures failed to
converge.
D. Energetic effects of spin contamination in N2

In the above results, the region after 1 Å is the start of
the onset of the divergence of UHF from RHF. Therefore, the
large errors may be arising from the coupled cluster wavefunctions still containing spin contamination. Consideration
of the variational principle produces the conclusion that whilst

Method

First derivative

Second derivative

FCI
HF
TCC
VCC
UCC
ECC
QCC
UMP2
UMP4

− 0.0003
− 0.0004
0.021
− 0.002
0.000
− 0.001
− 0.015
1.346
− 0.533

0.002
5.16

the RHF potential curve is smooth in all its derivatives, the
UHF curve contains a discontinuity in its second derivative
at the point of divergence. Methods based on an UHF reference that are not fully variational in all parameters have additionally a discontinuous first gradient.58 The exception, of
course, is that in the exact (FCI) wavefunction there will be
no discontinuities. Therefore the size of the discontinuity in
approximate wavefunction methods can give a means of assessing how close the approximate wavefunction is to the exact wavefunction, as well as an idea of the magnitude of the
spin contamination remaining in the method.
The magnitude of the derivative discontinuities was calculated by first evaluating numerically the derivative of the
energy at a number of points between 1.11 and 1.13 Å, a
range that includes the location of the knot. The results of
the numerical differential were then extrapolated to find the
value of the derivative at the location of the root, 1.1217 Å,
using an interpolating polynomial. From these results a difference in the extrapolated value was seen from points either
side of the root, and this discrepancy was taken as the size of
the discontinuity.
Table V shows the size of the discontinuity in the energy
derivatives for UHF and each of the coupled cluster methods with single and double excitations. The results were calculated for N2 in the STO-3G basis set. For comparison the
discontinuity was also calculated for Møller–Plesset perturbation theory at second (UMP2) and fourth (UMP4) orders.
The FCI value gives an indication of the numerical error in
the calculation.
From these results it can be seen that there is no discontinuity in the first derivative of the energy with the
UHF method, as is indicated by the value being similar to
that obtained by the FCI results. The size of the discontinuity in the second derivative, however, is very large at
5.161 hartree / Å2 .
The results show that there is a considerable amount of
spin contamination in the traditional coupled cluster method,
which has a value of 0.0207 hartree / Å for the size of the discontinuity in the first derivative of the energy. The variational
coupled cluster and extended coupled cluster have a similar
level of energy artefact from spin contamination that is almost ten times smaller than in TCC, while UCCSD happens
to give a very much smaller value.
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TABLE VI. Harmonic vibrational wavenumber, bond lengths and energies
for CN− .

-0.32

dE/dR /HartreesÅ-1

-0.34

-0.38
-0.4
-0.42
RHF-TCCSD
UHF-TCCSD

-0.44
1.115

1.12
R/Å

-1

ωe / cm−1

re / Å

ECN− / Hartree

HF
FCI
TCCSD
VCCSD
UCCSD
ECCSD
QCCSD

2559.7
2134.1
2189.1
2170.7
2179.3
2167.6
2167.7

1.1623
1.2117
1.2066
1.2082
1.2075
1.2084
1.2084

− 90.9376 70
− 91.0831 79
− 91.0780 11
− 91.0793 58
− 91.0789 79
− 91.0794 93
− 91.0794 94

1.125

-0.34

dE/dR /HartreesÅ

Method

-0.36

-0.36
-0.38
-0.4
-0.42
-0.44

UHF-VCCSD
RHF-VCCSD

-0.46
1.115

1.12

1.125

R/Å
FIG. 5. The values of the derivative of the potential energy function for N2
as the bond length is changed. Upper panel: TCC; lower panel: VCC.

This large difference between the size of the discontinuity in the energy for TCCSD and VCCSD can be seen in
Fig. 5. There is a clear break in the TCCSD energy derivative
when the UHF wavefunction is used, and there is a significant lowering of the value of the energy derivative after the
onset of the UHF solution. In comparison, the difference is
much smaller with the RHF and UHF VCCSD results being
very similar over the range of the onset of the UHF solution.
Table V also shows that there is much less spin contamination in all the coupled cluster methods in comparison to
the Møller–Plesset perturbation methods, UMP2 and UMP4,
which are long known to be disastrous methods in this and
other strongly spin-contaminated systems.59, 60
E. Cyano radical

The UHF wavefunction for the cyano radical (CN) is
heavily spin contaminated even at the equilibrium geometry.
Previously,59 it has been found that the UMP series for the
cyano radical converges slowly, thus UMP2 electron affinities
for this species give poor agreement compared to experiment.
The slow convergence of the UMP series has been rationalized in terms of spin contamination in the wavefunction.61–63
It has also been shown that there is small but negligible spin
contamination in UHF-CCSD and ROHF-CCSD wavefunctions, even in cases where the spin contamination in the UHF
reference is high when considering molecules at the equilibrium structures.64 It has been further shown that spin contamination can also give very large errors in the vibrational frequencies of diatomic molecules,65, 66 with the errors related

to the geometric derivative of  Ŝ 2 . As the wavefunction gets
contaminated with higher energy states the potential energy
surface will rise too steeply, giving rise to large values of
dS 2 /d R, and thus the vibrational energies will be too high.
The equilibrium bond length can be too short, and the energy
too high in molecules with a large amount of spin contamination, and these properties related directly to the difference
 Ŝ 2  − S(S + 1).
Tables VI, VII, and VIII show the results of benchmark computations of spectroscopic constants and electron
affinity of CN, using both RHF and UHF reference wavefunctions. All calculation were performed with the STO-3G
minimal basis set, and with all electrons correlated. The energies were calculated for each of the methods at five points
around the minimum, with a quartic fit to obtain the equilibrium bond length, re , the equilibrium energies, and the
harmonic vibrational wavenumber. Electron affinities were
obtained from corresponding calculations on CN− and with
inclusion of computed zero-point vibrational energies. In the
STO-3G basis set, there are large absolute errors (including
negative electron affinities), but as in previous work,59 comparison with the FCI result is still meaningful.
RHF strongly overestimates the bond strength of the
CN radical, and all of the CCSD methods also show bond
lengths that are too short, and frequencies that are too large. In
TCCSD, the error is considerable (93 cm−1 ), but in VCCSD
it is much smaller (38 cm−1 ). UCCSD, ECCSD, and QCCSD
all give similar results to VCCSD.
UHF strongly underestimates the bond strength of the
radical, but on applying any of the CCSD methods with an
UHF reference, results of the same order of magnitude as with
the RHF reference (i.e., slight overbinding) are obtained. In
general, the errors are somewhat smaller than with the RHF
TABLE VII. Harmonic vibrational wavenumber, bond lengths, energies,
and electron affinities for CN with RHF reference wavefunction.
Method

ωe / cm−1

re / Å

ECN / Hartree

EA / eV

RHF
FCI
TCCSD
VCCSD
UCCSD
ECCSD
QCCSD

2534.2
2043.7
2136.9
2081.3
2091.5
2077.8
2079.0

1.1649
1.2294
1.2257
1.2257
1.2249
1.2249
1.2259

− 90.9975 43
− 91.1801 28
− 91.1727 32
− 91.1746 12
− 91.1735 87
− 91.1749 28
− 91.1749 01

− 1.631
− 2.644
− 2.581
− 2.598
− 2.580
− 2.602
− 2.602
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TABLE VIII. Harmonic vibrational wavenumber, bond lengths, energies,
and electron affinities for CN with UHF reference wavefunction.
Method

ωe / cm−1

re / Å

ECN / Hartree

EA / eV

UHF
FCI
TCCSD
VCCSD
UCCSD
ECCSD
QCCSD

1562.0
2043.7
2098.2
2063.8
2095.9
2063.8
2087.5

1.2346
1.2294
1.2264
1.2273
1.2248
1.2270
1.2256

− 91.0263 90
− 91.1801 28
− 91.1760 25
− 91.1755 38
− 91.1739 45
− 91.1754 73
− 91.1750 33

− 2.476
− 2.644
− 2.673
− 2.624
− 2.589
− 2.618
− 2.605

reference, but the trend is the same: VCCSD and ECCSD have
significantly smaller errors of about 20 cm−1 .
The picture is less clear with respect to absolute energies
and the electron affinity. Each of the coupled cluster methods gives electron affinities quite similar to FCI because of
cancellation of the overbinding errors in both the CN radical
and CN anion. The electron affinities when an UHF reference
wavefunction is used for the radical, for each of the coupled
cluster methods, are somewhat closer to the FCI values than
with a RHF reference.
IV. CONCLUSIONS

In this paper, we have examined through numerical
experiments the performance of alternative coupled cluster
ansätze. The results show clearly that where there are no
strong static correlation effects, traditional projection coupled
cluster gives essentially the same results as variational, extended, and unitary CC methods. However, when static correlation is strong, for example as a bond is broken, there are substantial differences, and VCC appears as a significantly better
theory, even when the reference wavefunction is very poor. In
particular, the variational principle can provide a helpful constraint in cases where TCC gives energies that are spuriously
below FCI.
VCCSD is a completely impractical theory, and even the
more pragmatic ECCSD has polynomial computational cost
scaling at a much higher order of magnitude than TCCSD.
However, these results give impetus to a search for approximations to VCCSD that retain some of its advantageous
properties.
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